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In this paper we examine the asymptotic long time dynamics of quasi two-dimensional colloidal suspensions
over a wide range of concentrations. At low concentrations the dynamics is determined by uncorrelated
binary collisions among the constituent particles. These collisions among the particles lead to logarithmic
corrections to the well-known linear growth in time of the mean squared displacement of the particles in the
suspension. The self-scattering function of the suspension can be related to the mean squared displacement
via the Gaussian approximation, which we examine in detail for systems of low concentration. At higher
concentrations caging effects influence the dynamics of the suspension, which we account for by developing
a formal mode coupling theory for colloidal systems from first principles. Equations for the dynamics of the
memory functions that account for caging effects are derived and solved self-consistenly, for the case of
instanteous hydrodynamic interactions, by utilizing the Gaussian approximation for the scattering functions
of the colloidal system and assuming a particular form for the cumulants of the position. We find that the
functional form suggested by Cichocki and Felderhof for the time dependence of the mean squared displacement
of quasi two-dimensional colloidal systems in the limit that hydrodynamic interactions are instantaneous is
compatible with the predictions of mode coupling theory. Futhermore, we explicitly evaluate the long time
diffusion coefficient and other parameters as a function of concentration.

1. Introduction diffusion equation and that the hydrodynamic equations do not
describe the dynamics of the bath of discs since the transport
coefficients do not exist. In apparent contradiction with these
results, several authors have succesfully utilized the Smolu-
chowski equation, which incorporates a diffusion coefficient,
in their studies of the dynamics of quasi two-dimensional
suspensions and completely ignored both mode coupling effects
of the bath and correlated collisions among the Brownian
particles. In particular, Cichocki and Felderhofecently
investigated the self-diffusion in a semidilute suspension of
interacting Brownian particles using the adjoint Smoluchowski

Recent studies of quasi two-dimensional colloidal suspensions
using light microscopy have provided detailed information on
the dynamics of the suspension over a wide range of
concentratiod3 These data provide information about the
microscopic state of the system as a function of time and
therefore permit direct calculation of statistical properties such
as the mean squared displacement of the colloid particles. Itis
well-known that the mean squared displacement of an isolated
Brownian particle in a three-dimensional fluid increases linearly

with time. However a suspension of interacting Brownian 56 at0r to generate time displacements in the long time regime.
par_tlcles demonstrates mu_ch more complicated behéwmr,_ They found that the mean squared displacené(t) behaves
which the mean squared displacements at short and long times,, long timest as

grow linearly in time, but the mean squared displacement at

intermediate time grows in a complicated fashion that depends W(t)= DLt + (D — DY)z, log(t/z,) +o(1) (1.1)
on the volume fraction of the suspended particles and on the s s
nature of their interactions. where D, and D are the long and short time self-diffusion

Recently, much attention has been focused on quasi two- constants and. andzy are time scales that depend on the nature
dimensional (thin cell) colloidal suspensions where the restricted of the interactions between Brownian particles and the volume
geometry of the system is reflected in both sfatiod dynamic  fraction of the suspension. They claim that the logarithmic term
properties:® The influence of geometric restrictions on the in (1.1) is due to a 1/singularity in a memory function that is
dynamics of the suspension is an issue of much interest andcharacteristic of Brownian systems in two dimensions, and hence
debate in the scientific community. Many theorists have used (1.1) should apply for two-dimensional systems at any concen-
the Smoluchowski operator, which is proportional to a Brownian tration. Experimentally this claim appears to have some validity,
particle transport coefficient, to derive a generalized Langevin as is shown in Figure 1. Although these data are for relatively
equation that describes the dynamics of a system constrainedshort times compared to the time required for an isolated
to have a restricted geometry without considering whether the Brownian particle to diffuse a distance of several diameters at
relevant transport coefficient is well-defined. It is well estab- high concentrations, the functional form is readily apparent. A
lished that in a strictly two-dimensional system consisting of a description of these experiments will be published elsewhere.
large Brownian particle immersed in a bath of small discs the  In this paper we carefully examine these issues in detail, and
mean squared displacement, in fact, grows more strongly thanwe develop a formal description of the dynamics of a colloidal
linearly at long times due to mode coupling effects which suspension in a thin cell. Our theory develops a proper
describe the formation of vortex motions in the fldidThe framework that incorporates the effects of both mode coupling
mode coupling effects imply that the motion of the Brownian and binary uncorrelated collisions of the Brownian particles on
disc in a two-dimensional system cannot be described by athe memory function describing the Brownian dynamics in a
simple model system of hard spheres. We demonstrate that the
€ Abstract published ilAdvance ACS Abstract$yovember 1, 1996. functional form of the dynamics of the suspension is determined
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5~ 3.0 Hy is the Hamiltonian for the isolated bath molecules, @nd
,C_’ : describes the interactions between the bath and colloid particles.
-~ 2.5 The HamiltonianHg has the form
8 2.0
o = N, pN
“ 15 Hy (0 = P 1+ URY (2.2)
e B 2M
< 1.0
=z 0.5 whereM is the mass of the colloid particles abiccan be written
= O'O as a sum of two-body short-ranged potentials,
; . ; ) L
0 1 2 3 4 5 N N
log(t) / t (ms"/ 10?) UR") = Z YUR) (2.3)
Figure 1. Plot of the mean squared displaceméft) divided by time o
t versus logi)/t at reduced areal densitips = no?As, whereo is the whereR; = |R; — Rj|. The HamiltoniarH, is of the form

diameter of the spheres,is the number density, and; is the area of

the system. The letters in the diagram correspond to the reduced areal N

density value#\ = 0.08,B = 0.24,C = 0.50,D = 0.58,E = 0.69,F

= 0.84, andG = 0.88. H,= Z
=

principally by the binary collisions, although the model coupling
has significant effects on the long time self-diffusion constant  The Liouville operator for the system can be written as
of the system.

The paper is organized as follows: In section 2 the model L=Lg+L,tL, (2.5)
system is introduced and a systematic method of calculating
correlation functions involving only Brownian particle degrees where
of freedom is presented. We derive the Fokkielanck operator

ﬁ +V(r) (2.4)

for time displacements of the Brownian degrees of freedom at pN

times greater than the time scale for decay of the bath particle Le = = 3 VRy T VeiU Ve

correlations. In section 3 we present the mode coupling

formalism; it is based upoN ordering techniques developed o

elsewheré. We formulate an expression for the generalized Ly = =1 Vie T Vie Ve (2.6)

collective and self-diffusion coefficients and derive self-
consistent equations for the memory functions that appear in gnq

the expressions for the generalized diffusion coefficients. We

then examine these expressions in the asymptotic long time |_¢ = VadVen + ViV 2.7)
diffusive regime where correlations involving the momenta have

decayed, and we CalCulate the Se|f-diffusi0n CoefﬁCient. At IOW The L|ouv|”e operatorl_ determines the t|me evo'ution Of an
concentrations the mode coupling effects are small and the self-arpitrary function of the variables of the syste@(X,Xy),
diffusion coefficient is determined mainly by binary uncorrelated according to

collisions. At higher concentrations, where the mode coupling

effects are significant, we investigate the compatibility of a C(X,X.:t) = efL‘C(XXb) (2.8)
functional form proposed by Cichocki and Feldefh@iq 1.1) e '
for the time dependence of the mean squared displacement with
mode coupling theory. We find that although the mode coupling fu
effects significantly decrease the magnitude of the long time
self-diffusion coefficient, the effects are established rapidly and
to a good approximation do not alter the functional dependence

We are interested in the long time behavior of correlation
nctions of dynamical variables which are defined in the colloid
phase spac, such as

(k) N(o* ) _ e NN )

on the time of the mean squared displacement. In section 4 F(kt) = (2.9)
we suumarize these results. ’ NSK) NSK)
2. Fokker—Planck Dynamics whereS(K) is the structure factor for the colloid particles,

The quasi two-dimensional colloidal system consistdNof N
identical massive spherical particles of radaisshose center Ri(k) = (1 — Oo) Z o iR (2.10)
of mass coordinates and momenta are denoteR"gnd PN, =
respectively, wher&N andPN are N-dimensional vectors with
component®R; andP; with j = 1, ...,N. The colloid particles and B[] denotes the average &(X) over the equilibrium
are immersed in a simple fluid composed\fsmall molecules distribution function of the system
and the entire system is confined between two plates. The
geometry of the system restricts the center of mass motion of g PHe PHogf¢
the colloid particles to a plane, but allows the solvent molecules Pe= T (2.12)
to move in three dimensions. We denote the phase point for
the colloid degrees of freedom by= (RN, PN) and the phase  where
point for the solvent degrees of freedom Xy = (r\", ).
The Hamiltonian for the system can be written in the form q= f dX dX, o PHa PHog o

H(X,X,) = Hg(X) + H,(X,) + o(X, (2.2)
%) 8 %) %) In eq 2.12 we have used the conventional notgfiea (KgT) 1,
whereHg is the Hamiltonian for the isolated colloid particles, with T being the temperature of the overall system. We define
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the reduced distribution function for the colloid subsystém
by integratingpe over the bath phase space,

WoRYPY) = [dX, po(X,X,) (2.12)

and defian(RN,Xb) to be the conditional distribution function
for the bath molecules in the presence of fixed colloid particles;

p=pJW, (2.13)

Note thatp is normalized in the sence thatiX, p = 1. Since
pe = pWe, we may write for a correlation function involving
dynamical variables of th¥ phase space

e " AXIB()L) = Q& "HAX)IB()D  (2.14)

where B(X,Xp)id = SdXp p(Rn,Xb) F(X,Xp) and B(X)O= sdX
B(X) Wg(X). Using projection operator techniguest is
straightforward to establish that

[Cde ety = [Cde ) =2@) = ?1*(2)
(2.15)
where
pN
0" (@ = —Veu(U + 0)Vpy + M-VRN +

L _gp‘)fij(RN’Z"ij (2.16)
L

In eq 2.16,w(RN) is the potential of mean force,

—Bw(RN —
e "= [dX, py(Xpe ™ (2.17)
wherepy, is the equilibrium distribution function for tfje isolated
bath molecules. The generalized friction coeffici€j(RN,2)

is defined by the correlation function

Ti(RY2) = [Tdte "M *"Veg] Vool] (2.18)

whereQp = (1 — Pp), Vi = Vr(p — o), and PLB(X) =
B(X)d. Defining the small parametef = m/M, the generalized
friction coefficient can be approximated8as

T(RY2) = [ dte ™ Qe Vgl Vrglf + O(e)  (2.19)
whereLo = Ly + Vin¢ V. If bath molecule correlations decay
on a time scaley, that is short relative to the time scale of the
decay of colloid particle correlations, then for 7,

E(t) ~ " (2.20)

whereO' is the FokketPlanck operator,
p\

O'=— Vi (U + 0): Vpy + Vet

B}

These results suggest that whier- 1, the time evolution of
colloid particle correlation functions is determined by the
Fokker-Planck operato©™ according to

XD BOOL = B AXIBOD  (2.22)
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where A(X) andB(X) are arbitrary dynamical variables of the
colloid particle phase space. It should be noted that in a strictly
two-dimensional system of colloid discs and solvent discs the
friction coefficientT;(RN,2) does not exist asapproaches zero
due to mode coupling effects; in that case no separation of time
scales exists between bath particle and colloid particle correla-
tion function decays. For finite and three-dimensional systems
the coupling of bath particle modes to colloid particle motion
yields finite contributions and allows the = 0 friction
coefficient to be related to properties of the solvent, such as its
viscosity. These “hydrodynamic” interactions also lead to a
complicated functional dependencef(R,2) on the spatial
positionsRN of the colloid particle$; they are known to be
important in determining the transport properties of colloid
systems?

Throughout this paper we will assume that the hydrodynamic
interactions occur on a time scale much shorter than the time
scale of interactions among the colloid particles and hence will
be treated as instantaneous. Medina-Nd¥dias suggested a
simple picture of the dynamics of suspensions in which between
collisions a colloid particle diffuses in a static field of its
neighbors. The presence of other particles modifies only the
effective friction a particle feels while diffusing, hence the
identification

2
0, 0= 0, .|—(KBT)
S )

(2.23)

is made, whereDY¢) is the density dependent “short time”
self-diffusion coefficient. The short time diffusion coefficient
determines the dynamics of the self-scattefi,t) for times
shorter thang;, the average time a colloid particle requires to
diffuse a mean separation distance between colloid particles in
the suspension. Typically, one expegts® 1/nDp > MKy T/T,
where Dy is the diffusion coefficient for an isolated colloid
particle in solution. IdeallyDZ(#) can be calculated given a
particular model, but in practice it is simpler to determine
D3(¢) empirically from fitted data. In the following sections
we leave KpT)¥T; = 16i;D unspecified, keeping in mind that
D should be closely related ©3¢).

3. Projection Operator Formalism and Mode Coupling

In this section we develop a systematic mode coupling
formalism that in principle allows the transport properties and
dynamics of colloid suspensions of arbitrary concentration to
be calculated. Our view of the dynamics of colloid suspensions
borrows heavily from knowledge of the character of the long
time dynamics of collective excitations in hard sphere liquids.
Over the last 15 years considerable progress has been made in
the study of hard sphere liquids. de Schepper, Cohen, and co-
workers have established the existence of short-wavelength
collective excitations in hard sphere liquids that determine the
dynamic scattering functiofr(k,t) at intermediate times (i.e.
on the order of 10 collision timed}. They have shown that
these collective excitations, which are extensions to nonzero
wavevector of the hydrodynamic modes of the fluid, give
important mode coupling contributions and are essential for the
proper description of the dynamics of density fluctuations at
intermediate times. The important physical parameters that
characterize the collective excitations are the densépd the
mean-free-path.  The collective excitations lose their signifi-
cance whetkl = 1. At high concentrations we generally expect
| > a, wherea is the radius of the hard sphere; hence collective
excitations are important in concentrated colloid systems even
for ka~ 1.
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Generally it is assumed that the long time behavior of density

fluctuations is determined by a set of slow modes of the system.

Initially it was thought that the only slow modes of a liquid

system were the densities of the conserved quantities of the
system in the small wavevector regime. The long time behavior
of the system can then be represented in terms of the dynamics

of those important “hydrodynamic” densiti€s. It is now

apparent that in dense systems collective modes extended to

large wavevectors, up . ~ 1/, are still slower than the other
“kinetic” modes of the system, which implies that the cutoff
wavevectorK, is larger than initially thought to be the case.
This realization helps explain why the magnitude of the long
time tail of a correlation function calculated in a molecular
dynamics simulation is, typically, much larger than the first
mode coupling calculations predict&d.
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f(k,f = 0’21 — P)O'AK) (3.8)

Noting that Qi(k) = A(K), we find for the FourierLaplace
transform of the scattering functidr(k,t)

In analogy with hard sphere liquid systems, we shall assume and

that the long time dynamics of the density fluctuations in colloid

suspensions is determined by the extensions of the conserved

hydrodynamic densities to larger “nonhydrodynamic” wavevec-

tors. For the colloid suspension these variables are the number

density N(k) = (1 — ko) Z, , €®Ri and the momentum
densityP(k) = Z Pe kR, We define our complete set of
slow variables to be\(k) = {N(k),P(K)} and

Q=1
QK

Qu(k,a) = A(k—0) A(Q) —
[AK—0) A(0) Qy(K)* Ky5(K) ™ Qy(K) —

= A(K) (3.1)
[A(k—0q) A(Q)Dy o

whereKi1(k) = [@i(k) Qi(K)*[] The subtractions are included

in (3.1) to ensure that the basis set is orthogonal in mode order

in the sense thadys = [QuQE0= 6)q,15Kap. We define the
projection operator®; andP by

B(K) Qu(K* EKy4(K) " Qu(K)

B(K)Q*)*K Q

where thex notation denotes a sum over mode orders, over
repeated wavevectors, and over hydrodynamic N.end P)
indices. We now apply the operator identity

ATB — AL J;tdt -7 gglAtB)T

P,B(k) =

PB(K) = (3.2)

(3.3)

to the expressions exp (£ Pt and exp(1— P)t, and we
obtair'3

QEAQ = [, dte "RMQ L= [2 — M(2] K

Ak, AR*O=[2 — M(k,J] KK =

[2 — M@, KK (3.4)

where
M(2) =MO'QIQ*BK '~ B(QQ*EK ™'  (3.5)
M(k.2) = (O ARIAK* TKy;() ™ — ik, AR)* Ky (K)
(3.6)
and
o(t) = 0'e PO (1 — P)O'Q (3.7)

= 1
F k, =0 3.9
(k.3 z+ KD(k,2) (3.9)
with a generalized collective “diffusion” coefficient
Bk = 2 1 3.10
2= Vs 2+ wmien) 0,0 + kom0
71K = 55 TO"P(R]-PY* (3.11)
- -1 =
k,2 = — 0(k,9-P(k)*
i(k.2 oL (k,2-P(k)* 0
Using the facts that
o' i) = — %-P(k) (3.12)

NT ik _
OTP(k) = Z ’_ _.pjpj + FJ] eﬂk.Rj _
= M

ﬁZPF

M 4

—ikR K (k) = —ik-t(K) — 7,(K)

we find

1 .
= — e kRi—R)
y1(K N Z Tr@Tye n (3.13)
kg =—— [Cdte (e’ PYOKK)]-K X(K* O
where K (k) (1 — PyK(K). When the hydrodynamic

mteractlons are instantaneoly = 16;T, and y1(k) = T,

K (k) —ik+(1 — Pyr(K). Sincet(k) is the stress tensor for
the colloid particle suspension, we see thigt 2 is proportional
to k? times the GreenKubo expression for the viscosity of the
suspension.

Mode coupling equations can be systematically derived by
applyingN ordering techniques to the generalized hydrodynamic
matrix M(2) in eq 3.5, noting that the multilinear matrix
Ms(2) can be factorized for the colloid subsystem in the same
way as for a simple liquid or granular system. The nonlinear
Fokker—Planck time displacement operator does not alter the
analysis since it can be shown that terms such as

z vRiA(k_q)'fij 'VRJ.A(Q)
1]

(3.14)

are negligible inN order compared to terms such &'Ak—
0))A(q). Details of theN ordering formalism can be found in
ref 13. Using theN ordering technique, a self-consistent
expression for the transport coefficieiptk,2 can be obtained
by expanding the multilinear correlation functions in terms of
the parametel/N ~ (Kcyp)?, wherey is the correlation length
of the two-dimensional system. The series is formally
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resummed to yield a self-consistent expressionj{ér?. The
mode coupling series can be written as

°(k2 + 7"k

7k, = (3.15)

where
Pea =5 froe "I KWK 9" (316)

has all the projections onto the set of slow varial@laemoved
from its fluctuating forceKP(k) = (1 — P)K (k). Note that, in
contrast,KlD(k) has only the linear projections of the slow
variables removed frorK (k). The mode coupling term may

be represented as an infinite series of terms written either in

self-consistent form or in an expansion in powersvN. In

self-consistent form this series looks like

k=" 0%k2

(3.17)

where

0%k =

las[=2

Xpa Gy, ()Xo p (3.18)

Ok =

| ool (12:2

XPal* Gal(z) : Xonlaz* Gaz(z) : XazP

where the verteXy is defined to beMq4(2) with at least one
wavevector inequality between the setandf. The propaga-
tors Gy(2) are the Laplace transforms of products of the full
hydrodynamic correlation functions suchr,1), (P(k,t) P(K)* L]

and [P(k,t) N(K*LI The verticesX,s contain static parts that
are expressible in terms of static correlation functions and
“dissipative” parts which resemble transport coefficients. The
simplest mode coupling terms involves only the bilinear modes
and is given by

7"k3 _
MK, T
d ME (K, Q) ME, (K,
L dqu P,NQIEBq) NN,P( q2)~B 19)
27) z+ (k —q)D°(k—q,2 + gD (0,2

whereDB(k,2) is defined by (3.10) withj(k,2 = #B(k,2. The

mode coupling series can also be formally resummed to obtain

self-consistent equations for the transport coefficients. For
example, the simplest bilinear contribution in self-consistent
form is

7"k _
MKbT

(27[ X qu MP an(K:0) MNN p(k,0) F(k—a.9 F(a.9 (3.20)

This bilinear term is the most important in determining the
nonanalytick and z dependence ofj(k,g in generalized
hydrodynamics, as it gives the leadikgand z contributions
and is responsible for the?¥?2 |ong time tail in ad-dimensional

Schofield et al.

simple liquid systen® For the suspension, the static vertices
in egs 3.19 and 3.20 are given by

[{O"P(K)) Qunk—a,09*

. _

M (k.0 NSk0) S (3.21)
) _ [O"y\(k—0,Q)P(K)* 0

MEIN;P(qu) - NMKbT

The analysis just elaborated for the scattering fundtigit)
can be extended to tagged particle correlations like the Fourier
transform of the van-Hove self-correlation function
Fo(k,t) = DN, (k,t) Ny (K)* O= (@ RO-ROIg (3 22)

Applying the projection operator and mode coupling formalism
to the Laplace transforrig(k,t) gives

1

F(k=—— .
Pk =~ vy (3.23)
Bk = o ! (3.24)
° e (BIM)(T 33 774(k,2)
where
fikd =~ [ dt Eﬂe(l PO 2 (] -K 2™ (* O

K09 = (1- Pl)[‘V”‘-Plpl £ Fle - @ POy
(3.25)
with

N
Yok =— IDi’file_ik'Rl

(3.26)

Again when the hydrodynamic interactions are instantaneous,
[ = 05T, (1 — Py)y3(K) = 0, and@'1s0= T, and the tagged
particle transport coefficieriy(k,2 has a term of ordek®, unlike

the N particle transport coefficienj(k,2, which is at least of
orderk?. This difference is due to the fact that the instantaneous
force on an individual particles is nonzero even though the total
instanteous force on the system is always zero for a conservative
system.

Mode coupling equations can be derived for the tagged
particle transport terms in a manner analogous to that presented
above'* We find that the simplest bilinear mode coupling term
in self-consistent form is

ns (k9 _
MK, T

d
(ZI;_[)d f q P N N(k q) Ile NP, (k:Q) Fs(k_q;t) F(q,t) (327)

where

MO"P (K] Qu(k—a,0)* 0

MEEp (k0D = NS (3.28)
~ o HJOTQNIN(k—q,OD] P,(K*0
M, (K,Q) = VKT (3.29)
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Note that, through (3.27), the dynamicsk{k.?) is related to terms of ordeerp are ignored?>16and it corresponds to setting
the dynamics of th&l-particle correlation functiofr(k,f). When
the hydrodynamic interactions are instanteous, we find the

products of the tagged particle aNegparticle vertices are given Bk,) = = (KbT)Z =D-= r
by s I' + #34k.2 I' + 574k.2
- K’ 1 p T
- - Ky T(ngh(g))® Dk = _ =2~ 1
MEE (D) NS oK) = -2 (3, ’ i i '
ki) Mien(k @ = == (3:30) SK F+ikain SKT +ikgin
Mp.un(k, 0 Myp(k,Q) = in egs 3.10 and 3.23, where we have defifed= (K,T)2T.

K Tre Furthermore, we shall assume that correlation functions involv-
b Hk—ql) Hq) ((k — q)C(k—ql) + qC(g))? (3.31) ing momenta of the particles decay more rapidly than do
MN correlation functions that involve only spatial coordinates.

Under these conditions we find that, by averaging over the

momenta of the system,

where in eq 3.31 we have approximated the three-point
correlation function with the relation

~B :K © —7t . QnQTt_uD . UD/L\ %
M) Rik—c)* NG T~ NS(k—a) S@ S (3.32) A= G o ot e I
Bk = [Tt e 1o FR(1FA* D (4.2)

In eq 3.30,N is the total number of colloid particles in the oL d

system,n = N/LY is the number density of colloid particles,

nh(g) = ) — 1, andC(g) = 1/n — 1/(nSQq)) is the direct

correlation function of the colloid system. Note thatggrows whereQn = (1 — Py) removes the multilinear products of the
large, the vertex functions approach zero and hence naturallydensity,

cutoff the integral over the wavevector at lage It should be

noted that eq 3.20 fayMC(k,t) has been derived systematically 1

and is identical in form to the mode coupling equations derived 7'P(k) = Q- z R-Fij(e*'k‘Ri — e Ry

by Szamel and Lowen in their discussion of the glass transition NE=

in colloid systemg?

Dy — L.E arikR
The mode coupling terms are designed to take into consid- Fi(k) = Qu ; k-Fye (4.3)

eration the fact that at intermediate to high densities each particle

is surrounded by a cage of others, which leads to correlated

collisions and collective vortex motions in the suspension. The Fi = — Vg (U(R)) + o(Ry)), and Q' is the one-particle
“bare” term 7j(k,2 has all the correlated motion removed irreducible Smoluchowski operator givenfy®

from its fluctuating forceK(DS)(k,t) via the projection operator

(1 — P) and hence can be thought of as having its dynamics N

determined by uncorrelated binary collisions alone. For low- Q'=DY (Vg +F)QVx (4.9
density systems the upper cutd€t is small since the mean = ' '

distance over which a particle diffuses before colliding with
another particle is large, and hence one expects the modeI
coupling contributions to be negligible. As the density increases
the cutoff increases and the vertex functions contain more
significant structure, which in turn implies that the mode
coupling terms become important. Near the close packed
density one anticipates that the feedback mechanism can lead @Qo*tg = gt (4.5)
to anamolous increases in the memory term of the generalized

friction coefficient and can provide a mechanism for critical

slowing down and glass formation. whered(P)3 = fdPN f(P)IT,(PN) is the average of(P) over
the Maxwell distributionII,(PN). We shall assume that the

propagator exinQ2Tt) represents the dynamics of uncorrelated
binary collisions among the particles and repla@eQ' by
Q; where

n eq 4.4, the projection operat}; is defined byQB(k) =
B(k) — B(k)e kRi[@-k'Ri, The one-particle irreducible operator
is obtained fror¥’

4. Hard Sphere Dynamics in the Diffusive Regime

4.1.. Low-Density Sygtems. Tq solve the hierarchy of Q; = D(VRi"‘ ng_}_ﬂFlz-(vR — VR)) (4.6)
equations for the correlation functiofg(k,t) andF(k,t), some t
approximate form of the bare memory functio?%(k,z) must
be adopted. The simplest sensible approximation for the bareis the two-particle Smoluchowski operator. Separating the two-
memory function is to use the low-density form for all densities. particle Smoluchowski equation into an equation for the center
We shall concern ourselves mainly with correlation functions of mass coordinat® = (R; + Ry)/2 and the relative coordinate
in the “diffusive” time regimet > p, whererp = M/ﬂf“, and r = R1 — Ry, we find that, for a hard sphere interaction, to
assume that the hydrodynamic interactions are instantaneousleading order in the area fractign= nza? of the spheres (of
This time scale is the so-called “overdamped” limit in which radius @) in the suspension, the two-dimensional transport
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coefficients#B(k,2/n and;”ys(k,z) are given by
fis(k2 =
4¢g(2a) (‘Z:?Z [dr dry 8(ro—22) o(r—2a) Ak,r—rg,2) x
g 210 (Rep)(k-F )
B(k,2/In=
4pg(2a) (%j Jdr drg 6(ro—2a) 6(r—2a) A(k,r—rg,2) x

(R‘f)(k‘i’o)(e_iklz'ro _ eik/Z'I‘o)(eik/Z'r _ e—ik/Z'r) (47)

whereg(2a) is the pair correlation function for the suspension
evaluated at the contact distance= 2a and

Ak,r—r,2) =
S dte™ [dR—R) €“FTRI AR-Ryr—ro.t) (4.8)
where
AR-R,I—rol) = €4 0(R—Ry) 0(r—r;)  (4.9)

For the two-dimensional system of hard spheres we find%hat

Ak,r—r,2) =
1 e R _ In(2a9)
w2 & KO ) — Ker) o)
m=—o0 m
(4.10)

wherer” = maxr,ro}, r= = min{r,ro}, 6 and6, are the polar
angles ofr andrg in the plane, respectivelyj = (22D +
k&4)Y2, and 1, and K, are modified Bessel functions. With
this form of A(k,r—ro,2), we finally obtain

Ki(y)
—yKi(y)

2(k,2 = 49T'g(2a) l; Ji(ka)? (4.11)

5 ® Ki(y)
71°(k,2/n = 4¢L'g(2a) Z 1+ (—1))J(ka) ——
—YyKi(y)

|I==00

wherey = 2ay = (2zro + (ka)?)Y2with 7o = a¥/D. In the limit
k =z =0, these bare memory functions are
712(0,0) = I'2pg(2a) (4.12)

and 78(0,0) = 0, whereasjB(k,2/k? diverges logarithmically

ask andz approach zero. In the time domain the bare memory

functions are given by

ne(k,Y) =

. 9(2a) "
4pT — g (kaftzn Jo7du e [Jy(ka)® Po(ka,u) +
0

2 2 J(ka)® P,(ka,u] (4.13)

Schofield et al.
n(k,H/n =

= g(2a) —(kapti2ry [ —ut/zg ' 2
46T ——e [ du e " [23y(ka)? Py(ka,y +
0

4 Z Jy(ka)® Py(ka,u]

where the spectral density functioRgka,u) are

P(ka,) = 1

7°u Ji(v2u)? + Ni(v/2u)?

(4.14)

andJ;(x) andN(x) are Bessel functions. Thus for low-density
systems, in which mode coupling contributions are negligible,
we find that the long time self-diffusion constant is

D,(0,0)= D = (n

= F1 1 200028 1+ 200(22) =D(1 — 2¢g(2a) +

0(¢°)) (4.15)

which is the result of ref 20.

4.2. Gaussian Approximation. The Fourier transform of
the van Hove self-correlation functioRg(R,t) is often ap-
proximated® by expanding around its first cumulant such that

Fs(k,t) — @—ik'(Rl(t)—Rl(O))D:
exp{ —IkAW(H)} |1+ %az(t)(kZW(t))z + O(K%)| (4.16)

where W(t) = [Ry(t) — R1(0))2I4 is the mean squared
displacement and(t) is defined by

[{AR,(1)'D

AR, “17)

a,(t) =

with AR;(t) = R4(t) — R1(0). Note that for two-dimensional
systems in which the displacemenif,(t) have a Gaussian
distribution
AR, (1))*"C= n! AR,(1)0) (4.18)

and a(t) vanishes. For simple liquids the first correction to
the Gaussian approximation is typically 10% or less of the
leading term and successive terms are even snfall&/e shall
examine the quality of the Gaussian approximation for two-
dimensional low-density colloid suspensions in a manner similar
to that used by Cichocki and JoAet study three-dimensional
hard sphere systems.

Noting that the generalized diffusion coefficient is given to
leading order in the volume fractiop by

Dyk,2 = D(1 — 72(k,2/T) (4.19)
and that
- 1
k) =—o
Fdk2 2+ Dk, 2K
=1-KB@+KR@+0K) (420

by expandingFs(k,2 and ﬁSB(k,z) in powers ofk and equating



Dynamics of Quasi Two-Dimensional Colloidal Systems

Memory Function MB(r)

0.5

numerical calculation
~~~~~~~ log(C,,my/ fit

04 -
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MB(T) (dimensionless)
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0.0 I I I I
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Figure 2. Plot of the functionavi®(z) and logCr)/t versus reduced
time z = t/zo. Note how rapidlyMB8(r) approaches its asymptotic long
time form logCm)/z.

terms of the same order iy we find

720 (1) (4.21)

Pi(@) = W) = 2 Ja-

B2 = ; (1 2i20DIT + z 2P (@)IT)
9.2 = 712% (2 + (k)15 (@) + O((ka)*)

whereto = a?/D and

o,(t) = 2/3 ) _ (4.22)

W(t)?

From egs 4.13 and 4.21, settimg= t/79, W(7) and ox(7) are

W(r) = a’7|1— 2¢>gT(2a) S ax PO fl(x,r)] (4.23)
as) = P2 o PO x0) — L0 +
P2 f,(x,7)] + 0@
whereDt = a?r,
POX) = 4.24
0 (4.24)
1 3

(2) —
P00 = X 2zo(¢_ ) 4zl(d_ X) 422(«/_ X)

Z(¥) = I + Ni(x)°
and

fx) =2 (€ — 1+ x0)

v (4.25)

fen) =

(— - 1) € — 1+ x0) + %(xr)z

In Figure 2 we plot the memory function

J. Phys. Chem., Vol. 100, No. 49, 19968957

MB(z) = = ﬁ)d x PO)( )(1 ) (4.26)

as a function ofr = t/ro and show how rapidly it approaches
its asymptotic form log(Cy)/t, where C, = exp[C}/2 =
0.89054, andC is Euler’'s constant. In Figure 3 we plot the
function ax(7)/4¢g(2a) as a function of and note that the first
correction to the Gaussian approximation is less than 1% of
the leading term for a low-density hard sphere system. We
conclude that the Gaussian approximation works extremely well
in the low-density regime.

4.3. Dense SystemsFelderhof et af. have suggested that
the mean squared displacem#tt) in colloidal systems with
repulsive potentials should be determined principally by binary
uncorrelated collisions and be of the functional form

W(t) = DLt + (DS — DY), |og(ri) (4.27)

over a wide range of concentratiops whereDS, D, 7., and

Tm depend on the nature of the interactions andponin this
section we examine this hypothesis by applying the mode
coupling formalism to calculate the parametarand D; self-
consistently for a model hard disc system in whigh =
7o/Cm. Furthermore, we test whether the mode coupling
formalism, which in principle accounts for caging effects in
dense fluids, yields significant deviations from the suggested
functional form.

For higher densities we expect that the mode coupling terms
will also contribute to the long time self-diffusion coefficient
via

D = D e (4.28)
1+ 2¢9(2a) + %< (0,0)

whre the simple bilinear contribution to the mode coupling
expression is given by

qh(a)®

1+ nh(g) F(a.) F(a.) (4.29)

~MC . Ke

0.0)=5- /; dt /[ dg
We approximate the scattering functiofgq,t) andF(q,t) for
self-consistent analysis using the binary collision functional
forms of their memory functions,

Fya,9 = exp{ —q"W(H)}

F(a.) = exp{ —tD%(q)} (4.30)

with

Dt for Dot <1

W(t) =
® Dgt + aM®(2)t for Dot = 1

(4.31)

whereo = 2¢g(D5)?/D andMB(z) is given by eq 4.26. In eq
4.30,D%(q) is

D

D()_ S(q) .

Note that forDg?t < 1 the scattering functions are approximated
by their short time forms, whereas in the opposite limit the long
time forms are used.

To evaluate the bilinear mode coupling contribution to the
generalized friction coefficient self-consistently we use the
results of Rosenfefd for the structure factor of a two-

for Dot <1
(4.32)
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Figure 3. Plot of the ratio of the second to first cumularts(z)/
(4¢9) versus reduced time

dimensional hard disc system. Rosenfeld showed that the direc

correlation functions is given by

—nC(K) = %’A(%)z + BJ,(ka) Jll((za) +G Jl(lf:a)
(4.33)
with
1=Z+¢Z
G=(ZI2)"*
A= i (L+ (26 — Ly + 26G) (4.34)

B=$«1—¢)x—1—3¢e)

whereZ' = dz/d¢. In eq 4.34Z = P/nK,T is the compressibility

equation of state, which is well fitted by the expression

_ 1+0.128% 4 0.02%° + 0.06p"
(1-¢)°

It follows from these results that the pair correlation function

at contact igy(2a) = —c(2a) = G. This parametrization of the
two-dimensional static structure function works well for small

y (4.35)

volume fractions but underestimates the height of the first peak

in SKk) for large volume fractions (aroungl= 0.73). Further-

Schofield et al.

Mode Coupling Contribution
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Figure 4. Plot of the dimensionless mode coupling contribution

7MC0,0)I to the long time self-diffusion coefficierd-/D, versus

tvolume fractiong.
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Figure 5. Plot of the long time reduced self-diffusion coefficient
DL/D, with and without mode coupling contributions versus volume
fraction ¢.

and without the bilinear mode coupling contribution. Note that
at low densitiesD§(¢)/D is well approximated by

D@ _ 1 1
D ~1+#0) 1+ 24g(2q)

(4.37)

In the asymptotic regime, Whet;yéZZro = pis small (i.e. for

more, we estimate the mean distance over which a colloid t> 27) we find that the Laplace transform of the mean squared
particle diffuses before interacting with another particle of the gjsplacement is given by

system to be

1

|~ ——— 4.36
2n*g(2a) (4.36)

and therefore estimate the cutoff wavevedtQrto be K. ~

1 = 2Vpgl(av/7).

With these approximations it is a simple matter to evaluate

ﬁQAC(O,O) as a function of the volume fractiah In Figure 4

we show#Y°(0,0) as a function of the volume fraction. At

low densities the mode coupling contributions to the memory

function are at least a factor @2 smaller in magnitude than
the binary collision contribution, and ag increases, the
contribution ofﬁg"C(O,O) to 774(0,0) becomes increasingly im-

portant. In Figure 5 we pIong(qb)/D as a function ofp with

=21 |_
W(2) =2 1+7”7g0)(z))
D, _ RE)
z 1+ 2¢g(2a) + 7M°(0,0) + A7Y(0,0) + A7)

(4.38)
whereA70(2) is
A2 = 7102 — 740,0)= A7Z2) + ATY(2) (4.39)

It is straightforward but tedious to show that whierr 7o we
have#;(0) > A#j(2), and hence the expression{1j(2))~* can
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be expanded around & #(0))7%, and the expression for the

Laplace transform of the mean squared displacement becomes

A#j(2)?
1+ 7(0))°

A#(2)
1+ 7(0))

Z\1+7(0)

W)
(4.40)

At low densitiesfuc(2) is always negligible compared to
71B(2), but at high densities a regime whej¥C(2) > 7B(2) is
reached. Explicit calculation from eq 3.27 reveals that even
thoughiM€(2) > #8(2) at high densities, we still fin;;M°(2)
< A#B(2) for small z Thus, despite the fact that the mode
coupling effects on the memory function are pronounced, they
are rapidly established on a time scale much smaller than the
time scale of the binary collision contributions to the memory
function. At long times the bilinear mode coupling term gives
a contribution to the memory function that is bounded above
in magnitude at all times by a very smallttail. This tail is
much smaller than the binary collision memory terkt&(t). It
is doubtful that the tail could ever be detected experimentally
in the asymptotic long time regime. In Figure 6 we plot the
effect of the mode coupling terms on the memory function
MMC(7) compared taMB(z) as a function of time for several
volume fractions. We conclude that the net effect of the mode
coupling terms in the asymptotic long time regime is to
renormalize the long time diffusion coefficient without any other
significant change in the functional form of the dynamics of
W(t). Outside the long time regime we expect the mode
coupling terms to alter the dynamics much more significantly.
Using eq 4.13 and Laplace inverting (4.40), we find that for
t> 19 (7 = tlg > 1), W) is

Rt 209 ALingB
W) = Dst + 1 D) +
Lf 2909 \2, B
Dst(—1+1~7(0)) MB(z) + ... (4.41)
where

Xt
ME(@) = [ 2 — PO
u

PO P0G

> X

(1 _ o Xt

MB(z) = 2MB(z) + % [dx, o,

e
%

1 _ e*X1‘L'
X

with PO(x) given by eq 4.24. Numerical calculations show
thatM?(r) is at least an order of magnitude smaller tiha#(z)
whent > 7o, as shown in Figure 7.

SinceM(t) ~ log(Cmt)/t for larget = t/z7o, we conclude that
for asymptotically long times the mean squared displacement
W(t) behaves approximately as

299
1+ #(0)

W(t) = DLt + DLz, log(C,7)  (4.42)

Plotting W(7)/(Cma?t) versus logCmt)/(Ct) yields a straight
line whose slope angtintercept should begy/(1 + 7(0))? and
C;ll(l + 1#(0)), respectively. We therefore conclude that
Felderhof's hypothesis concerning the dynamics of two-
dimensional colloidal suspensions is not inconsistent with the
inclusion of mode coupling effects; that is, to a good ap-

proximation the functional form of the time dependence of the
mean squared displacement is not altered by mode coupling

J. Phys. Chem., Vol. 100, No. 49, 19968959
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Figure 7. Comparison of the first-order tertd®(z) and the second-
order terliB(r) as a function of reduced time

effects in a self-consistent treatment. It is interesting to note
that the functional form of\(t) in the long time asymptotic
regime does not change as a function of density even though
the parameters upon which it dependBt and ¢, vary
considerably.

5. Summary and Conclusions

In the preceding calculations we considered systems in which
the colloid particles interact via a hard core potential. Cichocki
and Felderhdfhave investigated the effect of attractive square
well interactions in addition to the hard core repulsion and have
argued that the asymptotic form of the mean squared displace-
ment for repulsive potential systems should behave as

W(t) = DLt + (DS — DY)z, log(t/z,,) (5.1)
in two dimensions, where the parametersandr, depend on
the nature of the interactions and on the concentragioiote

that their expression corresponds to (4.42) with the parameters
Tm = 70/Cm and

_ 2¢gD; D

_ 20g D
D;-D; D °

7(0) D °

7, (5.2)

We have demonstrated that the mode coupling expressions
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designed to account for caging effects in dense systems do noamong colloid particles are rarely established. In a simple hard
necessarily alter the functional form of the time dependence in sphere liquid a particle moves freely in a predetermined direction
eq 5.1. in between collisions, and the direction of the particle motion
Our mode coupling expressions differ somewhat from those is strongly correlated with the motions of its neighboring
of other authors. The mode coupling expression of Medina- particles. This correlation leads to vortex motions of the fluid.
Noyola and co-worket8 corresponds to eq 4.29 if the short In a colloidal system, on the other hand, the numerous collisions
time approximations are used for the scattering functions of bath particles with a colloid particle destroy the correlation
F«(q,t) andF(q,t) in the bilinear mode coupling equation (3.7); between the velocity of the colloid particle and the velocities

that is, Medina-Noyola et al. set of its neighboring colloid particles, so that only rarely is the
motion of a colloid particle dependent on the motion of its
F (k) = e ¥Pdt neighbors.
We have restricted our attention to a simple model that
F(k,b) = e DS (5.3) assumes hydrodynamic interactions are instantaneous. Of course

in real systems that they are not instantaneous, so direct
which they call the “Fick plus decoupling approximation”. This comparison of our results to the dynamics of suspensions is
approximation scheme works well for short times and small difficult. It has been showt that in some time regimes the
wavevectors, where memory effects are not important, but it hydrodynamic effects in three-dimensional suspensions cancel
breaks down at long times and intermediate wavevectors, whereto a large degree, which suggests the possibility that such effects
memory effects reduce the effective diffusion coefficient and may not play an important role in determining the time
lead to slow nonexponential decay in the scattering functions. dependence oi(t). Although the conclusions we have reached
Furthermore, the mode coupling integral in the expression of for the model system seem to hold qualitatively for the physical
Medina-Noyola and co-workers extends from zero to infinity system, any direct quantitative comparison of our results to
and is not cut off at large wavevectors. Since the integrals are experimental data is bound to be problematic because we have
not cut off, they include unphysical large wavevector relaxation treated only the case of hard sphere interactions and instanta-
channels for the decay of fluctuations. This implies that the neous hydrodynamic effects. The only direct test of our
functional form used for the scattering functions does not conclusions is to compare our results with those of careful
approximate well the dynamics in the largeregion. We simulations that are capable of predicting the asymptotic long-
believe that slow relaxation channels to not exist at large time behavior of quasi two-dimensional colloid suspensions. We
wavevectors since in that regime we anticipate that the general-are not aware of any reports of numerical studies which probe
ized hydrodynamic modes no longer decay more slowly than this time scale regime for two-dimensional systems.
any other “kinetic” modes of the system. The cutoff wavevector  pych work remains to be done on quasi-two-dimensional
is a sensitive function of the density and at h_igh _densities IS colloid suspensions. We have examined only the asymptotic
large enough that the range of the mode coupling integrals canjong time behavior of the tagged particle correlation function
effectively be extended to infinity. At low densities, however, E k1) At intermediate times the dynamics &kt in

Kc is small, which leads to small mode coupling effects. concentrated suspensions may differ significantly from the long
The bilinear mode coupling contributions to theparticle time behavior described in this work. Outside the long time
friction memory term”y(k,z) g)_(hibit more complicated behavior.  regime wheré ~ 7p, momentum correlations play an important
For example the simple bilinear term role in the dynamics df(k.). Since we expect that momentum
MC correlations persist wheth~ 1p, the Fokker-Planck operator
i (k2 _ [k V(k,9) rather than the Smoluchowski operator determines the time
K2 °© "z + (k — q)’D%(k—0.2) + ¢°D5(q,2) evolution of the microscopic system. Furthermore, we expect
mode coupling contributions to the memory function to alter
(5.4) the dynamics observed in dense systems in the intermediate time
with regime.

Throughout this work we have assumed that long-lived
2 collective modes exist at intermediate wavevectérs:(1/a)
V(k,g) = n(Kb'zl') Sk—q) S0) ((k — 9)C(k—a) + qC(Q))Z for colloid systems in the diffusive limit, as they do for hard
4 sphere liquids. This assumption can be examined by an
(5.5) eigenvector/eigenvalue analysis of the Fokketanck and
Smoluchowski operators to check that the extensions of the
hydrodynamic modes to intermediate wavevectors are still

diverges logarithmically ag& and z approach zero, although
7MC(k,2) is well-behaved in this limit. The divergence is not ~Y-'* , ey
surprising since it was found tha(k,2/k? also does not exist significantly longer lived than the other “kinetic” modes of the
in the limitk = z= 0. This divergence is reminiscent of the ~SYStém-
behavior of the mode coupling contributions to the generalized ~Many interesting questions about colloid systems can also
transport coefficients of strictly two-dimensional fluitiswe be addressed by Brownian dynamics or other simulation
should emphasize, however, that siri&,2) is well-behaved technigues. One such question is of how dimensionality affects
for all k andz, this does not imply that the generalized diffusion the dynamics, which could be examined by performing simula-
coefficient D(k,j does not exist for the System under consid- tions of thin-celled SyStemS of various thickness. Other types
eration. In fact in the hydrodynamic limit the diffusion Of potentials that include attractive parts in addition to hard cores
coefficient is simplyD/S(k). can also be investigated.

We believe the fact that the functional form of the time
dependence in eq 5.1 is determined mainly by binary uncorre-  Acknowledgment. This research was supported by a grant
lated collisions is due to the vast difference in time scales of from the National Science Foundation (NSF CHE 528923).
the bath-colloid and colloid-colloid interactions. The colli- S.AR. takes pleasure in the many memories from 40 years of
sions between the bath particles and a given colloid particle friendship with John (make a U-turn) Ross and looks forward
occur on a time scale so short that correlated collision eventsto many more years of friendship.
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