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Abstract

We consider quantum heat flow in two-terminal junctions and inquire on the connection between the transport mechanism and
the junction functionality. Using simple models, we demonstrate that the violation of the Landauer behavior in asymmetric junc-
tions does not necessarily imply the onset of thermal rectification. We also demonstrate through a simple example that a spatial
inhomogeneity of the energy spectra is not a necessary condition for thermal rectification.
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1. Introduction

Nonlinear effects in classical [1] and quantum [2, 3] heat con-
duction open the door for energy management at the nanoscale
[4, 5]. In two-terminal junctions, where two thermal reservoirs
are connected by a nanoscale link, one of the effects that has
recently attracted considerable interest is a diode-like (thermal
rectifying) behavior [6, 7, 8, 9, 10, 11, 12], or formally, the
onset ofeventerms in the expansion

J =
∑

k=1,2,3..

βk(Ta)∆Tk, (1)

leading to the inequality|J(∆T)| , |J(−∆T)|. HereJ is the heat
current,Ta = TL+TR, and∆T = TL−TR; The indicesL,R refer
to the left and right solids, maintained at fixed temperatures TL

andTR. While thermal rectification (TR) has been exemplified
in multitude systems, general rules for its applicability are still
limited [11]. Specifically, it is of interest to link the onset of this
effect to the intrinsic transport mechanisms. In what follows
we ask the following question: Given a conduction mechanism,
can we conclude whether rectification takes place in the system,
assuming that some spatial asymmetry is presented?

Two limiting heat-conduction mechanisms, extensively dis-
cussed and employed in the literature, are the Landauer (bal-
listic) motion [13, 14] and the Fourier’s (diffusional) law [15].
Recent experiments probed their validity in various molecular
systems including hydrocarbons [16, 17], proteins [18], and
carbon nanotubes [19, 20]. It is established that the onset of
the Fourier’s dynamics is not a necessary, neither a sufficient
condition, for diode-like behavior; Various asymmetric non-
linear systems, which do not follow the Fourier’s law, rectify
heat. In particular, the Fermi-Pasta-Ulam model was provedto
have anomalous conductivity [21], while its mass-graded ver-
sion gives rise to rectification [10]. From the other direction,
it has been recently exemplified that an (asymmetric) system
obeying the Fourier’s law, does not necessarily rectify heat [22].

In this work we turn our attention to the connection between
the breakdown of ballistic dynamics and thermal rectification.
In the Landauer formula heat flows ballistically, and equilibra-
tion takes place only at the contacts. Therefore, the current
passing through the system is given by the net flux of two in-
dependent processes: right-moving carriers (of temperature TL

until they reach the right contact), and left-moving carriers (at
TR). The Landauer expression for energy transport is [13, 14]

J =
∫

ωT (ω)

[

f

(

ω

TL

)

− f

(

ω

TR

)]

dω, (2)

whereT (ω) is the transmission coefficient, independent of the
temperature, andf (ω/Tν) is the particle distribution function
at theν = L,R contact,~ ≡ 1. For example, for phononic
systems, this expression holds in the absence of nonlinear in-
teractions [2, 23], withf (ω/T) = [eω/T − 1]−1 as the Bose-
Einstein distribution function. Note that in the weak system-
bath coupling limit, the only frequency terms that contribute
to the integral are those in resonance with the modes of the
central conductor (referred to as the subsystem/link/bridge).
For example, for a single-mode bridge of frequencyω0, J ∝
ω0

[

f
(

ω0
TL

)

− f
(

ω0
TR

)]

. Going back to the general expression (2),
takingTL = (Ta+∆T)/2, TR = (Ta−∆T)/2, we expand the dis-
tribution function to second order inω and obtain the net heat
current

J = −4
α(Ta)

Ta

∑

k=1,3,5...

∆Tk

Tk
a
, (3)

whereα(Ta) =
∫

ω2T (ω) ∂ f (2ω/Ta)
∂(2ω/Ta) dω. Notice that only odd∆T

terms survive. It is obvious that systems following (2) do not
rectify heat, sinceJ(∆T) = −J(−∆T). The answer to the re-
versed question is not as obvious: Given a system that vio-
lates the Landauer dynamics, does it necessarily lead to ther-
mal rectification, given that some asymmetry is presented? In
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Figure 1: Four models whose transport characteristics are studied in this paper.
I. A spin subsystem coupled to two spin baths. II. A 3LS subsystem coupled
to 3LS reservoirs, with uneven local energy spacings. III. A3LS subsystem
coupled to 3LS reservoirs, with even onsite energy spacings. IV. A 3LS subsys-
tem coupled to a spin bath and a 3LS reservoir. The arrows represent possible
relaxation/excitation processes, induced by the reservoirs.L andR refer to the
reservoirs,S denotes the subsystem.

what follows we show that this is not the case, and exemplify
that an asymmetric system, violating the Landauer relation,
may still lead to a symmetric (non-rectifying) conduction.The
second objective of this project is to shed light on the neces-
sary/sufficient conditions for TR. We have recently proved that
in order to attain TR, it issufficient to employ reservoirs with
distinct density of states [11]. Is it furthernecessaryto em-
ploy such reservoirs for showing TR? The answer is negative.
We demonstrate here that an asymmetric structure with homo-
geneous energy spectra brings in a ”weak”, though finite, TR
behavior.

2. Model and Dynamics

we present next our toy model, useful for studying the fun-
damentals of heat conduction in bridged two-terminal junc-
tions. The model designed includes anM-level subsys-
tem (link/bridge) HS, interacting with two reservoirs (con-
tacts/terminals)H0

ν of temperatureTν, via the coupling terms
Vν. The reservoirs include a collection of noninteracting distin-
guishableK-level system (KLS) particles. The total Hamilto-
nian isH = HS+H0

L+H0
R+VL+VR. The subsystem Hamiltonian

assumes a diagonal form, and we also consider separable cou-
plings,

HS =
∑

m=1..M

Em|m〉〈m|,

Vν = λνS Bν; S =
∑

m,n

Sm,n|m〉〈n|. (4)

HereS is a subsystem operator,Bν is aν-bath operator, andλ is
the coupling strength. For simplicity we will assume thatSm,n

andλ are real numbers. For the reservoirs, we assume that both
the L andR baths include sets of independent (p = 1,2, ..,P)

particles,

H0
ν =

∑

p

h0
ν,p; Bν =

∑

p

bν,p. (5)

Herebν,p andh0
ν,p are (unspecified) operators in terms of theν

reservoir degrees of freedom. This generic Hamiltonian canbe
used for modeling the thermal conduction properties of either
harmonic or anharmonic molecules connecting two dielectrics
[24]. We present next equations of motion for the subsystem de-
grees of freedom, and an expression for the heat current. These
expressions can be derived under a standard set of approxima-
tions, including the assumption of weak system-bath coupling
and the markovian approximation. The subsystem level popu-
lations follow the markovian master equation [11, 25]

Ṗn(t) =
∑

ν,m

|Sm,n|
2Pm(t)kνm→n(Tν)

− Pn(t)
∑

ν,m

|Sm,n|
2kνn→m(Tν), (6)

with the Fermi golden-rule transition rates

kνn→m(Tν) = λ
2
ν

∫ ∞

−∞

dτeiEn,mτ 〈Bν(τ)Bν(0)〉Tν . (7)

Here En,m = En − Em are the subsystem energy spacing,
B(t) = ei(H0

L+H0
R)tBe−i(H0

L+H0
R)t in the interaction representation,

and 〈Bν(τ)Bν(0)〉Tν = Trν[ρν(Tν)Bν(τ)Bν(0)] is the correla-
tion function of theν environment, with the reservoirs as-
sumed to be maintained in thermal equilibrium,ρν(Tν) =
e−H0

ν /Tν/Trν[e−H0
ν /Tν ]. Note that excitation and decay rates are

related through the detailed-balance condition,kn→m(Tν) =
km→n(Tν)eβνEn,m; βν = 1/Tν with the Boltzmann constantkB ≡ 1.
In steady-statėPn = 0, and we normalize the population to unity
∑

n Pn = 1. It can be further shown that the heat current across
the system, defined positive when flowingL to R, obeys

J =
1
2

∑

n,m

Em,n

∣

∣

∣Sm,n

∣

∣

∣

2
Pn × [kL

n→m(TL) − kR
n→m(TR)], (8)

with the population obtained by solving (6) in the long time
limit. For details we refer the reader to [11]. Employing Eqs.
(4) and (5), we obtain the transition rates between subsystem
states,

kνn→m(Tν) = 2πλ2
ν

∑

p

∑

i, j

∣

∣

∣〈i|p bν,p | j〉p
∣

∣

∣

2

× δ(ǫp(i) − ǫp( j) + En,m)
e−βνǫp(i)

Zp(βν)
. (9)

The reservoirs are (each) characterized by thep-particle eigen-
states|i〉p and eigenvaluesǫp(i); Zp(βν) =

∑

i e−βνǫp(i) is the p-
particle partition function.

The discussion to this point is general, as we have not yet
specified neither the subsystem, nor the bath and its interaction
form with the subsystem. We consider next three types of reser-
voirs: A spin bath, and a three-level system (3LS) bath of even
and uneven spacings. While the later two cases are somehow
artificial, they are utilized here as a toy model for exploring the
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fundamentals of quantum heat flow. For a bath of noninteract-
ing spins, states|0〉p and|1〉p with ǫp(1) > ǫp(0), we get

kνn→m(Tν) = Γ
ν
2(En,m)nν2(−En,m), (10)

with the spin occupation factornν2(ω) =
[

eβνω + 1
]−1

, and the
temperature independent coefficient

Γν2(ω) = 2πλ2
ν

∑

p

| 〈0|p bν,p |1〉p |
2δ(ω + ǫp(0)− ǫp(1)). (11)

To simplify the presentation, we assume that theν reservoir’s
particles are of the same type, thus we henceforth omit the
p index from the reservoirs energiesǫ(i). Similarly, we can
calculate the transition rate between subsystem levels induced
by a bath incorporating 3LS particles with states|i〉p; i =
0,1,2. We allow transitions between neighboring states only,
〈0|pbν,p|2〉p=0. The decay rate (9) is then given by

kνn→m(Tν) = 2πλ2
ν ×

[

∑

p

|〈0|pbν,p|1〉p|
2δ(En,m + ǫ(0)− ǫ(1))

e−βνǫ(0)

Zp(βν)

+
∑

p

|〈1|pbν,p|2〉p|
2δ(En,m + ǫ(1)− ǫ(2))

e−βνǫ(1)

Zp(βν)

]

,

(12)

with Zp(βν) =
∑

i=0,1,2 e−βνǫ(i). For a 3LS bath with even spacing,
ǫ(2) − ǫ(1) = ǫ(1) − ǫ(0), the relaxation rate reduces to the
compact expression

kνn→m(Tν) =















Γν3(En,m) e−βνǫ(0)+e−βνǫ(1)

Zp(βν)
; En,m = ǫ(2)− ǫ(1)

0; else,
(13)

assuming that the interaction matrix elements are independent
of the level index,|〈0|pbν,p|1〉p|2= |〈1|pbν,p|2〉p|2. When the spac-
ings are uneven, we obtain

kνn→m(Tν) =



























Γν3(En,m) e−βνǫ(0)

Zp(βν)
; En,m = ǫ(1)− ǫ(0)

Γν3(En,m) e−βνǫ(1)

Zp(βν)
; En,m = ǫ(2)− ǫ(1)

0; else.

(14)

TheΓν3 coefficients absorb the temperature independent factors
in (12). We have now assembled the ingredients for calculating
the heat current in various junctions. Given anM-level sub-
system and two reservoirs, with the left (right) reservoir made
of particles withKL (KR) states, one should first solve (6) in
steady-state, then calculate the current with (8), using the rate
constants dictated by (9). While in general the matrix elements
Sm,n depend on the respective levels indices, we will assume
below for simplicity thatSm,n = 1, for all subsystem states. In
what follows we will construct four distinct junctions, seeFig
1, and demonstrate that the violation of the Landauer formula
in anasymmetricstructure does not guarantee the onset of TR.

3. Results

Case I. Our first example is a spin subsystem (M = 2) cou-
pled to spin reservoirs (KL = KR = 2). Using (10) it can be

easily shown that

J = ω0
ΓL

2Γ
R
2

ΓL
2 + Γ

R
2

[nL
2(ω0) − nR

2(ω0)], (15)

with ω0 = E1,0 the spin spacing, andΓν2 evaluated atω0. It is
interesting to note that this expression is in the form of theLan-
dauer formula (2), with independent carriers flowing in opposite
directions. In the present case, however, the only contribution
to the energy current comes from the (subsystem)ω0 frequency
term, as a result of the weak system-bath coupling approxima-
tion employed. SinceJ(∆T) = −J(−∆T), TR is absent here.

Case II. Consider next a 3LS subsystem (M = 3) coupled to
3LS reservoirs (KL = KR = 3). We assume that the subsystem
and reservoirs consist elements of the same energy structure,
ω0 ≡ ǫ(1) − ǫ(0) = E1,0; ω1 ≡ ǫ(2) − ǫ(1) = E2,1, but the
spacings in each subunit are taken uneven, i.e.ω0 , ω1, see
Fig. 1. Utilizing (8), we obtain the current

J =
ω0

D0
kL

1→0kR
1→0(e−βLω0 − e−βRω0)

+
ω1

D1
kL

2→1kR
2→1(e−βLω1 − e−βRω1), (16)

where

D0 = k0→1k1→2/k2→1 + k0→1 + k1→0;

D1 = k2→1k1→0/k0→1 + k2→1 + k1→2, (17)

andki→ j = kL
i→ j + kR

i→ j , incorporating the microscopic rates de-
fined in (14). Simplifying this expression, it exactly reduces
to

J =
T3

F(TL)F(TR)

[

ω0

(

e−ω0/TL − e−ω0/TR
)

+ ω1

(

e−ω1/TL − e−ω1/TR
)

e−ω0/TRe−ω0/TL
]

, (18)

whereF(Tν) = 1 + e−ω0/Tν + e−(ω1+ω0)/Tν andT3 =
ΓL

3Γ
R
3

ΓL
3+Γ

R
3
. In-

specting (18), it is clear that the current cannot be separated into
independent right-moving (of temperatureTL) and left-moving
(of temperatureTR) terms. Only whenω1 ≫ Tν, the second
terms dies out, and the expression reduces to (15). Thus, the
Landauer picture (2)does not holdhere. However, it is trivial to
note that TR does not take place in this system, even under some
asymmetry,ΓL

3 , Γ
R
3 , since the current is the same (with oppo-

site sign) with respect to exchangingTL by TR. We therefore
conclude that a three-level unit withunevenenergy spacings,
asymmetricallybridging two reservoirs made of collections of
3LS particles, does not obey the ballistic Landauer dynamics
(18), yet it does not lead to thermal rectification. Thus, the
breakdown of the Landauer picture, is not a sufficient condition
for TR.

Case III. We repeat the previous analysis, adopting identical
3LS subsystem and 3LS reservoirs. However, in the present
case we take the local energies to be evenly spaced,ω = ω0 =

ω1, i.e.,ω = E1,0 = E2,1= ǫ(1) − ǫ(0)= ǫ(2) − ǫ(1). We can
exactly calculate the steady-state heat current, in the form of
(16) using the rates (13). Expanding it in terms ofω, the first
two terms reduce to

J = A1(TL,TR)ω2 + A2(TL,TR)ω4 +O(ω6), (19)
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with the coefficients

A1 =
4
9
T3

TL − TR

TLTR
;

A2 = −
1
27
T3

1

(ΓL
3 + Γ

R
3)2

TL − TR

T3
RT3

L

×
{

(2T2
L + 2T2

R + TLTR)
[

(ΓL
3)2 + (ΓR

3)2]

+ ΓR
3Γ

R
3(3T2

L + 3T2
R + 4TLTR)

}

. (20)

As before,T3 =
ΓL

3Γ
R
3

ΓL
3+Γ

R
3
, with all constants calculated at the sub-

system characteristic frequencyω. Since these terms are rather
complicated, we also present the results assuming the subsys-
tem is symmetrically connected to the two ends,Γ ≡ Γν,

A1 =
2Γ
9

(

1
TR
−

1
TL

)

;

A2 =
7Γ
216













1

T3
L

−
1

T3
R













+
Γ

216
1

TLTR

(

1
TR
−

1
TL

)

. (21)

We note thatA1 and the first term inA2 contribute separateL
andRcontributions. In contrast, the second term inA2 is mixing
the temperatures of both reservoirs, indicating that the transport
cannot be fully separated into a right-moving and a left-moving
components. Thus, similarly to the previous case, the Landauer
picture (2)does not holdhere.

We proceed and manifest thepresenceof TR in this junction
by rewriting (19) in terms of∆T andTa (adding theω6 order),

J =
16
9
ω2

Ta
T3

∑

k=1,3,5..

∆Tk

Tk
a
−
ω4

T3
a
T3

∑

k=1,3,5..

αk
∆Tk

Tk
a

+
ω6

T5
a
T3

















∑

k=1,3,5..

γk
∆Tk

Tk
a
+ γ4
∆T4

T4
a
+ ...

















+O(ω8).

(22)

Here αk and γk=2n (n is an integer) are symmetric functions
with respect to the exchange ofΓL

3 with ΓR
3 . For example,

α1 = −80/27, α3 = −32/27[9− 2T3/(ΓL
3 + Γ

R
3)]. In contrast,

γ4 ∝ Γ
L
3 − Γ

R
3 . The lasteventerm in this expansion indeed

indicates on thebreakdownof TR, resulting in the inequality
|J(∆T)| , |J(−∆T)|. Since the effect appears as a high order
ω term, we refer to this behavior as a ”weak” TR. Numerical
examples (Figs. 2 and 3) are presented below. At this point we
would like to emphasize that while Eq. (16) is general, validfor
describing transport using 3LS particles of even/uneven spac-
ings, one cannot simply take the limitω1 = ω0 in Eq. (18), and
expect to obtain the heat current (19) for the equally-spaced
3LS model. The reason is that in case III the reservoirs parti-
cles have energy spectra which is uniform as well, reflected by
the transition rates (13), which should be also adjusted when
recalculating (16).

Case IV. We proceed and analyze another variant of this
model, a 3LS central unit (M = 3), connecting a 3LS reservoir
(KL = 3), and a 2LS reservoir (KR = 2). All energy spacing are
taken to be the same (ω), see Fig. 1. Since〈H0

L〉T , 〈H
0
R〉T , this

structure fulfills the sufficient condition for providing TR [11].

−4 −2 0 2 4
−0.1

−0.05

0

0.05

0.1

∆ T

J

Figure 2: Conduction properties of several junctions. Model II with ω0 = 2,
ω1 = 1 (full); model III (dashed) and model IV (dotted) withω2 = ω0 = 2.
Ta = 4,ΓL = 1,ΓR = 0.1.

As we show next, this model indeed generates a ”strong” TR.
Utilizing Eqs. (6)-(9), we again observe a violation of the the
Landauer relation

J ∝ ω2

(

1
TR
−

1
TL

)

+ ω4 ∆T

T3
LT3

R

[

aT2
R + bT2

L + cTLTR

]

+O(ω6), (23)

wherea , c , b , 0, depend on the system-bath coupling
elements. (The explicit expressions were omitted, since they
were too cumbersome to be included). In terms of∆T andTa,
this expression reduces to

J =
16
3
ω2

Ta

ΓL
3Γ

R
2

4ΓL
3 + 3ΓR

2

∑

k=1,3,..

∆Tk

Tk
a

+
ω4

T3
a

∑

k=1,2,3...

αk
∆Tk

Tk
a
+O(ω6), (24)

with αk , 0 for finite (though arbitrary)ΓL andΓR coefficients,
for example,α2 = 128(ΓL

3)2ΓR
2/(9Γ

R
2+12ΓL

3)2. Since even terms
survive, we conclude that TR takes place, in agreement with
[11]. We refer to this type of behavior as a ”strong” TR in
comparison to (22), since the effect here is more substantial.

We exemplify this behavior in Figs. 2 and 3, plotting the heat
current and the rectification ratioR≡ |J(∆T)|/|J(−∆T)| in mod-
els II (full), III (dashed), and IV (dotted), usingΓL

, ΓR. We
find that case II leads to a symmetric conduction withR = 1
(full line). In contrast, model III produces a ”weak” TR with
a minor deviation from unityR ∼ 0.995 at∆T = 4 (dashed
line), while model IV yields a ”strong” TR withR ∼ 1.3 at
that temperature range (dotted line). It is of interest to empha-
size on the sensitivity of the effect. Comparing cases II and
III, we note that both junctions are homogeneous, with system
and reservoirs made of the same 3LS particles. The only differ-
ence between the two models is that in case II the local spac-
ings were taken uneven, while in III the energy spacings were
equal, leading to TR. This demonstrates that the conditionsfor
TR discussed in [11] are indeed onlysufficient, and asymmetric
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1.1

1.15
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1.25
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∆ T

R 0 2 4

0.995

1

∆ T

R

Figure 3: Rectification ratio in several models, parameters are the same as in
Fig. 2. Model II withω0 = 2,ω1 = 1 (full); model III (dashed) and model IV
(dotted) withω2 = ω0 = 2. Inset: Same data as in the main plot, zooming near
R= 1.

systems with uniform energy spectra may still show rectifying
behavior.

Before concluding, we would like to emphasize the relation
of the examples discussed here and the harmonic model exam-
ined, e.g., in [13, 23]. One should note that the harmonic limit
is reached when two conditions are simultaneously fulfilled: (i)
The subsystemHS (4) and the reservoirs Hamiltonian (5) ac-
quire a harmonic spectrum, and (ii) system-bath interaction op-
eratorsVν are bilinear in position, i.e.,Vν is given by the product
of Bν ∝ xν andS ∝ q, wherexν andq are theν-bath and sub-
system coordinates, respectively. In particular, one should note
that the matrix elements of the system operatorS have a special
structure in the harmonic case: The factors|Sm,n|

2 are nonzero
and proportional to the site index only form= n± 1, leading to
the dynamical equations (6) with nearest neighbors transitions
only. Thus, simply by extending then-level model to infinity,
one should not expect to obtain the harmonic result (2).

Finally, It is of interest to contrast thermal rectificationwith
charge rectification. It is well justified that an electric current
asymmetry is related to many-body interactions in the system,
rather than to simple structural asymmetry [26, 27]. This ob-
servation is valid in the thermal case as well. Pure harmonic
systems cannot bring in rectification regardless of any struc-
tural asymmetry [24]. However some anharmonic-asymmetric
systems, disobeying the Landauer-ballistic formula, still do not
show thermal rectification, as demonstrated here by case II.

4. Summary

We have described here a simple model for probing the
fundamentals of quantum heat flow in nonlinear hybrid junc-
tions. Essentially, we were concerned with the possible con-
nection between the inherent transport mechanism and the
junction functionality, or the emergence of nonlinear current-
temperature bias terms.

Our first (I) spin junction follows the ballistic-Landauer dy-
namics. We have then presented three examples violating the
Landauer picture. In models II and III the subsystem and reser-
voirs were all equivalent, with the internal level spacingstaken

either uneven (II) or the same (III). Asymmetry was introduced
by unequally connecting the central-subsystem unit to the two
terminals. In the fourth model (IV) the energy spectra was made
inhomogeneous, adopting distinct reservoirs. We have found
that only in case II the current was symmetric around∆T = 0,
obeyingJ(∆T) = −J(−∆T).

Based on these observations, the following conclusions can
be made: (i) The breakdown of the Landauer-ballistic mech-
anism is not a sufficient condition for the onset of TR in
an asymmetric junction, indicating that non-integrable models
with some built in asymmetry may still produce a symmetric
conduction. (ii) The inhomogeneity of the energy spectra across
the junction is not a necessary condition for the onset of TR.

Derivation of generalnecessaryconditions for showing TR
is a formidable- unsolved challenge. The case study presented
here is a first step in that direction. It is of interest to further
explore the connection between transport mechanisms and the
system functionality, e.g., the relationship between the onset
of negative differential thermal resistance and the microscopic
mechanisms [28].
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