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We study the non-adiabatic dynamics of a two-state subsystem in a bath of independent spins us-
ing the non-interacting blip approximation, and derive an exact analytic expression for the rele-
vant memory kernel. We show that in the thermodynamic limit, when the subsystem-bath cou-
pling is diluted (uniformly) over many (infinite) degrees of freedom, our expression reduces to
known results, corresponding to the harmonic bath with an effective, temperature-dependent, spec-
tral density function. We then proceed and study the heat current characteristics in the out-of-
equilibrium spin-spin-bath model, with a two-state subsystem bridging two thermal spin-baths of
different temperatures. We compare the behavior of this model to the case of a spin connecting
boson baths, and demonstrate pronounced qualitative differences between the two models. Specif-
ically, we focus on the development of the thermal diode effect, and show that the spin-spin-bath
model cannot support it at weak (subsystem-bath) coupling, while in the intermediate-strong cou-
pling regime its rectifying performance outplays the spin-boson model. © 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4871874]

I. INTRODUCTION

Complex aspects of quantum dynamics in condensed
phases may be captured within simple models of few-state
subsystems immersed in dissipative environments.1–4 In the
“Caldeira-Leggett” model,5 the thermal bath includes a col-
lection of independent harmonic oscillators with linear cou-
pling to the subsystem. It allows for the derivation of the
quantum Langevin equation, useful, e.g., for studying quan-
tum barrier crossings in complex environments.3 A par-
ticularly interesting Caldeira-Leggett-type problem is the
spin-boson model, comprising a two-state subsystem. This
minimal model can describe the dynamics of a single
charge on two molecular states coupled to a dissipative bath
(solvent),1 or the Kondo problem for magnetic impurities.6

Since this model is not solvable analytically, an array of treat-
ments, analytical and numerical, have been developed for
evolving the two-state dynamics. A non-exhaustive list in-
cludes perturbation theory approaches in the subsystem-bath
interaction or the non-adiabatic parameter,1, 4, 7–9 mixed quan-
tum classical and semiclassical methods,10, 11 path integral
tools,12–14 numerical renormalization techniques,15, 16 and nu-
merically exact wavefunction schemes.17, 18

The spin-boson model is of interest beyond the ques-
tion of the reduced (subsystem) dynamics. The simple picture
can be extended to the out-of-equilibrium regime by coupling
the central spin to two separate (spatially or energetically)
thermal reservoirs which are maintained at different temper-
atures. This setup has been proposed as a toy model for ex-
ploring quantum transport phenomenology in an anharmonic
nanojunction.19, 20 Given the complex dissipative dynamics
observed in the single-bath model, it is not surprising that
the related out-of-equilibrium version exhibits a rich transport
behavior.21–24 We have recently extended the non-interacting
blip approximation4, 8, 9 and studied heat transport character-

istics in the two-bath spin-boson model in the non-adiabatic
regime:19, 20, 25 We have validated the heat exchange fluctua-
tion theorem in this many-body model and demonstrated that
the heat current can display a significant negative differential
thermal conductance (NDTC). To understand heat transport
in actual nanostructures, it is of interest to explore transport
behavior between other reservoirs, particularly considering
anharmonic environments. While the reduced dynamics may
conceal the nature of the bath,26 in this work we show that in
an out-of-equilibrium situation the steady-state heat current
displays marked, qualitative contrasts, when the subsystem is
attached to distinct environments.

Harmonic baths serve for describing collective (nor-
mal) modes of the media: phonons and photons. To include
anharmonicities26–28 and account for other relevant media
with localized modes, spin glasses or magnetic materials, a
different reservoir has been proposed: a spin-bath model.29, 30

In its simple form this reservoir includes a collection of non-
interacting spins, and it may be viewed as the extreme anhar-
monic limit of the harmonic bath, with each vibration trun-
cated to its lowest two states.

A detailed comparison between the dissipative dynam-
ics of a two-level subsystem (TLS) immersed in either har-
monic baths4 (spin-boson model) or spin baths30 (central spin
model or spin-spin-bath model) has been carried out in sev-
eral works. The problem has been addressed using the resol-
vent operator approach,31 and in the non-adiabatic limit with
the non-interacting blip approximation (NIBA).32 Numeri-
cally exact simulations were performed using various tools:
iterative path integral methods,32 the multilayer multiconfig-
uration time-dependent Hartree theory (ML-MCTDH),33 and
the surrogate Hamiltonian approach.26 Bloch-Redfield equa-
tions, perturbative in the subsystem-bath interaction energy,
were presented in Ref. 34. Specifically, it has been shown
in several works31–33 that in the non-adiabatic regime the
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subsystem coherent-incoherent crossover is shifted to
stronger coupling when increasing the temperature of the at-
tached spin bath. In other studies, it has been argued that
harmonic oscillators and spin baths lead to a similar re-
duced dynamics (energy relaxation, decoherence, and en-
tanglement) in the weak-to-intermediate coupling regime.26

Overall, while differences exist, the reduced dynamics does
not readily evince on the physical nature of the environment.
It is important to find whether other dynamical or steady-state
properties may more clearly attest to the intrinsic properties
of the dissipative bath.

The spin-spin-bath model can be mapped onto the spin-
boson model when the spectral density function is continuous
and the subsystem-bath coupling is diluted over many bath
modes.35, 36 Earlier studies with NIBA assumed this to be the
case.31–33 However, as discussed in details in Ref. 33, this
“linear response” mapping should be taken with great cau-
tion since many bath modes should be included in the sim-
ulation to approach the thermodynamic limit, particularly in
the non-adiabatic limit when the spectral function is broad or
when the temperature is low.33, 35 Moreover, the mapping is
invalidated when the bath includes localized modes which are
not weakly coupled to the central spin, even in the thermody-
namic limit.30

Here we provide an exact expression for the memory
kernel of the NIBA in the case of a spin bath. It allows
one to study the non-adiabatic dynamics of a central spin
in more general and realistic (finite, strongly coupled) envi-
ronments of localized modes. Naturally, one could ask why
bother with NIBA, an approximate theory, when exact nu-
merical tools as described, e.g., in Refs. 32 and 33 are avail-
able. The answer is that for an N-state subsystem NIBA equa-
tions include N2 elements. In contrast, a numerically exact
approach such as the iterative implementation of the quasi-
adiabatic path integral expression14, 32 (formidably) scales as
N2K, K is an integer satisfying K = τM/δt, where τM is
the bath decorrelation time and δt the simulation time step.
Thus, one should advance and improve approximate theo-
ries hand-in-hand with the development of exact simulation
tools.

Following our derivation of NIBA and its kernel, and the
clarifications on the assumptions behind its linear-response-
thermodynamical limit, we proceed and study the heat trans-
port behavior in a junction made of a TLS coupled to two
thermal baths of spins. In this case, the subsystem’s dynam-
ics is obtained by solving a time-convolution quantum master
equation, with a kernel that is non-additive in the baths’ de-
grees of freedom. As a result, the heat current involves com-
pound, non-additive, relaxation, and excitation processes in
both baths.

This work includes two contributions. In Sec. II, we de-
rive the NIBA equations for a spin bath, providing an exact
expression for the memory kernel. In the so-called “thermo-
dynamic limit,” it reduces to known results.35 In Sec. III, we
consider the thermodynamic limit of the NIBA and present
numerical results for the heat current through a TLS medi-
ating either harmonic baths or spin baths. In what follows
we set the Boltzmann constant as kB = 1, and work in units
of ¯ = 1.

II. MODEL AND METHOD

A. Spin-spin-bath model

We consider a single spin (subsystem) and couple it
to two baths (ν = L, R) prepared at different temperatures
Tν = β−1

ν . Each bath includes a collection of non-interacting
spins, and the total Hamiltonian is written as

HSS = 1

2
ω0σz + 1

2
�σx + 1

2

∑
ν,j

ωjσ
ν,j
z

+ 1

2
σz

∑
ν,j

λν,j σ
ν,j
x . (1)

Here ω0 is the energy gap between the states of the central
spin, � is the tunneling element, and σ x, y, z are the Pauli ma-
trices of the subsystem. Similarly, σ ν,j

x,y,z are the Pauli matrices
of the jth spin in the ν bath, coupled at strength λν, j to the po-
larization of the central spin. For simplicity, λν, j is assumed
real, but generalizations beyond that are trivial.

The spin-boson Hamiltonian can be transformed via
the small polaron transformation into the basis of displaced
oscillators,2 see a short description in the Appendix. Simi-
larly, since the particles in the spin bath are non-interacting,
Eq. (1) can be readily transformed to the basis of displaced
spins. The unitary transformation H̃SS = eS(HSS)e−S , S = SL

+ SR, diagonalizes the last two terms in Eq. (1). The generator
of the transformation is34

Sν = iσz

2

∑
j

arctan(ην,j )σ ν,j
y , (2)

with the dimensionless parameter

ην,j = λν,j

ωj

. (3)

The Hamiltonian now reads

H̃SS = 1

2
ω0σz + 1

2

∑
ν,j

ω̃ν,j σ
ν,j
z + 1

2
�[σ+ei� + σ−e−i�],

(4)

where σ± = 1
2 (σx ± iσy) are the auxiliary Pauli matrices. The

bath operators are given by

� =
∑
ν,j

arctan(ην,j )σ ν,j
y , (5)

and the spin frequencies, now corrected by the subsystem-
bath coupling parameter, become

ω̃ν,j = ωj

√
1 + η2

ν,j . (6)

In what follows, we refer to the two-bath spin-spin-bath
model (1) as the “SS model.” Similarly, the two-bath spin-
boson model (A1) is identified as the “SB model.”

B. NIBA equations

We employ the NIBA scheme which is well established
for describing the non-adiabatic dynamics of the single-bath
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spin-boson model: It can reproduce the correct subsystem dy-
namics at strong interactions or at high temperatures when the
bath is Ohmic. It is also exact for the case of a degenerate (un-
biased) subsystem, at weak damping.1 More recently, NIBA
has been tested for the (single-bath) spin-spin-bath model. A
detailed analysis of its accuracy against ML-MCTDH simula-
tions, at zero temperature in the unbiased case, has been car-
ried out in Ref. 33. It was found that NIBA could qualitatively
capture the coherent-incoherent transition at zero tempera-
ture, and that it became exact in the scaling limit. At higher
temperatures, NIBA is expected to have a better performance,
to provide a quantitative agreement with exact simulations.

We have recently extended the NIBA to the out-of-
equilibrium two-bath case, considering harmonic environ-
ments of different temperatures.19, 20, 25 Next we further point
out that this extension holds for spin environments. More
fundamentally, considering the model Hamiltonian (1), be-
low we obtain the memory kernel of the NIBA equation ex-
actly, beyond the so-called “linear response” approximation.
This form should be adopted when the thermal “bath” is finite
(the case in realistic applications), the spectral density func-
tion is non-continuous, and strongly-coupled discrete modes
are prominent. Then, the mapping to the spin-boson model
does not hold32 and deviations may be significant, particu-
larly in the scaling limit ωc/� � 1 where NIBA is potentially
useful.33 Our expression for the kernel reduces to the “ther-
modynamic” limit discussed in the literature35, 36 when the in-
teraction with the subsystem is well diluted over many spins.

From the technical point of view, in the SB model the
Campbell-Baker-Hausdorff formula can be applied in its sim-
ple form ecb†−c∗b = ecb†e−c∗be−|c2|/2, c is a c-number and b a
bosonic operator. This relation holds since [b, b†] = 1, ren-
dering an exponential form for the memory kernel. Such a
relation does not hold for the SS model, resulting in a non-
exponential form.

The derivation of NIBA equations begins with the Liou-
ville equation for the total density matrix ρ. Compacting the
Hamiltonian into H̃SS = H̃0 + Ṽ , with Ṽ comprising the �-
product term in Eq. (4), we write

ρ̇(t) = −i[Ṽ (t), ρ(0)] −
∫ t

0
dτ [Ṽ (t), [Ṽ (τ ), ρ(τ )]]. (7)

Here Ṽ (t) is an operator in the interaction representation. As
an initial condition we take a factorized form ρ(0) = ρS(0)ρB

with the subsystem reduced density matrix ρS(0) and the two-
bath factorized state ρB = ρLρR, ρν = e−βνHν /Zν with Hν

= 1
2

∑
j ωjσ

ν,j
z . Here Zν is the partition function of the ν bath.

Note that the initial state assumes the unperturbed form. We
now trace over the baths’ degrees of freedom and make the ap-
proximations that their operators can be decoupled from the
subsystem,9 and that they maintain the initial state,

trB[ei�(t)e−i�(0)ρ(t)] ∼ trB[ei�(t)e−i�(0)ρB]ρS(t). (8)

These assumptions can be justified in different limits,4 par-
ticularly at high temperatures and when the coupling to the
bath is not extremely strong, so as system-bath correlations
can be ignored. If we assume a diagonal initial condition for
the subsystem, the first term in Eq. (7) drops, and we reach
the following equation of motion for the population of the

subsystem, p0(t) and p1(t) where p1(t) − p0(t) = tr[σ zρ(t)],

dp1(t)

dt
= −�2

4

∫ t

0
dτ [eiω0(t−τ )〈e−i�(t)ei�(τ )〉

+ e−iω0(t−τ )〈e−i�(τ )ei�(t)〉]p1(τ )

+ �2

4

∫ t

0
dτ [eiω0(t−τ )〈ei�(τ )e−i�(t)〉

+ e−iω0(t−τ )〈ei�(t)e−i�(τ )〉]p0(τ ),

1 = p0(t) + p1(t). (9)

Next, we define the correlation function

e−QS (t) ≡ 〈ei�(t)e−i�(0)〉, (10)

with the thermal average performed over the L and R reser-
voirs’ degrees of freedom. Below we explicitly confirm that
〈ei�j (t)e−i�j (0)〉 = 〈e−i�j (t)ei�j (0)〉, thus we can re-write the
NIBA equation in the more common form as

dp1(t)

dt

= −�2

2

∫ t

0
e−Q′

S (t−τ ) cos[ω0(t − τ ) − Q′′
S(t − τ )]p1(s)dτ

+ �2

2

∫ t

0
e−Q′

S (t−τ ) cos[ω0(t − τ ) + Q′′
S(t − τ )]p0(τ )dτ.

(11)

The function QS(t) = Q′
S(t) + iQ′′

S(t) includes a real and an
imaginary component.

C. Memory kernel

In this section, we evaluate the correlation function (10).
We drop the ν index in steps when it is inconsequential; it re-
appears in final expressions when spins in both baths should
be clearly accounted for. We begin with a mode j of frequency
ω̃j , use the identity eiaσz = cos(a) + i sin(a)σz, and write

i�j (t) ≡ i arctan(ηj )σ j
y (t)

= i arctan(ηj )
[

cos(ω̃j t)σ
j
y + sin(ω̃j t)σ

j
x

]
. (12)

This operator is exponentiated by making use of the relation

ei(ayσy+axσx ) = cos
√

a2
x + a2

y

+ i sin
√

a2
x + a2

y

ayσy + axσx√
a2

x + a2
y

, (13)

providing,

ei�j (t) = 1(
1 + η2

j

)1/2 + i
ηj(

1 + η2
j

)1/2

× [
cos(ω̃j t)σ

j
y + sin(ω̃j t)σ

j
x

]
. (14)

We now consider the product

ei�j (t)e−i�j (0) = 1

1+η2
j

{
1 + iηj

[
cos(ω̃j t)σ

j
y + sin(ω̃j t)σ

j
x

]}
× (1 − iηjσ

j
y ), (15)
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and trace the bath mode (spin j) with the corresponding ther-
mal weight,

trj [e−βωj σ
j
z /2ei�j (t)e−i�j (0)]/Zj

= 1

1 + η2
j

[
1 + η2

j cos(ω̃j t) − iη2
j sin(ω̃j t) tanh

(
βωj

2

)]
.

(16)

Here the partition function for the j spin is

Zj = e−βωj /2 + eβωj /2, (17)

and the temperature corresponds to the particular bath temper-
ature, j ∈ ν. We recall that ηj = λj/ωj, and write the correlation
function as

〈ei�j (t)e−i�j (0)〉 = 1

1 + λ2
j /ω

2
j

[
1 + λ2

j

ω2
j

cos(ω̃j t)

− i
λ2

j

ω2
j

sin(ω̃j t) tanh

(
βωj

2

) ]
. (18)

It is easy to confirm that 〈ei�j (t)e−i�j (0)〉 = 〈e−i�j (t)ei�j (0)〉.
This procedure is repeated—independently—for each spin
within the L and R reservoirs. The total-discretized spin bath
(d − S) correlation function is given in a product form

Cd−S(t) ≡ 〈ei�(t)e−i�(0)〉
= j∈L〈ei�j (t)e−i�j (0)〉j∈R〈ei�j (t)e−i�j (0)〉. (19)

Equations (18) and (19) are exact and meaningful as a mem-
ory kernel even if the reservoirs include discrete components,
as long as the resulting dynamics is consistent with the basic
approximations: the factorization of the correlation function
into a subsystem-bath product form, and the assumption that
the reservoirs are maintained (each) in a thermal equilibrium
state. It is not difficult to confirm that Eqs. (18) and (19) re-
duce to the so-called “linear response” result in the thermody-
namic limit when the spectral density function is continuous
and subsystem-bath interactions are well diluted over many
spins.32, 33, 35 We show this by (ignoring the trivial ν-bath iden-
tifier) assuming that λj/ωj 
 1 for all spins, see explana-
tions below Eq. (25). We can now expand the denominator of
Eq. (18), 1/(1 + η2

j ) ∼ (1 − η2
j ), and collect lowest-order

terms in λ2
j /ω

2
j . This leads to

CS(t) ≡ 〈ei�(t)e−i�(0)〉ηj 
1

∼ j∈ν

[
1 − λ2

j

ω2
j

(1 − cos(ωj t))

− i
λ2

j

ω2
j

sin(ωj t) tanh

(
βνωj

2

)]
. (20)

We approximate this result with an exponential form, and
reach (recovering the ν marker),

CS(t) ∼ e
− ∑

ν,j

λ2
ν,j

ω2
j

[
(1−cos(ωj t))+i sin(ωj t) tanh

(
βνωj

2

)]
= CS,L(t)CS,R(t). (21)

If the frequencies are distributed continuously, we can de-
fine the spectral density function, possibly distinct at the two
terminals,

Jν(ω) = π
∑

j

|λν,j |2δ(ω − ωj ). (22)

Specifically, we use in the simulations of Sec. III an Ohmic
form

Jν(ω) = 2πανωe−ω/ωc , (23)

where the dimensionless Kondo parameter αν measures the
strength of the subsystem-bath interaction. We are interested
in both a spatially symmetric junction with αL = αR, and an
asymmetric setup with αL > αR. We work in the non-adiabatic
limit, thus the cutoff frequency ωc is taken large, �/ωc 
 1.
For simplicity, ωc is set identical for the two baths.

Using the definition (22), the exponent of the correlation
function CS,ν(t) = e−QS,ν (t), QS,ν(t) = Q′

S,ν(t) + iQ′′
S,ν(t), is

given by

Q′
S,ν(t) =

∫ ∞

0
dω

Jν(ω)

πω2
[1 − cos(ωt)],

(24)

Q′′
S,ν(t) =

∫ ∞

0
dω

Jν(ω)

πω2
sin(ωt) tanh

(
βνω

2

)
.

This result has been introduced in Refs. 29 and 35, and it cor-
responds to the correlation function of the harmonic bath [see
Eq. (A4)] once we define a temperature dependent, effective,
spectral density function as

J eff
ν (ω, βν) = tanh

(
βνω

2

)
Jν(ω). (25)

We now discuss the assumptions behind the linear-
response “thermodynamic” limit by following Ref. 35. The
spectral density function relates to the density of states ρ(ω)
= ∑

jδ(ω − ωj) via

πλ2
j ∼ J (ωj )/ρ(ωj ). (26)

Let us assume that the spin bath has a continuous spectra, for
example, ρ(ω) ∼ NB

ωc
e−ω/ωc with NB the number of spins in

the bath. This function corresponds to the (Ohmic) spectral
density function, J(ω) ∼ ρ(ω)ω. Using these expressions in
Eq. (26), we find that λ2

j ∼ α
ωj ωc

NB
with α as the dimensionless

Kondo parameter. In the thermodynamic limit, NB → ∞, thus
λ2

j /ω
2
j → 0. Therefore, as long as the density of states can

be represented by a continuous-dense function with uniform
couplings to the subsystem, the assumption λ2

j /ω
2
j 
 1 holds

in the thermodynamic limit, and the harmonic-like form (21)
applies. However, local modes: defects, and impurity spins,
typically couple to the central spin via an interaction energy
λj which is independent of NB.30 In such cases the discrete
form (18)-(19) should be employed. In general situations, one
could facilitate the numerics by constructing NIBA’s kernel as
a product of Eq. (18), including all strongly-coupled modes,
and Eq. (21), containing modes that are weakly coupled to the
subsystem.

In Fig. 1, we display the correlation function (10) us-
ing the exact form Cd − S(t) and the thermodynamic limit
CS(t). We use a bath with a constant density of states,
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FIG. 1. Bath correlation function (10) for a spin bath, using the exact form
(18)-(19) (full), the approximate form (21), valid in the thermodynamic limit
(dashed), and the harmonic-bath result (A3) (dotted). Parameters are β = 5,
α = 0.4. We used a low frequency cutoff for the bath ωi = 0.15, and a high
cutoff ωc = 5.

ρ = NB/(ωc − ωi); ωi and ωc are low and high energy cutoffs,
respectively. We also display the correlation function (A3) in
the case of a harmonic bath, and show that harmonic baths and
spin baths similarly behave in the thermodynamic limit at low
temperatures. Results are displayed up to the recurrence time
τ rec ∼ 2π /ρ. Deviations between the discrete and continuous
forms are observed when the bath is small, NB = 20, since in
this case ηj ∼ 1 for low frequencies.

The refined kernel can be employed for the calculation
of transfer rates in anharmonic media, in the non-adiabatic
regime. In the context of donor-acceptor electron transfer
processes in condensed phases, one can define a meaning-
ful transfer rate if the donor population exhibits an exponen-
tial decay. This is indeed the case when the bath decorrela-
tion time is short relative to the electron dynamics, when the
bath temperature is sufficiently high. In this case, limiting the
discussion to a single spin bath, the donor population fol-
lows a kinetic equation ṗ1 = −kd (t)p1(t) + ku(t)p0(t) with
the time-dependent rate

kd (t) = �2

2

∫ t

0
dτe−Q′

S (τ ) cos[ω0τ − Q′′
S(τ )]dτ. (27)

This definition is meaningful if kd(t) reaches a constant value
after a certain time (shorter than the subsystem’s characteris-
tic time). The long-time limit, a standard Fermi-golden-rule
rate, is given by

kd = �2

4

∫ ∞

−∞
dτeiω0τ e−QS (τ )dτ. (28)

In Sec. III, we explain the application of the NIBA equations
to problems of heat transport through a TLS interfacing two
separate (spatially or spectrally) thermal baths.

III. HEAT TRANSPORT

The ability to control and manipulate energy flow at
the nanoscale is critical in different technologies. In molec-
ular electronics one needs to effectively remove the dissi-

pated heat from the active area to ensure molecular stability.37

Phonon engineering is a key challenge in applications in-
volving thermal management, in energy conversion devices,38

and in small-scale thermometry and refrigeration systems.39

More recently, “phononic” devices have been proposed, for
mimicking the (traditional) functionality of electronic sys-
tems, transistors and memory units.40 Specific elements of
recent interest are thermal diodes, rectifying thermal energy
current, and junctions showing negative differential thermal
conductances.40

A thermal diode is an elementary two-terminal device. It
transports heat more effectively in one direction of the tem-
perature bias than in the reversed direction.41 This effect has
been investigated in detail experimentally and theoretically
at the macro-micro scale,42, 43 the nanoscale,44 and more re-
cently in the molecular realm,45–47 with proposals relying on
phononic, electronic, and photonic heat conduction.41 It was
also recently demonstrated that Josephson tunnel junctions
(Cooper-pair condensates electrodes) can act as strong phase-
tunable thermal diodes.48

The question of the emergence of the diode effect and
NDTC, when different interfaces are employed, has been ex-
plored in numerous studies, see for example Refs. 19, 20, 40,
and 49–53. In what follows, we work at the level of NIBA
and demonstrate that both the SS and SB models can support
the diode behavior, yet significant differences in the trans-
port behavior manifest themselves, particularly in the weak-
to-intermediate coupling regime. The SS and SB models also
acquire distinct NDTC behavior, see the discussion below
Eq. (42).

A. NIBA: Heat current expression

We consider a TLS between two thermal baths com-
prising either non-interacting spins or bosons, and provide
a closed expression for the steady-state energy (in the form
of heat) current in this system. We explore the heat transport
characteristics under the NIBA as discussed in Sec. II. We
note that the equation of motion (11) holds for a TLS coupled
to spin baths, with the kernel Cd − S(t) or CS(t), or to harmonic
baths, with the memory function CH(t), see the Appendix. To
unify our presentation, we refer below to the correlation func-
tion in Eq. (9) as C(t), corresponding to either cases.

Our discussion follows Refs. 19, 20, and 25. In the
Markovian limit, the subsystem evolves slowly in comparison
to the reservoirs dynamics. We then make two simplifications
to the integro-differential equation (11): We replace the pop-
ulation, pn(τ ) by the time-local value pn(t) (n = 0, 1). This
approximation is justified when the timescale over which the
memory (represented by the integral) is significant, is short in
comparison to the time interval for significant changes in the
subsystem population. We also extend the limits of the inte-
grals to infinity, again relying on the argument of time-scale
separation, with the integrand quickly dying out. With that,
Eq. (9) reduces to the kinetic form

ṗ1 = −kdp1(t) + kup0(t). (29)
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The rate constants are given by Fourier transforms of bath
correlation functions,

kd = C(ω0), ku = C(−ω0),
(30)

C(ω0) =
∫ ∞

−∞
eiω0tCL(t)CR(t)dt.

Using the convolution theorem, the transition rates can be
written as a convolution of reservoirs-induced processes,

C(ω0) = 1

2π

∫ ∞

−∞
CL(ω0 − ω)CR(ω)dω, (31)

with the Fourier transform

Cν(ω) =
∫ ∞

−∞
eiωtCν(t)dt. (32)

This rate satisfies the detailed balance relation,

Cν(ω)

Cν(−ω)
= eβνω. (33)

This relation does not hold for the combined rate C(ω), as it
allows for non-additive processes: When the subsystem de-
cays it disposes an energy ω0 into both reservoirs: the amount
ω is dissipated into the R bath while the L bath gains (or
contributes) the rest ω0 − ω. Similarly, excitation of the
subsystem involves both reservoirs in a non-additive man-
ner. Since energy is dissipated or absorbed in compound pro-
cesses, counting the number of transitions between subsystem
levels within a certain time interval does not correspond to the
amount of energy transferred between the reservoirs during
that interval. The (nontrivial) resolved master equation, dis-
cussed in Ref. 25 for the SB model, holds for the SS model
as well. We then derive the cumulant generating function for
the SS model, confirm the fluctuation theorem, and obtain a
closed expression for the steady-state energy current, defined
positive when flowing left to right,

〈J 〉 =
(

�

2

)2 1

2π

∫ ∞

−∞
ωdω[CR(ω)CL(ω0 − ω)p1

−CR(−ω)CL(−ω0 + ω)p0]. (34)

Here, the population of the TLS corresponds to the steady-
state limit (ṗ = 0) with

p1 = C(−ω0)/[C(ω0) + C(−ω0)],

p0 = C(ω0)/[C(ω0) + C(−ω0)]. (35)

Since we set ¯ = 1, the energy current has the dimension
Energy2. In the first paragraph of Sec. III D, we convert the
current to physical units.

Concluding, Eq. (34) is valid in the non-adiabatic �/ωc


 1 limit. If the reservoirs include non-interacting spins the
correlation function CS, ν(t) [or Cd − S(t) and its ν compo-
nents] should be used. In the case of harmonic baths, CH, ν(t)
from Eq. (A3) should be adopted. One can also consider
a composite case with the subsystem mediating harmonic
and anharmonic (spin) reservoirs, or when each reservoir
includes both normal modes and localized spin modes. In
the low-temperature limit tanh(x)

x→∞−−−→ 1, QS(t) and QH(t)

come together, and the thermal conductances coincide. Ana-
lytic results for the high-temperature regime are presented in
Subsection III B.

B. NIBA: Analytic results

We derive analytic expressions for the heat current in the
SB and the SS models by extending previous studies.19, 20, 25

The results serve to pinpoint the fundamentally different
transport characteristics of these two models. Below we de-
note by δT = TL − TR the applied temperature bias. The aver-
age temperature is referred to as Ta = (TL + TR)/2. We begin
our discussion with the SB model, summarizing results from
Ref. 19. Assuming sufficiently high temperatures and strong
coupling, we perform a short-time expansion of QH, ν(t)
[Eq. (A4)] to reach

Q′
H,ν(t) = Tνt

2
∫ ∞

0
dω

Jν(ω)

πω
= Eν

r Tνt
2,

(36)

Q′′
H,ν(t) = t

∫ ∞

0
dω

Jν(ω)

πω
= Eν

r t.

Here, we define the reorganization energy as Eν
r

= ∫ ∞
0 dωJν (ω)

πω
. With this Gaussian, Marcus-type, kernel,

we can obtain a closed expression for the heat current (34),

〈JH 〉 = �2

√
2πEL

r ER
r δT

(2EL
r TL + 2ER

r TR)
3
2

× exp

[
− (EL

r + ER
r − ω0)2

4(EL
r TL + ER

r TR)

]
× fH (37)

where fH = {exp[ ω0(EL
r +ER

r )
(EL

r TL+ER
r TR ) ] + 1}−1. We clear-up this ex-

pression by using the Ohmic spectral function Eq. (23), to
provide Eν

r = 2ανωc, then setting ω0 = 0. Eq. (37) now takes
the more-transparent structure

〈JH 〉 = �2

4

√
2πωcαLαRδT

(αLTL + αRTR)
3
2

exp

[
− ωc(αL + αR)2

2(αLTL + αRTR)

]
.

(38)

This expression reveals the effect of thermal rectification as
discussed in Refs. 19 and 20. However, while in general the
SB model can support NDTC, see Eq. (37), in symmetric se-
tups, αL = αR, and for an unbiased TLS, ω0 = 0, the current
is strictly linear with 〈JH〉∝δT.

We now turn to the spin-spin-bath model and again pur-
sue the tractable limit of a Gaussian kernel. Assuming that
the time correlation function (10) quickly decays (in compar-
ison to the subsystem’s dynamics), we perform a short-time
expansion of Eq. (24). Adopting the Ohmic function for the
spectral density, we reach

Q′
S,ν(t) = t2

∫ ∞

0
dω

Jν(ω)

2π
= ανω

2
c t

2,

(39)

Q′′
S,ν(t) = t

2πTν

∫ ∞

0
dωJν(ω) = ανω

2
c

Tν

t.

The real part is ruled by the cutoff frequency, and it is insen-
sitive to the temperature which is now controlling the period
of oscillation, shorter at low temperatures. Consistently with
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NIBA assumptions, the memory function strongly decays in
the non-adiabatic limit, ωc � �. If we define an effective re-
organization energy

Ẽν
r ≡ ανω

2
c

Tν

, (40)

we immediately restore the harmonic QH, ν(t) [Eq. (36)]. As a
result, the heat current in the SS model follows equation (37),
only with Ẽν

r replacing Eν
r . Using again the Ohmic form for

the spectral density, the current in the SS model overall obeys

〈JS〉 = �2

√
παLαRωc

2(αL + αR)
3
2

δT

TLTR

× exp

{
− [ω2

c

(
αL

TL
+ αR

TR

) − ω0]2

4(αL + αR)ω2
c

}
× fS, (41)

where fS =
{

exp

[
ω0

(
αL
TL

+ αR
TR

)
(αL+αR )

]
+ 1

}−1

. In the unbiased case,

it becomes

〈JS〉 = �2

4

√
παLαRωc

(αL + αR)
3
2

δT

TLTR

exp

[
−ω2

c ( αL

TL
+ αR

TR
)2

4(αL + αR)

]
.

(42)
For simplicity, we compare results in the unbiased limit,
Eqs. (38) and (42). Both expressions scale with the
subsystem-bath coupling as 〈J 〉 ∝ √

αe−εα where
ε∝(ωc/Ta)n; n = 1 (n = 2) for the SB (SS) model. Fur-
thermore, in both junctions the current shows a crossover
from a weak-coupling regime (see a careful discussion
below), in which the current increases as

√
α, to the strong-

coupling limit, when the current exponentially decays with α.
Equations (38) and (42) uncover significant qualitative

differences between the models, concerning NDTC and the
thermal diode effect: (i) For relatively small α the trans-
port behavior is dominated by the prefactor of the expo-
nent. In the case of an SB junction, this prefactor allows for
thermal rectification when αL �= αR; the combination (αLTL

+ αRTR) is sensitive to the direction of the applied temper-
ature bias. In contrast, the SS model cannot exhibit ther-
mal rectification in the small-α limit since the prefactor in
Eq. (42) is left unaffected under the exchange of temperatures.
(ii) In the SS model, the current is higher when the hot con-
tact is strongly coupled to the subsystem, than the opposite
case, when the hot contact is weakly coupled to the subsys-
tem, for αL > αR and positive δT, |J(δT)| > |J( − δT)|. In
contrast, the SB model manifests an involved behavior: For
small α, the prefactor dominates, and the current is larger
when the hot terminal is weakly coupled to the subsystem.
Only at very large α, when the exponential factor dominates
the current, this trend is reversed. (iii) NDTC is missing in
the SB model if the setup is symmetric αL = αR and unbiased
ω0 = 0, see Eq. (38). This observation stands in a sharp con-
trast to the SS junction, which under the same conditions fol-

lows 〈JS〉 ∝ δT ωc

T 2
a −δT 2/4 exp

[
− αω2

c T
2
a

2(T 2
a −δT 2/4)2

]
. The SS model thus

supports a significant NDTC already at intermediate coupling.
In numbers, when α = 0.4, Ta = 2� and ωc = 10�, the cur-
rent decreases by an order of magnitude when δT/� is in-
creased from 1 to 2.

FIG. 2. Energy current in the SB (�) and the SS (◦) models, using NIBA
and the weak-coupling limit, Eqs. (43) and (48) (dashed lines). Parameters
appear in the figure, α = αL, R.

We clarify now on the range of the “weak-coupling
regime” in the present discussion. To be consistent with the
short-time expansion of the kernel, the bath relaxation time
should be made short. In the case of a spin bath, Eq. (39)
provides 1/

√
αω2

c 
 �−1, or (�/ωc)2 
 α. For �/ωc = 0.1,
coupling strengths of α > 0.1 are consistent with the underly-
ing assumptions. On the other hand, if we wish the prefactor
in Eq. (42) to dominate the current we should consider a small
exponent, α(ωc/Ta)2/2 < 1. If Ta/ωc = 0.2, we are bound from
above by α < 0.2. Thus, the weak-coupling limit of NIBA cor-
responds to the relatively narrow regime of 0.1 < α < 0.2, see
simulations in Fig. 2.

C. Born-Markov expressions

In the strict weak-coupling limit (α 
 1) assuming wide-
band reservoirs, � 
 ωc, one can use the Born-Markov ap-
proximation and derive analytical expressions for the energy
current in the unbiased (ω0 = 0) SS and SB models.54 In the
SS model, the current follows

〈JS,w〉 = �
�L(�)�R(�)

�L(�) + �R(�)

[
nL

S (�) − nR
S (�)

]
, (43)

with the spin occupation factor

nν
S(�) = [eβν� + 1]−1. (44)

The coupling energy �ν(�) = π
2

∑
j λ2

ν,j δ(� − ωj ) is closely
related to the spectral density function.25, 54 We now define the
Bose-Einstein distribution function

nν
B(�) = [eβν� − 1]−1, (45)

and recall the identities coth(x/2) = 2nB(x) + 1, nB(x)
= [2nB(x) + 1]nS(x). We also define an effective coupling
energy as

�̃ν(�) ≡ �ν(�) tanh(βν�/2). (46)

The energy current in the SS model, Eq. (43), now reduces to

〈JS,w〉 = �
�̃L(�)�̃R(�)[

1 + 2nL
B(�)

]
�̃L(�) + [

1 + 2nR
B(�)

]
�̃R(�)

× [
nL

B(�) − nR
B(�)

]
. (47)
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This expression corresponds to the heat current in the SB
model25, 54 once restoring the temperature independent cou-
pling �̃ → �,

〈JH,w〉 = �
�L(�)�R(�)[

1 + 2nL
B(�)

]
�L(�) + [

1 + 2nR
B(�)

]
�R(�)

× [
nL

B(�) − nR
B(�)

]
. (48)

Hence, we have confirmed that the mapping of the spectral
density function (25) correctly converts the SS heat current to
the SB case.

At low temperatures, βν� � 1, nν
S,B (�) → e−βν�, and

〈JS,w〉 = 〈JH,w〉, consistent with the observation that at zero
temperature the dissipative dynamics in the SS and the SB
models agree.31, 32 At high temperatures, the models support
different transport behavior: Using the Ohmic form in the
wide-band limit, Eq. (23) with ωc � �, we get that

〈JH,w〉 Ta��−−−→ 2π

(
�

2

)2
αLαR

αLTL + αRTR

δT ,

〈JS,w〉 Ta��−−−→ 2π

(
�

2

)3
αLαR

αL + αR

δT

TLTR

, (49)

with δT = TL − TR. It is evident that at weak coupling the
SB model can support the thermal diode effect, unlike the SS
model, and allow for higher currents. Moreover, Eq. (49) pre-
dicts the scaling 〈JH,w〉 ∝ �2, in agreement with the (non-
adiabatic) factor of NIBA, see Eq. (34). In contrast, for the SS
model 〈JS,w〉 ∝ �3. This Born-Markov limit fundamentally
deviates from NIBA predictions comprising a �2ωc prefac-
tor, see Eq. (41). This discrepancy may be associated to a re-
cent result showing that in the spin-spin-bath model the dissi-
pative dynamics predicted by the Redfield equation does not
conform with NIBA.34

D. Simulations

Simulations were conducted utilizing the same Ohmic
spectral density function (23) for the spin bath and the har-
monic bath. We worked in the non-adiabatic limit with �/ωc


 1, and considered unbiased levels ω0 = 0. In simula-
tions where asymmetry was introduced, we (arbitrarily) set αL

> αR, but assumed an identical cutoff frequency. The tem-
perature difference was applied in a symmetric manner with
TL = Ta + δT/2, TR = Ta − δT/2. The current was evalu-
ated numerically from Eq. (34), and it was attained by using
Eqs. (24) and (A4) for the SS and the SB models, respectively.
The energy current displayed is missing the �2/¯ factor thus,
it is dimensionless. If one selects � = 10 meV, an energy cur-
rent 〈J〉 = 0.01, as reported in Fig. 2, translates to 1.5 eV/ns.

Figure 2 presents the heat current in the SB and the
SS models at high temperatures, Ta = 2� and small bias
δT/Ta = 0.1. The x-axis corresponds to the dimensionless
Kondo parameter α = αν , and we display results from both
NIBA and the Born-Markov limit, Eqs. (43) and (48). In the
weak-coupling limit, the correlation function of the SS model
slowly decays, and NIBA simulations are difficult to con-
verge. We thus present data only for α > 0.15.

FIG. 3. Low-temperature energy current in the SB model (�) and the SS
case (◦) from NIBA and the weak-coupling limit (dashed lines). Parameters
appear in the figure, α = αL, R.

We find that both SS and the SB models predict an en-
hancement of the current with α, at small α, but the SS junc-
tion poorly conducts in comparison to the SB model. At large
enough coupling the current decays with α, but the turnover
occurs early on in the SB model. The turnover character-
istics are predicted by the Marcus expressions described in
Sec. III B. Interestingly, at strong coupling the SS junction
supports higher currents than the SB system.

In Fig. 3, we simulate the heat current at lower temper-
atures, Ta = 0.5�. We find that the SS and the SB systems
similarly conduct at strong coupling, while for α < 0.5 the SB
model supports larger currents. In this case, the Born-Markov
approximation provides only qualitatively-correct results (SB
model).

The current-temperature characteristics are displayed in
Fig. 4, for small α, showing a linear trend close to zero bias
(δT = 0) and nonlinearities for δT/� > 1. The comparison of
NIBA to the Born-Markov limit reveals a qualitative agree-
ment. In Fig. 5, we turn to the asymmetric, αL > αR, case,
and we note on marked differences between the models at
weak coupling: While in the SB case a diode-like behav-
ior is established R ≡ |〈J (δT )〉/〈J (−δT )〉| �= 1,19, 54 the SS
model does not support this effect, and the energy current re-
mains symmetric with δT. In the strict weak-coupling limit,
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FIG. 4. Energy current in the SB (�) and the SS (◦) models as a function of
δT/�. The dashed lines correspond to the Born-Markov limit of the SS (43)
and the SB models (48). Parameters appear in the figure.
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FIG. 5. Weak coupling limit. (a) Energy current in the SB (�) and the SS
(◦) models with the dashed lines calculated from the Born-Markov theory,
Eqs. (43) and (48). (b) Rectification ratio in the SS and SB models using
NIBA (symbols) and the Born-Markov theory (dashed lines). Parameters ap-
pear in the figure.

this phenomenon has been discussed in Ref. 54, and it can be
explained based on Eqs. (43) and (48): The system can rec-
tify heat when the statistics of the baths and the subsystem
differ, with spatial asymmetries included. Furthermore, our
analytical expressions of Sec. III B reveal that the unbiased
SS model cannot support significant thermal rectification in
the small-α regime and at high temperatures, when α(ωc/Ta)2


 1. It is interesting to note that while the Born-Markov ex-
pressions miss the correct values for the current by up to a
factor of 2, see panel (a) in Fig. 5, the rectification ratio R is
well captured within the weak-coupling theory, see Fig. 5(b).

Figure 6 displays the current as a function of δT for asym-
metric setups αL > αR at strong coupling. We find that the SS
junction can in fact rectify heat, but it acts as a better con-
ductor in the direction where the SB model poorly conducts.
This behavior is explored in more details in Fig. 7. The fol-
lowing observations can be made: (i) In the SB model, the
rectification ratio RSB does not depend on α at weak cou-
pling, as expected from Eq. (48). However, when αL � 0.25,
RSB begins to vary with the subsystem-bath coupling param-
eter. In parallel, the SS model does not rectify heat at weak
coupling showing RSS = 1, and the effect manifests itself for
αL � 0.25. (ii) In the SB model, the junction better conducts
when the weakly coupled contact is hot and the strongly cou-
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FIG. 6. Strong coupling limit. (a) Energy current in the SB (�) and the
SS (◦) models. (b) Rectification ratio using NIBA (symbols) and the Born-
Markov theory (dashed lines). Parameters appear in the figure.
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pled terminal is maintained cold.19 At a certain large α there
is a special point in parameter space in which the SB junc-
tion effectively acts as an harmonic system, with RSB = 1.
Beyond that, the SB junction provides RSB > 1. In contrast,
the SS junction consistently acts as a better thermal conduc-
tor when the strongly coupled terminal (L) is hotter than the
weakly coupled end (R), RSS > 1 for αL/αR > 1.

IV. SUMMARY

In this work, we had focused on the out-of-equilibrium
spin-spin-bath model, with the central spin coupled to two
separate baths of non-interacting spins. Focusing on the non-
adiabatic limit � < ωc, in the first part of the paper we pro-
vided the equations of NIBA with the exact memory kernel.
We showed that spin baths with isolated modes cannot
be mapped into the harmonic bath description through
Eq. (25), in agreement with early discussions.30 In such
cases one should retract to the exact correlation function,
Eqs. (18) and (19). In the thermodynamic limit, in the so
called “linear-response” regime, the exact discretized kernel
reduces to known results;35 in this limit, a spin bath is equiv-
alent to a harmonic bath, only the spectral density function
should be taken to (effectively) depend on temperature.

In the second part of the paper, we considered the ther-
modynamic limit and compared the energy transport charac-
teristics of the SB and the SS models in the non-adiabatic
regime using the NIBA. Based on analytic limits and numer-
ical simulations, we pointed on marked, qualitative, differ-
ences between the two models: (i) In the weak-coupling limit,
harmonic junctions conduct better than the corresponding an-
harmonic setups. This result is supported by Born-Markov
calculations. (ii) At weak coupling, αL,R < 0.2, and in the
presence of spatial asymmetries, the SB junction can rec-
tify heat while the SS model displays symmetric current-
temperature bias characteristics. (iii) At stronger coupling,
both the SB and the SS models rectify heat. However, while
in the SS model the current is larger when flowing in the
direction of decreasing coupling strength (TL > TR and αL

> αR), the SB model exhibits more complex trends.
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(iv) Another striking difference concerns the effect of NDTC:
It is missing in the unbiased and symmetric SB model, but it
robustly shows in the corresponding, unbiased and symmet-
ric, SS model.

Transport characteristics may be employed to explore the
properties of the attached terminals, e.g., the domination of
the baths’ anharmonic modes in the heat transport process.
From the other way around, specific functionalities could be
engineered and controlled by employing distinct terminals.
Particularly, our work suggests that spin baths (magnetic me-
dia, spin glasses) could serve as a good media for supporting
a strong NDTC through a quantum subsystem, e.g., a qubit.
However, such a junction performs rather poorly as a ther-
mal diode at weak-to-intermediate subsystem-environment
coupling.

It would be interesting to extend our work and study ther-
mal conduction problems with exact techniques, iterative in-
fluence functional path integral approaches,24, 32 and comple-
mentary perturbative theories, Green’s function methods.55

Further, it is important to consider more-involved mod-
els for the reservoirs and mimic complex and realistic
environments:27, 28, 30 to consider baths with both harmonic
and anharmonic components,56 and allow for interactions be-
tween sub-units in the bath.26, 57
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APPENDIX: NIBA FOR THE SPIN-BOSON MODEL

The Hamiltonian of the two-bath spin-boson model is
given by

HSB = 1

2
ω0σz + 1

2
�σx +

∑
ν,j

ωjb
†
ν,j bν,j

+ 1

2
σz

∑
ν,j

λν,j (b†ν,j + bν,j ), (A1)

where σ x and σ z are the Pauli matrices, ω0 is the energy gap
between the TLS levels, and � is the tunneling energy. The
reservoirs (ν = L, R) include a collection of non-interacting
harmonic oscillators, b

†
ν,j (bν, j) are the bosonic creation (an-

nihilation) operators of the mode j in the ν reservoir. Each
mode is coupled to the polarization of the central two-state
system with a strength λν, j.

The SB Hamiltonian (A1) can be transformed into
the basis of displaced oscillators using the small polaron
transformation,2 H̃SB = U †HSBU , where U = eiσz�/2. The
new Hamiltonian reads

H̃SB = ω0

2
σz + �

2
(σ+ei� + σ−e−i�) +

∑
ν,j

ωjb
†
ν,j bν,j , (A2)

where σ± = 1
2 (σx ± iσy) are the auxiliary Pauli matrices, �

= ∑
ν�ν , and �ν = i

∑
j

λν,j

ωj
(b†ν,j − bν,j ). Under the NIBA

approximation4, 8, 9 generalized to the two-baths case,25 the
spin polarization obeys a time-convolution master equation

as in Eq. (11) with the correlation function

CH (t) ≡ 〈ei�(t)e−i�(0)〉

= e
− ∑

ν,j

λ2
ν,j

ω2
j

[
(1−cos(ωj t)) coth

(
βνωj

2

)
+i sin(ωj t)

]

≡ CH,L(t)CH,R(t). (A3)

Here CH,ν ≡ e−QH,ν (t). Utilizing the definition of the spectral
density function JH,ν(ω) = π

∑
j λ2

j,νδ(ω − ωj ), we identify
the complex function QH,ν(t) = Q′

H,ν(t) + Q′′
H,ν(t) as

Q′
H,ν(t) =

∫ ∞

0
dω

JH,ν(ω)

πω2
[1 − cos(ωt)][1 + 2nν

B(ω)],
(A4)

Q′′
H,ν(t) =

∫ ∞

0
dω

JH,ν(ω)

πω2
sin(ωt),

with nν
B(ω) = [eβνω − 1]−1 as the Bose-Einstein distribution

function.

1U. Weiss, Quantum Dissipative Systems (World Scientific, Singapore,
1993).

2G. D. Mahan, Many-Particle Physics (Plenum Press, New York, 2000).
3A. Nitzan, Chemical Dynamics in Condensed Phases (Oxford Graduate
Texts, 2006).

4A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, A. Garg, and
W. Zwerger, Rev. Mod. Phys. 59, 1 (1987).

5A. O. Caldeira and A. J. Leggett, Ann. Phys. 149, 374 (1983).
6A. C. Hewson, The Kondo Problem to Heavy Fermions (Cambridge
University Press, Cambridge, England, 1993).

7R. A. Harris and R. Silbey, J. Chem. Phys. 78, 7330 (1983).
8C. Aslangul, N. Pottier, and D. Saint-James, J. Phys. 47, 757 (1986).
9H. Dekker, Phys. Rev. A 35, 1436 (1987).

10G. Stock and M. Thoss, Adv. Chem. Phys 131, 243 (2005), and references
therein.

11T. C. Berkelbach, D. R. Reichman, and T. E. Markland, J. Chem. Phys. 136,
034113 (2012).

12R. Egger and U. Weiss, Z. Phys. B 89, 97 (1992).
13R. Egger and C. H. Mak, Phys. Rev. B 50, 15210 (1994).
14N. Makri, J. Math. Phys. 36, 2430 (1995).
15R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys. 80, 395 (2008).
16H. Scholler, Eur. Phys. J. 168, 179 (2009).
17H. Wang and M. Thoss, New J. Phys. 10, 115005 (2008).
18H. Wang and M. Thoss, Chem. Phys. 370, 78 (2010).
19D. Segal and A. Nitzan, Phys. Rev. Lett. 94, 034301 (2005).
20D. Segal, Phys. Rev. B 73, 205415 (2006).
21K. A. Velizhanin, H. Wang, and M. Thoss, Chem. Phys. Lett. 460, 325

(2008).
22K. A. Velizhanin, M. Thoss, and H. Wang, J. Chem. Phys. 133, 084503

(2010).
23K. Saito and T. Kato, Phys. Rev. Lett. 111, 214301 (2013).
24D. Segal, Phys. Rev. B 87, 195436 (2013).
25L. Nicolin and D. Segal, J. Chem. Phys. 135, 164106 (2011).
26D. Gelman, C. P. Koch, and R. Kosloff, J. Chem. Phys. 121, 661 (2004).
27G. Ilk and N. Makri, J. Chem. Phys. 101, 6708 (1994).
28H. Wang and M. Thoss, J. Phys. Chem. A 111, 10369 (2007).
29A. O. Caldeira, A. H. C. Neto, and T. O. de Carvalho, Phys. Rev. B 48,

13974 (1993).
30N. V. Prokof’ev and P. C. E. Stamp, Rep. Prog. Phys. 63, 669 (2000), and

references therein.
31J. Shao and P. Hänggi, Phys. Rev. Lett. 81, 5710 (1998).
32K. Forsythe and N. Makri, Phys. Rev. B 60, 972 (1999).
33H. Wang and J. Shao, J. Chem. Phys. 137, 22A504 (2012).
34Z. Lu and H. Zheng, J. Chem. Phys. 131, 134503 (2009).
35N. Makri, J. Phys. Chem. B 103, 2823 (1999).
36A. Suarez and R. Silbey, J. Chem. Phys. 95, 9115 (1991).
37J. P. Bergfield and M. A. Ratner, Phys. Status Solidi B 250, 2249 (2013).
38A. A. Balandin, E. P. Pokatilov, and D. L. Nika, J. Nanoelectron. Optoelec-

tron. 2, 140 (2007).
39F. Giazotto, T. T. Heikkila, A. Luukanen, A. M. Savin, and J. P. Pekola,

Rev. Mod. Phys. 78, 217 (2006).

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

142.150.225.119 On: Wed, 30 Apr 2014 22:18:27

http://dx.doi.org/10.1103/RevModPhys.59.1
http://dx.doi.org/10.1016/0003-4916(83)90202-6
http://dx.doi.org/10.1063/1.444723
http://dx.doi.org/10.1051/jphys:01986004705075700
http://dx.doi.org/10.1103/PhysRevA.35.1436
http://dx.doi.org/10.1063/1.3671372
http://dx.doi.org/10.1007/BF01320834
http://dx.doi.org/10.1103/PhysRevB.50.15210
http://dx.doi.org/10.1063/1.531046
http://dx.doi.org/10.1103/RevModPhys.80.395
http://dx.doi.org/10.1140/epjst/e2009-00962-3
http://dx.doi.org/10.1088/1367-2630/10/11/115005
http://dx.doi.org/10.1016/j.chemphys.2010.02.027
http://dx.doi.org/10.1103/PhysRevLett.94.034301
http://dx.doi.org/10.1103/PhysRevB.73.205415
http://dx.doi.org/10.1016/j.cplett.2008.05.065
http://dx.doi.org/10.1063/1.3483127
http://dx.doi.org/10.1103/PhysRevLett.111.214301
http://dx.doi.org/10.1103/PhysRevB.87.195436
http://dx.doi.org/10.1063/1.3655674
http://dx.doi.org/10.1063/1.1759312
http://dx.doi.org/10.1063/1.468364
http://dx.doi.org/10.1021/jp072367x
http://dx.doi.org/10.1103/PhysRevB.48.13974
http://dx.doi.org/10.1088/0034-4885/63/4/204
http://dx.doi.org/10.1103/PhysRevLett.81.5710
http://dx.doi.org/10.1103/PhysRevB.60.972
http://dx.doi.org/10.1063/1.4732808
http://dx.doi.org/10.1063/1.3243763
http://dx.doi.org/10.1021/jp9847540
http://dx.doi.org/10.1063/1.461190
http://dx.doi.org/10.1002/pssb.201350048
http://dx.doi.org/10.1166/jno.2007.201
http://dx.doi.org/10.1166/jno.2007.201
http://dx.doi.org/10.1103/RevModPhys.78.217


164110-11 Dvira Segal J. Chem. Phys. 140, 164110 (2014)

40N. Li, J. Ren, L. Wang, G. Zhang, P. Hänggi, and B. Li, Rev. Mod. Phys.
84, 1045 (2012), and references therein.

41N. A. Roberts and D. G. Walker, Int. J. Therm. Sci. 50, 648 (2011).
42W. Y. Kobayashi, Y. Teraoka, and I. Terasaki, App. Phys. Lett. 95, 171905

(2009).
43B. Hu, D. He, L. Yang, and Y. Zhang, Phys. Rev. E 74, 060201 (2006).
44C. W. Chang, D. Okawa, A. Majumdar, and A. Zettl, Science 314, 1121

(2006).
45B. C. Pein, Y. Sun, and D. D. Dlott, J. Phys. Chem. A 117, 6066 (2013).
46B. C. Pein and D. D. Dlott, J. Phys. Chem. A 118, 965 (2014).
47D. M. Leitner, J. Phys. Chem. B 117, 12820 (2013).
48M. J. Martinez-Perez and F. Giazotto, App. Phys. Lett. 102, 182602

(2013).

49M. Terraneo, M. Peyrard, and G. Casati, Phys. Rev. Lett. 88, 094302
(2002).

50B. Li, L. Wang, and G. Casati, Phys. Rev. Lett. 93, 184301 (2004).
51B. Li, L. Wang, and G. Casati, App. Phys. Lett. 88, 143501 (2006).
52J. Chen, G. Zhang, and B. Li, J. Appl. Phys. 112, 064319 (2012).
53J. Ren and J.-X Zhu, Phys. Rev. B 87, 241412 (2013).
54L.-A. Wu, C. X. Yu, and D. Segal, Phys. Rev. E 80, 041103 (2009).
55J.-S. Wang, B. K. Agarwalla, H. Li, and J. Thingna, “Nonequilibrium

Green’s function method for quantum thermal transport,” Front. Phys.
(2013); e-print arXiv:1303.7317.

56P. C. E. Stamp and I. S. Tupitsyn, Chem. Phys. 296, 281 (2004).
57I. S. Tupitsyn, N. V. Prokof’ev, and P. C. E. Stamp, Int. J. Mod. Phys. B11,

2901 (1997).

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

142.150.225.119 On: Wed, 30 Apr 2014 22:18:27

http://dx.doi.org/10.1103/RevModPhys.84.1045
http://dx.doi.org/10.1016/j.ijthermalsci.2010.12.004
http://dx.doi.org/10.1063/1.3253712
http://dx.doi.org/10.1103/PhysRevE.74.060201
http://dx.doi.org/10.1126/science.1132898
http://dx.doi.org/10.1021/jp3127863
http://dx.doi.org/10.1021/jp4120546
http://dx.doi.org/10.1021/jp402012z
http://dx.doi.org/10.1063/1.4804550
http://dx.doi.org/10.1103/PhysRevLett.88.094302
http://dx.doi.org/10.1103/PhysRevLett.93.184301
http://dx.doi.org/10.1063/1.2191730
http://dx.doi.org/10.1063/1.4754513
http://dx.doi.org/10.1103/PhysRevB.87.241412
http://dx.doi.org/10.1103/PhysRevE.80.041103
http://dx.doi.org/10.1007/s11467-013-0340-x
http://arxiv.org/abs/1303.7317
http://dx.doi.org/10.1016/j.chemphys.2003.10.033
http://dx.doi.org/10.1142/S0217979297001416

