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Using a classical potential as an efficient importance function for sampling
from an ab initio potential
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5160 Décarie Boulevard, Montre´al, Québec, Canada
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In this paper theab initio potential of mean force for the formic acid–water system is calculated in
a Monte Carlo simulation using a classical fluctuating charge molecular mechanics potential to
guide Monte Carlo updates. Theab initio energies in the simulation are calculated using
density-functional theory~DFT! methods recently developed by Salahubet al. @J. Chem. Phys.107,
6770 ~1997!# to describe hydrogen-bonded systems. Importance sampling methods are used to
investigate structural changes and it is demonstrated that using a molecular mechanics importance
function can improve the efficiency of a DFT simulation by several orders of magnitude. Monte
Carlo simulation of the system in a canonical ensemble atT5300 K reveals two chemical processes
at intermediate time scales: The rotation of the H2O bonded to HCOOH, which takes place on a time
scale of 3 ps, and the dissociation of the complex which occurs in 24 ps. It is shown that these are
the only important structural ‘‘reactions’’ in the formic acid–water cluster which take place on a
time scale shorter than the double transfer of the proton. ©2000 American Institute of Physics.
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I. INTRODUCTION

The calculation of approximate rate constants via tran
tion state theory~TST! can be done in the framework o
molecular simulations using Monte Carlo~MC! and
molecular-dynamics~MD! techniques. Molecular simula
tions with classical potentials are very fast for reasona
large systems, and very good statistics for ensemble aver
of properties of the system can be obtained. However
many cases one is interested in systems which und
chemical reactions or contain hydrogen bonds which
known to be only approximately described by such class
potentials. In such systemsab initio descriptions are often
more appropriate.Ab initio methods have been used exte
sively to calculate energies of different configurations
molecules of several atoms and, in some cases, MD sim
tions have been performed using density functional the
~DFT! for systems of up to 100 atoms.3 However, sinceab
initio calculations are computationally intensive, in ma
cases good sampling of the state space can be obtained
for processes which equilibrate quickly and are free of la
energy barriers. The difficulty of proper sampling is mo

a!Electronic mail: jmschofi@chem.utoronto.ca
4850021-9606/2000/113(12)/4852/11/$17.00
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evident when one cannot constrain all fast degrees of f
dom due to important coupling of the fast motions to qua
tities of interest in the study. It is generally very difficult t
correctly sample multimodal distributions corresponding
energy surfaces where several minima are separated b
gions of high energy.

One remedy for these problems consists of using u
brella functions4,5 to enhance the sampling in regions of ve
low probability and to overcome barriers on the energy s
face. Unfortunately the direct application of an MC or M
method in a quantum framework requires good knowledge
the free energy landscape, as the efficiency of the umbr
functions often depends on detailed features of the syst
Simulations utilizing umbrella functions often rely on a tim
consuming self-consistent procedure to iteratively impro
the sampling procedure.

Another alternative is to use multiple Markov cha
~MMC! methods6 in which Markov chains running at a
higher temperature are used to promote transitions am
different regions of high probability density. However, if th
activation barriers are big, a large number of chains
needed as the probability of accepting the swapping betw
2 © 2000 American Institute of Physics
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the chains depends critically on the overlap of the distri
tions at different temperatures.

In this article, we propose the use of a simple molecu
mechanics potential function of the formic acid–water clu
ter as the basis of a distribution from which updates
proposed in a simulation where the accurate~ab initio! cal-
culation of the energy of a hydrogen-bonded system is n
essary. Since the classical potential is several orders of m
nitude faster to calculate than a DFT potential for any giv
configuration, it is possible to sample from the classical d
tribution in a fraction of the time needed for the calculati
of an ab initio step. It is demonstrated that the use of
importance function based on the classical potential lead
improvements of several orders of magnitude in the e
ciency of sampling from anab initio based Boltzmann dis
tribution, giving integrated correlation times less than 10 M
updates.

An outline of this paper is as follows. Section II de
scribes the transition state theory~TST! for activated pro-
cesses, correlation-reduction techniques, the model sys
the procedure used to construct the classical potential and
simulation details. Section III presents the statistical res
obtained from a long MC simulation and their detailed ana
sis. Conclusions are discussed in Sec. IV.

II. THEORY AND METHOD

A. Classical rate theory

The calculation of reaction rates has been an active fi
of research for several decades.7,8 It was recognized early on
that rate processes are events taking place on a time
which is long compared to time scales characterizing
dynamics around states of local stability. Consider two
mains of attraction,A andB in the phase space of the syste
If the reaction coordinateq, which characterizes the dynam
ics of the transition betweenA andB, is of lower dimension-
ality than the full system, thenq(t) obeys a kind of Stochas
tic dynamics in which the other degrees of freedom c
either donate or remove energy. In order to make an esc
from well A, the stochastic variableq(t) must acquire energy
to become activated toward the barrier and, upon reach
the barrier top, it must again lose energy to become trap
in the neighboring wellB. In the following discussion we
assume that there is a clear separation of time scale betw
the reactive process and the other time scales in the sys
These time scales include the time of relaxation in eithe
the two locally stable wells, the correlation time of the noi
the time for a trajectory to cross the barrier region and
time to lose~or gain! the energy from the noise. We als
assume that an initial transient time necessary for the deg
faster than the reaction to equilibrate has elapsed, and
the distribution for the slower degrees of freedom is ess
tially unchanged on the typical time scale of the reaction

Under these conditions, simple rate expressions for
dynamical processes can be obtained by projection ope
techniques.9 Provided all these requirements are satisfied,
classical TST rate constantkTST can be expressed as10
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kTST5
^d~q!u~ q̇!q̇&

^u~q!&
, ~1!

where it has been assumed that the reaction coordinate f
tion q(x) characterizing the progress of the reaction depe
only on the nuclear coordinatesx, and that the dividing sur-
face between the reactantA and the product regionsB of the
phase space is chosen atq(x)50. u in Eq. ~1! is the Heavi-
side step function which implies the reactant region is ch
acterized by positive values ofq. In Eq.~1!, all averageŝ¯&
correspond to integrals over the classical coordinatesx and
momenta p of the system weighted by the Maxwell
Boltzmann distribution characteristic of a canonical e
semble in equilibrium at temperatureT

Peq~x,p!}exp@2~K1U !/kBT#, ~2!

whereK and U are the kinetic and potential energy of th
classical system andkB is Boltzmann’s constant. Becaus
TST assumes that all trajectories withq̇.0 or q̇,0 at the
transition state are reactive from left to right or from right
left, respectively, the TST is an upper bound estimate wh
neglects dynamical recrossings near the top of the bar
The microscopic transition rate constant is expressed as11

kr5kkTST, ~3!

where the quantityk is called the transmission coefficien
and has a value between 0 and 1. The transmission co
cient k is given by the plateau value of the reactive flu
k(t), where

k~ t !5
^u~q~ t !!q̇d~q!&

^u~ q̇!q̇d~q!&
. ~4!

The reactive flux can be calculated by running dynami
trajectories that start at the top of the barrier att501. The
recrossing factork is essentially the fraction of trajectorie
which are stabilized after a transient relaxation in the stat
which they were initially directed. For a chemical proce
the TST transition rate in Eq.~1! can be written, after inte-
gration over the momenta, as

kSTS5A kBT

2pmH

*dx exp~2U~x!/kBT!w~x!d~q~x!!

*dx exp~2U~x!/kBT!@q~x!>0#
,

~5!

where the integral extends over the entire configuratio
space of the system, the prefactor for the fraction of avera
is the thermal velocity of a hydrogen atom at temperatureT,
and the denominator of the ratio is the partition function
the reactant. In Eq.~5! we have used Iverson’s convention,12

which consists of placing a boolean expression in squ
brackets and requiring that the result is 1 if the expressio
True and 0 if it is False. Hence, in Iverson’s notation th
Heaviside functionu(q(x)) is @q(x)>0#. Note that in Eq.
~5! the numerator has the dimension of (q/x) and the de-
nominator the dimension ofq, which implies that the fraction
has the overall dimension of the inverse of a distance. T
weighting factorw(x) arises from the momentum integra
tion, and is given by
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w~x!5A(
i

mH

mi
S ]q

]xi
D 2

, ~6!

for a one-dimensional reaction coordinate. Note thatw(x)
depends on the dimensionless mass ratiosmi /mH due to the
prefactor in Eq.~5!. In the case where the reaction coordina
is one of the Cartesian spatial coordinatesxi of the system,
w(x)51 and the TST transition rate may be written as

kSTS5A kBT

2pmi

exp~2f~0!/kT!

*0
`dq exp~2f~q!/kBT!

, ~7!

wheref(q)52kT log^d(q(x)2q)& is the potential of mean
force. Equation~7! demonstrates that the potential of me
force is intimately related to the expression for the react
rate in the TST approximation. As is evident from Eq.~5!,
the calculation of TST rate requires only straightforwa
configurational averages in a classical system.

B. Correlation-reduction techniques

From a practical point of view an estimator for the fra
tion in Eq. ~5! is given by

*dx exp~2U~x!/kBT!w~x!d~q~x!!

*dx exp~2U~x!/kBT!@q~x!>0#
5 Ĵ5

Ĵ1

Ĵ2

, ~8!

where

Ĵ15
1

Dq (
xi

w~xi !@0<q~xi !<Dq#, ~9!

Ĵ25(
xi

@0<1~xi !#, ~10!

wherexi5$x1
i ,x2

i ,...,xn
i % are then spatial coordinates of the

system for configurationi in the Markov Chain constructe
in the simulation. In Eq.~9!, Dq should be chosen to b
small enough so that (1/Dq)@0<q(xi)<Dq# is a good ap-
proximation of the delta functiond(q), but large enough
such that the variance of the estimatorĴ1 is not too big in
order to guarantee that there are enough points inside
interval. Note thatĴ1 is an unbiased estimator for the qua
tity in Eq. ~9!.

A simulation can give only a confidence interval for th
expected value of an estimator. Usually this is given in ter
of 96% confidence intervals

$E@ Ĵ#22AVar@ Ĵ#,E@ Ĵ#12AVar@ Ĵ#%, ~11!

whereE@ Ĵ# is the estimated value from the simulation. T
varianceVar@ Ĵ# of Ĵ depends on the number of independe
points, or equivalently on the integrated correlation time.
general, ifĴ is an estimator of a quantity obtained using t
N configurations which are the output of a Markov cha
after eliminating the burn-in length of the simulation,13 then

f 5
AVar@ Ĵ#

E@ Ĵ#
;

1

An
, ~12!
n

he

s

t

wheren is the number of independent points in the region
interest andf is the ratio between the standard error and
estimated value. The accuracy of the estimation of the c
sical rate constantkTST obtained from the simulation there
fore increases as the square root of the number of inde
dent points in the activated region.

In general, activation energies are much greater than
average thermal energy so that even if there were no co
lation in the data from a MC simulation there would be fe
independent points at the top of the barrier. Usually two
more simulations are done, where the first simulation e
mates the probability of finding the reaction coordinate n
the dividing surface and the second simulation is used
obtain a better estimate for the potential of mean force v
close to the dividing surface.

Several correlation-reduction techniques can be use

reduce the uncertainty in the estimation ofĴ. MC techniques
have been reviewed extensively both in the physical and
tistical literature.14,15They typically consist of employing ei
ther different updating techniques to suppress the rand
walk nature of the usual single-variable updating Metropo
method16 for sampling within a single mode, or in the case
a multimodal distribution, introducing generalized distrib
tions to overcome barriers. Suppressing the random walk
havior is important when sampling from a distribution wi
strongly correlated variables. When the variables are stron
correlated motion must proceed in small steps, and the
ference in efficiency between diffusive and systematic exp
ration of the distribution can be very large. Although gen
alized distribution methods can be utilized to sample from
multimodal distribution where usual techniques demonstr
quasi-ergodic behavior, a good knowledge of the ene
landscape is required in order to fully benefit from their u

Dynamical sampling, consisting of methods of simula
ing the Hamiltonian dynamics, can be viewed as a varian
an ‘‘auxiliary variable’’ MC method where the conjugat
momenta are the auxiliary variables. The resulting confi
rational space distribution function over the target ensem
is the marginal distribution over the extended state sp
spanned by the variables and their conjugate momenta.
advantage of the dynamical methods, especially hyb
Monte Carlo~HMC!, is that the random walk nature of th
sampling within a mode is in general suppressed.17,18 One
difficulty related to the use ofab initio Hamilton dynamical
methods is that analytical derivatives of the energy with
spect to the nuclear coordinates must be available to ca
late the Hellmann–Feynman forces required for adiab
MD. This also increases the cpu time for one dynami
update.

Another disadvantage of dynamical methods is that
integration time step must be smaller than the character
time of the fastest degree of freedom for the total energy
be maintained constant by the classical leap-frog algorith
However, small integration time steps produce succes
configurations which are highly correlated. On the oth
hand, too large a step size is disastrous, since the dynam
simulation becomes unstable, and very few changes are
cepted. In general this problem can be solved using c
strained dynamics19 or multiple-time scale molecula
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dynamics.20 However, the use of anab initio potential, which
cannot be cast into one potential for the fast and another
the slow motions, and for which the fast O–H vibrations a
correlated with the relative motion inside the clus
HCOOH–H2O, precludes the use of both techniques.

A conclusion can be drawn from all these methods.
order to decrease the correlation of the output data
should use a distribution which mimics theab initio density
of states and from which configurations can be easily dra
This general technique is called the importance funct
method.13,21 If the probability density function for the equi
librium distribution ofx is f (x), then this procedure consis
of using an auxiliary density functiong(x) corresponding to
a different distribution, similar to the first and from which w
can easily sample points according to their correct weight
the context of Markov chain Monte Carlo simulations, th
means that if the actual state of the chain isxi , the proposed
point xf drawn from the distributiong(x) should be accepted
with the probability

minH 1,
f ~xf !

g~xf !

g~xi !

f ~xi !
J , ~13!

to ensure that the configurations in the Markov chain
asymptotically distributed according tof (x). When trial
statesxf are drawn from a distribution very similar to th
target distribution, nearly all the points will be accepted a
the successive configurations will be essentially uncorrela
provided that the trial statesxf is independent ofxi. For
complicated importance functionsg(x), the simplest means
of sampling new trial configurations is to utilize an auxilia
Markov chain which has limiting distributiong(x). Provided
the trial states are selected as the output of sufficiently l
intervals on the auxiliary Markov chain, each proposed s
for the target Markov chain is essentially independent of
current state. In anab initio MC simulation, drawing trial
configurations from a classical distribution using a supp
mentary Markov chain will increase the total cpu time by
very small factor since calculating the classical energy o
configuration is several orders of magnitude faster than
sameab initio calculation.

C. The model system

The sampling method outlined above has been teste
a model system composed of a cluster of formic acid a
water, where the energies of different configurations w
calculated using high quality DFT methods.Ab initio DFT
calculations have proven to be very reliable in calculat
properties for systems including transition metals wh
other ab initio methods are inadequate. One of the m
stringent tests for contemporary DFT is the correct treatm
of weak interactions. Such interactions play a crucial role
biological systems involving polypeptides and nucleic ac
with a variety of internal hydrogen bonds. The necessity
high quality nonlocal exchange-correlation functionals
DFT studies of weak hydrogen bonding has been addre
by various studies.22

The nonlocal exchange-correlation schemes develo
by Proynov, Vela, and Salahub23 have shown particula
or
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promise for the description of hydrogen-bonded systems
these schemes, the functional involves the Laplacian of
electron density~for each spin direction! and the kinetic en-
ergy density as ingredients reflecting inhomogeneity. T
functional was combined and carefully synchronized w
the generalized gradient approximation~GGA! exchange
functionals of Becke24 ~BLAP! and Perdew25 ~PLAP
scheme!. Salahubet al. have demonstrated that the kinet
energy-dependent XC functionals~BLAP and PLAP! per-
form better than all GGA options~BP86, PP86, PW91!,
BLYP, or other hybrid methods~B3LYP, B3PW91! on sys-
tems involving intramolecular hydrogen bonds.1 Predictions
of all structural parameters obtained using the PLAP fu
tional agree very well with experimental results. These p
dictions are also in agreement with high-quality po
Hartree–Fock calculations@CCSD~T! and G2#.

In spite of its apparent simplicity, the formic acid–wat
system exhibits surprising complexity due to the hydrog
bond interactions. From geometry optimization calculatio
using DFT with a PLAP functional, the configuration o
minimum energy was found to be more than 9 kcal/mol b
low the dissociation energy and involves a cycle of tw
strained hydrogen bonds~Fig. 1!. Another two minima can
be identified on the energy surface, corresponding to c
figurations containing single hydrogen bonds with differe
lone pairs of the oxygens. Although the energies of th
minima are much higher, the structures have favorable
energies at higher temperatures due to entropic contributi
The competition between energetic and entropic factors
the presence of two types of hydrogen bonds, one involv
ansp3 and the other ansp2 oxygen, makes the study impor
tant not only for a methodological test, but in its own righ

In addition to transitions from one minimum energy we
to another, a dynamical process involving the exchange
protons between the formic acid and water is possible. C
culations of the energy of the transition-state structure
this process yielded an energy barrier of;17 kcal/mol.26 A
comparison with other systems with similar geometries a
energy barriers allows us to infer that the tunneling of t

FIG. 1. The three conformations representing minima in the poten
energy surface.E50.0 Kcal/mol corresponds to the dissociated formic ac
water complex.
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protons is essential in the double transfer reaction, and
estimate the reaction rate would be on the order of 107 s21 at
room temperature.27,28 The corresponding time scale of th
proton transfer process is much larger than the inverse o
calculated rate constant for the dissociation of the clus
Therefore, the assumption of the separation of the t
scales, involving the slower degrees of freedom is satisfi

D. The classical potential

An important part of the sampling procedure outlin
later consists of constructing simple, but qualitatively ac
rate, classical or semi-classical models for the system un
study. The intramolecular part of the classical potential u
in this study contains the usual molecular mechanical bo
angle and dihedral potentials. The values for the equilibri
bond distance, bond angles and the force constants wer
ted using theab initio potential. Although these values a
similar to those found in typical molecular mechanics pot
tials, small differences in the equilibrium values for the i
ternal coordinates produce a large variation in the total
ergy. Consequently, using the standard values from
molecular mechanics~MM ! potential would produce grea
discrepancies between the MM and theab initio potentials.
The parameters for the Lennard-Jones interactions betw
the atoms were taken from thePROSIS29 potential.

The classical description of the hydrogen bonds is one
the most difficult in molecular mechanics. Two classes
models have been proposed to describe the hydro
bonds.30 The first consists of using Morse or Lennard-Jon
potentials. This emphasizes the isotropic intermolecu
bonding, but lacks an orientational term. A remedy to this
to add a potential taking into account the linearity of t
hydrogen bonds and the hybridization of the heteroatom

Another class of models describes the hydrogen b
using electrostatic interactions. In simple molecular fo
fields the intermolecular Coulombic interaction is often mo
eled by point charges fixed on well-defined sites in the m
lecular frame. As charge induction effects are not additi
improved models include many-body potentials.

Fluctuating charge models, an alternative to explici
devising many-body potentials, have been shown to give
portant improvements over the fixed charge model31

Itskowitz and Berkowitz have shown how one can derive
generalized formulation of the electronegativity equalizat
principle from DFT by leaving out a term due to the nona
ditivity of the kinetic and exchange-correlation functional32

By choosing a spherical form for the perturbation of the d
sity of an atom due to the surrounding molecular enviro
ment, they have transformed the energy functional into
energy function. Their final result gives the electrostatic
ergy as a function of the net charges,Qi

E~Qi !5E01( XiQi1( Jii Qi
21 1

2 (
iÞ j

( Ji j QiQj ,

~14!

whereE0 is a collection of terms independent ofQi ,Xi is the
electronegativity of the atomi, andJii andJi j are the hard-
ness of the atomi and the screened coulomb interaction b
e
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tween atomsi andj. Minimization of the function in Eq.~14!
subject to the constraint of total charge conservation in
system

(
i

Qi50, ~15!

gives the net chargesQi . In general, although the electrone
gativitiesXi depend on the configuration of the system, th
change little as the system evolves, provided no bond bre
ing or formation occurs.

The termE0 contains the variation of the total energ
with the other degrees of freedom not described by the e
trostatic interaction. In particular it contains the variation
the energy with the internal degrees of freedomR, which
include bond lengths and angles as well as proper and
proper dihedral angles. Care must be exercised in order
to overcount the electrostatic interactions. If we conside
single moleculeA, the variation of the energy with respect
small deviations of the internal degrees of freedom fro
their equilibrium values is, to the second order

EA5Eeq1~R2Req!
TS ]2E

]RR
D

Req

~R2Req!. ~16!

In principle, this expression already incorporates the elec
static energy arising from neighboring atoms and ato
separated by one or two atoms through bond length, b
angle and dihedral angle potentials. For example, in the c
of the O–H bond, if we considerEA from Eq. ~16! equal to
E0 in Eq. ~14!, the vibrations which shorten the bond will b
favored by the electrostatic interaction as there are oppo
charges on the atoms. Thus, in the absence of any inte
field, the equilibrium values for the internal degrees of fre
dom will be modified.

In order to remedy this problem we have taken the
electrostatic energy in Eq.~14! to be

E05EA2E8 ~17!

with

E85 (
on molecule l

El8 , ~18!

where the summation in Eq.~18! is over individual mol-
ecules.El8 is the electrostatic energy of the moleculel given
by Eq. ~14! with Ji j 50 for i, j separated by more than tw
atoms. It represents the contribution to the electrostatic
tential of the Coulombic interaction already counted in t
mechanical potential in Eq.~16!.

In general another choice has to be made for the con
vation of the total charge in the case of a system contain
more than one molecule. However, in the formic acid–wa
system we study only the relative motion of the water w
respect to the formic acid and do not allow a chemical re
tion to take place. Therefore, a reasonable choice is to
pose the electroneutrality separately for HCOOH and H2O.

The electronegativities and hardnesses of the atoms w
taken to be constant during the simulation. We have used
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Klopman–Ohno approximation as proposed by Bakow
and Thiel33 for the calculation of the mixed terms in th
hardness kernel

Ji j 5
e2

AS r i j
2 1S e2

2Jii
1

e2

2Jj j
D 2D

, ~19!

wheree is the charge of the electron andr i j is the distance
between the atomsi and j. The Klopman–Ohno approxima
tion incorporates screening effects for small atomic distan
and smoothly converges to the classical Coulomb potentia
large distances. Equation~19! was obtained for two spheri
cally symmetric distributions of the charge~i.e., two s at-
oms!. Special care must be taken to describe the electros
interactions which involve O atoms due to the nonspher
symmetry of their lone pairs. We have chosen to repres
each of the lone pairs on the oxygens by charges accor
to their hybridization. Both thesp2O atom of the carbony
group and thesp3O of the hydroxyl were represented with
fluctuating charge on each lone pair as in the ST2 mode
the water.34

The location of the fluctuating charges representing
lone pairs together with the values for the electronegativi
and hardnesses of the atoms were optimized using the c
lated ab initio energy of a small number of configuration
The values given by Bakowies and Thiel were taken as
tial guess and were subsequently optimized iteratively. In
cases the iterative procedure introduced minor modificati
of the initial values. It should be emphasized that the goa
this optimization procedure was not to obtain the best p
sible classical potential for this particular system, but
show that by including the usual interactions which exist i
molecular mechanics potential one can substantially impr
the ab initio sampling.

E. Computational methodology and simulation details

The Kohn–Sham~KS!-DFT calculations were carried
out using a modified version of theLCGTO-DFT program
deMon-KS ~deMon-KS3.4!.1,2 A double-z plus polarization
~DZVP! orbital basis set was used for all the atoms. T
contraction pattern for the C and O atoms was~621/41/1* !,
and for the hydrogen atoms was~41/1* !.1 Auxiliary charge
density~CD! and exchange-correlation~XC! fitting basis sets
consisting of fives functions and two sets ofs, p, and d
functions with common exponents were used for C and
@denoted as~5, 2; 5, 2!# in combination with the DZVP or-
bital basis. Similarly,~5, 1; 5, 1! auxiliary patterns were
employed for all H atoms. Using the auxiliary basis sets,
charge density was fitted analytically, while the XC potent
was fitted numerically on a grid. The convergence level
the SCF~self-consistent field! energy using the auxiliary ba
sis set was 0.01 Kcal/Mol. Everywhere in this study we ha
used a grid consisting of 64 radial shells~denoted as 64
extrafine grid option!. The converged energy obtained for a
test configurations using a larger grid of 128 radial she
differed from the value obtained using the smaller grid
less than the convergence level for the energy.
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The MC simulation was carried in the canonical e
semble atT5300 K. Newly proposed configurations whic
are essentially statistically independent were drawn from
auxiliary Markov chain with the asymptotic classical dist
bution. Each trial configuration was obtained as the last s
in a classical Markov chain generated from the current c
figuration using simple Metropolis single-variable updat
The integrated correlation time of this ‘‘background’’ class
cal simulation was 1000 MC steps. As the calculation of
classical potential function is;50 000 times faster than th
correspondingab initio computation, only 2% of the tota
cpu time was spent to obtain the proposed configurations
the DFT Markov chain. Each configuration proposed by
classical MC chain was then accepted or rejected in theab
initio MC chain according to the usual Metropolis–Hastin
algorithm.13,14,21If we denoteXold andXnew to be the previ-
ous and new trial configuration in theab initio MC chain, the
proposed state is accepted with the probability min$1,exp
(2DDE/kBT)%, whereDDE is the difference

DDE5~EDFT~Xnew!2Ecl~Xnew!!2~EDFT~Xold!

2Ecl~Xold!!. ~20!

EDFT(X) andEcl(X) are the potential energies of configur
tion X calculated by DFT methods and the classical pot
tial, respectively. In the Appendix, it is shown this acce
tance criterion guarantees that theab initio Markov chain has
the correct limiting Boltzmann distribution.

The classical simulation provides us with independ
configurations within a fraction of the time necessary fo
single DFT energy calculation. As each proposed configu
tion is essentially statistically independent from the oth
configurations, the only correlation in theab initio Markov
chain comes from the possibility of rejecting the propos
configuration and is a measure of the similarity between
classical and the quantum potential.

III. THE RESULTS OF THE SIMULATION

The classical importance sampling method outlined
the previous section was tested on the formic acid–wa
cluster based on two different classical models of the syst
The first model~model I! consisted of standard intramolecu
lar bond length, bond angle, and dihedral potentials fit
from the DFT energies of a small set of configurations.
termolecular interactions were treated with Lennard-Jo
and fluctuating charge interactions, as described in the
vious section. The second model~model II! contained an
additional potential to encourage the formation of linear h
drogen bonds. There is no clear reasona priori to expect that
either of these models is more accurate than the other.

The global minimum of the potential-energy surface f
model I has a geometry which is very similar to that obtain
from minimizing theab initio potential energy, shown in Fig
1. Model II, on the other hand, exhibits two low-energ
minima which have slightly different geometries than that
the ab initio global minimum. The first minimum corre
sponds to a configuration in which the hydroxyl hydrog
bond is shortened (dH4O7

51.73 Å) and has almost linear ge

ometry (O3H4̂O75170°), while the carbonyl hydrogen bon
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interaction is very weak (dH6O5
52.4 Å,O5H6̂O75120°). The

second minimum (dH4O7
52.35 Å,O3H4̂O75144°,dH6O5

52.1 Å,O5H6̂O75160°) has a bent hydroxyl hydrogen bon
and a carbonyl hydrogen bond closer to linear.

Although it is immediately apparent from the conside
ations detailed above that model II has qualitatively incorr
features incorporated into its potentials, both classical m
els were applied in separate simulations in order to st
how the performance of the molecular mechanics based
portance function method depends on the quality of the c
sical description.

The two activated processes found to take place o
time scale smaller than the double transfer of the proton
depicted in Fig. 2. Although the integrated correlation time
T5300 K varies with the quantity estimated, all the rando
variables we have studied had correlation lengths on the
der of 10 MC steps on average for both models, with sligh
shorter correlation lengths for the simulation based up
model I. In particular, the correlation times for the dissoc
tion reaction and isomerization reaction obtained using
classical potential of model II as an importance functi
were 8 and 16 MC steps, respectively for the isomerizat
and the dissociation reactions~see Fig. 2!.

The integrated correlation lengths of a simpleab initio
Metropolis MC simulation, on the other hand, is estimated
be roughly the same as that obtained from a pure class
simulation, which is on the order of 2000 MC updates. Th
the importance sampling method reduces the correla
length by two orders of magnitude. Therefore it is evide
that a simulation performed using the importance samp
obtains estimates for the rate constants which are compa
in accuracy to unbiased MC or MD simulations which a
effectively 100 times longer.

The two hydrogen bonds present in the system, form
by the carbonyl CvO group and by the hydroxyl O–H
group with the water molecule, were observed to have

FIG. 2. The isomerization and dissociation–recombination reactions. In
isomerization reaction, the water rotates around the O7H4 hydroxyl hydro-
gen bond, which is also the direction of a lone pair on O7. The carbonyl
hydrogen bond O5H6 is broken and the hydrogen bond O5H8 is formed. The
dissociation consists of breaking both carbonyl and hydroxyl hydro
bonds.
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ferent strengths in the simulation. The hydroxyl hydrog
bond is stable on the time scale of the isomerization react
while the hydrogen bond with the carbonyl group disso
ates. The isomerization reaction consists of breaking and
forming the CvO hydrogen bond, possibly with a differen
proton. Several order parameters for this process were in
tigated and the largest TST estimate for the reaction rate
obtained using the reaction coordinate

j5dO5H6
2dO5H8

, ~21!

wheredi j is the distance between the atomsi and j in the
cluster. For this reaction coordinate the weighting fac
from Eq. ~6! is

wj5AS 21
2mH

mO
~12cosu! D , ~22!

whereu is the angle formed by the vectorsO5H6
¢ andO5H8

¢.
The weighted potential of mean force corresponding toj is
depicted in Fig. 3. The estimated TST rate constant obtai
without an auxiliary sampling of the transition region
28.964.3•1010s21. This rate constant was calculated cons
ering only the configurations for which the O3–H4¯O7 hy-
drogen bond was intact~i.e., the distance H4¯O7 smaller
than 2.4 Å!. As the isomerization process requires that t
water be bound to the formic acid, the isomerization in t
cluster is a constrained reaction. Therefore, the TST desc
tion applies for the isomerization reaction only if the tim
scale for the isomerization is well-separated from the ti
scale for the breaking of the O3–H4¯O7 hydrogen bond,
which corresponds to the dissociation of the cluster.

The second reaction consists of the dissociation of
cluster in which both CvO and O–H hydrogen bonds ar
broken. The order parameter to describe this process is

h5dC2O7
. ~23!

e

nFIG. 3. The weighted potential of mean force for the isomerization reac
for model II.
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The associated weighting factorwh is the square root of the
inverse dimensionless reduced mass of C and O

wh5AS mH

mO
1

mH

mC
D . ~24!

Because the error bars are quite large in the transition re
due to the small probability to obtain points in this regio
the location of the top of the potential is not certain. T
improve the statistics in the transition region (5.0 Å,h
,7.0 Å), a short simulation of 4000 points constrained
the transition region was performed and the improved sta
tics is shown in Fig. 4. The TST estimation for the rate of t
dissociation reaction is 4.1460.33•1010s21, where the un-
certainties are expressed as 96% confidence intervals.

The ratio between the two rate constants in the T
approximation is;7. This means that even if corrections d
to recrossing factors are computed it is likely that the ti
scales are well separated, and hence the approximation
the previous section are justifieda posteriori. Although no
attempt to calculate the recrossing probabilities in the t
processes described above was made, for each activated
cess different choices of reaction coordinate were con
ered. The two choices specified above correspond to the
action coordinates which yield the largest TST estimate
the reaction rates, and therefore, provide a good approx
tion to the true microscopic rate constants since these cho
should minimize the corresponding recrossing factors.

We have carefully analyzed other possible activated p
cesses using the results from the simulation and found
other reactions. In particular, the two minima on t
potential-energy surface have almost the same probabilit
the dissociated configurations, confirming the importance
the entropic factors at this temperature.

It should be emphasized that in constructing the class
potential the van der Waals repulsions between the vale
electrons of nonbonded atoms were less strong than

FIG. 4. The weighted potential of mean force for the dissociation reac
for model II. To increase the accuracy of the simulation in the transit
region, a short simulation constrained near the top of the barrier was ca
out.
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gested by theab initio potential. Care has been exercised
obtain a broader distribution for the classical potential th
theab initio distribution to insure that all relevant regions
state space have been sampled. The potential of mean
for the two processes described above using the second
sical potential of model II as importance function are a
depicted in Figs. 3 and 4.

Another point which should be emphasized is that i
portance sampling enablesall the relevant state space to b
sampled in one simulation, allowing activated processes
ing place on time scales which differ by one order of ma
nitude or more to be identified from one simulation. This
to be contrasted with umbrella sampling where the system
constrained to one region of the state space and diffe
simulations are needed to study different activated proce
identified at the outset of the simulation.

Although the agreement between the classical and theab
initio potential of mean force describing the processes
Figs. 3 and 4 is very good, the classical density of states d
not mirror exactly theab initio canonical probability density
In Fig. 6 a histogram of the differencesDDE, defined in Eq.
~20!, obtained in the simulation atT5300 K is shown for
model II. The average error is;2kT and the standard de
viation is ;5kT. The magnitude of the average error su
gests that the excellent agreement between classical
quantum results in Figs. 3 and 4 is somewhat fortuitous
can be attributed to a cancellation of errors due to the a
aging procedure involved in calculating potentials of me
force.

Because the classical potential for model II gives diffe
ent densities of states for the low-energy conformations
volving both hydroxyl and carbonyl hydrogen bonds, a sim
lation of the undissociated cluster at a lower temperature
T5200 K was carried out to examine these differences. T
classical potential based importance sampling method pr
ously described using the first classical potential as imp
tance function~model I! produced almost the same inte
grated correlation times~10 MC steps! as in the simulation at
T5300 K. On the other hand, the qualitative difference b
tween the classical potential of model II and theab initio
system made the direct application of the importance s
pling technique somewhat difficult at the lower temperatu
Global updating of all the variables in the ‘‘background
classical simulation led to proposal configurations wh
were rejected 90% of the time by the Metropolis–Hasti
test in theab initio simulation. In the work of Roberts, Gel
man, and Gilks,37 the problem of optimal scaling of the ac
ceptance probability for random-walk Metropolis algorithm
was considered. It was proved that for certain target dis
butions, the asymptotic acceptance probability should
tuned to be;0.2. However, this result does not apply
more general Hastings algorithms such as importance s
pling methods. If the proposal density makes use of
structure of the target density, intuition suggests that a hig
acceptance probability is likely to be preferred. Thus, 80
rejection rate can be viewed as an upper bound for effic
importance sampling. Although essentially independent c
figurations were accepted 10% of the time on average in
simulation of model II, long periods of several hundred r
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jections occurred, which lead to significantly longer corre
tion lengths than those observed in the simulation of mod
In principle, as noted above, the sampling can be subs
tially improved if long periods of rejections are avoided
the cost of introducing correlation into the proposed confi
rations. To improve the acceptance ratio and hence the
bility of the simulation, the configurational variables we
divided into three groups, representing the internal degr
of freedom, the variables describing the relative position
the center of mass of H2O with respect to the center of mas
of HCOOH, and the Euler angles describing the relative o
entation of H2O plane with respect to HCOOH. Although th
overall acceptance of updates was improved to 30%, per
of rejections of 100 configurations were still observed wh
the system was sampling regions of the state space wher
classical potential underestimated theab initio probability
density function by a large amount~see Fig. 5!. In order to
prevent the system from becoming trapped in regions of
state space where the differenceDE5EDFT2Ecl was very
negative, the proposal states were obtained by a combina
of importance sampling using the classical density of sta
and single-variable Metropolis updates of theab initio Mar-
kov chain. The frequency and nature of the Metropolis u
dating was selected to give an asymptotic acceptance
40%. The inclusion of the single-variable Metropolis upda
reduced the maximum rejection lengths to around 20 c
figurations. As can be seen in Fig. 5, the double-well pot
tial characteristic of the second classical potential utilized
to few proposed updates in the region of largeab initio den-
sity of states. In compensation, the accepted configurat
had a small probability to leave this region. The role of t
Metropolis sampling with theab initio potential was to im-
prove the mobility in those regions. It is also notewort
that, in general, the region whereDE is very negative does
not coincide with the region of highab initio density of
states. In this case theab initio single-Metropolis updating
would drive the simulation away from the region where t
classical and the quantum probabilities are very differe

FIG. 5. The weighted potential of mean force for the distance H4O7 for
models I and II along with that calculated from theab initio simulation.
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Another point worth noting is that the second classical p
tential is not reflected in theab initio potential of mean force,
which demonstrates that the importance sampling met
performs well even where there is a qualitative differen
between the classical and theab initio potentials.

The second classical potential~model II! has the prop-
erty that the region of highab initio probability density cor-
responds to a region of very low classical density of sta
Hence the improvements due to the combining with theab
initio Metropolis method are somewhat limited and the sim
lation using the second classical potential provides an up
bound estimate to the increase in the correlation time whe
different but reasonable classical importance function is
lized in conjunction withab initio Metropolis sampling. The
integrated correlation time for the distance H4¯O7 for
model II was on the order of 90 MC updates, reflecting t
time needed for the system to leave the region of largeab
initio density of states. This is about nine times greater th
the integrated time obtained at the same temperature with
first classical potential. However the integrated correlat
times for the other variables in the simulation using model
including j from Eq. ~21! describing the isomerization reac
tion, were increased only by a factor of 3 with respect to
simulation using the first classical potential.

IV. CONCLUSION

In summary, an MC molecular mechanics based dis
bution was utilized to propose updates in anab initio MC
study of the dynamics of a cluster containing hydrog
bonds. The utilization of the molecular-mechanics-based
portance function decreases the correlation time of theab
initio MC calculation by two orders of magnitude. Simul
tions performed without importance sampling require mu
more computational time to obtain comparable levels of
curacy. Furthermore, the MC importance sampling meth
enables a thorough sampling of the relevant configuratio
space which allows accurate estimates of rate constants
obtained from relatively short simulations. In compariso

FIG. 6. Histogram of differenceDDE defined in Eq.~20! for model II. Note
the average error;2kT and the standard deviation;5kT.
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based on the results for the reaction rates reported in
previous section, a typical unbiased MD simulation of th
system would require, on average, several thousand con
rations before one of the reactions studied could be obse
at T5300 K. Umbrella sampling techniques can be used
reduce the correlation time of theab initio MD simulation
substantially, but usually a separate simulation is required
each activated process of interest. Although the umbr
function is simple to construct for reactive processes
which the density of states is relatively constant along
reaction coordinate, significant variation of the density
states is often observed, particularly for reactions involv
conformational changes or solvent effects. For such syste
one must either resort to a computationally intensive itera
procedure to construct and refine the umbrella function
explicitly provide a description of the variation of the dens
of states along the reaction coordinate based on knowle
of the system. Umbrella sampling methods can also be
corporated into the molecular mechanics based importa
sampling method to improve sampling of rare events. In f
simulations of the classical model can be used to const
the umbrella function for theab initio Monte Carlo simula-
tion very rapidly.

If the agreement between the classical and theab initio
densities of states is only moderate, separating the varia
to be updated in a classical MC step into several groups
improve the mobility of the simulation. If possible, on
group should contain variables which are strongly correla
In general, separating the variables into groups should pe
efficient sampling of configurational space when the dis
bution of states which are poorly estimated by the guid
potential is relatively random, even for classical potenti
which overestimate or underestimate the energy by a fewkT.

If long periods of MC rejections still exist, this is a
indication that there is an important disagreement betw
the classical and theab initio density of states which is ver
likely localized in some region of the state space. A reme
for this problem is to combine the importance sampling
scribed above with another method, which generates a
ferent Markov chain dynamics. For example, configuratio
proposed with a different classical potential, including u
brella sampling potentials, could be used to move the sim
lation away from the problematic region of state space. A
other means to avoid becoming trapped in phase space w
be to useab initio Metropolis updates and the usual M
tropolis criteria for acceptance. An equally good solution
to combine importance sampling withab initio MD when
accurate calculation of the forces is possible. We have d
onstrated that these two simple techniques are enoug
obtain integrated times which are at most one order of m
nitude bigger than in the case where a very good class
potential is available.

If the classical potential differs from theab initio poten-
tial by significant amounts, neither of the methods descri
above works efficiently and the classical description is pr
ably missing an important interaction. In general it should
possible to construct a sampling potential of adequate qu
given that many studies in the literature have demonstra
that a classical description of the intermolecular forces c
he
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taining all important interactions is possible.35,36 The classi-
cal potential based importance sampling method describe
this article provides an easy way of performingab initio
sampling, provided the classical description constitutes a
sonable approximation to the real interactions. It should
emphasized that the importance sampling function need
be entirely classical in nature, so long as it requires lit
computational time.

Another study related to the double transfer of the p
tons in the same cluster is in progress. The construction
classical potentials describing chemical reactions in reas
ably good agreement withab initio results is more challeng
ing, however, we expect that the quality of many of the p
tentials proposed in the literature would be adequate to
used as importance functions in a quantum simulation fo
variety of situations where chemical bonds are broken
formed. More work on the subject would be of clear intere
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APPENDIX A

In this Appendix, it is shown that the acceptance cri
rion given by Eq.~20! guarantees that theab initio Markov
chain has the correct limiting Boltzmann distribution. Th
follows if the Markov chain satisfies microscopic reversib
ity for consecutive statesX0 andXn :

P~X0!T~X0→Xn!5P~Xn!T~Xn→X0!, ~A1!

where T(X i→X j ) is the transition matrix from stateX i to
state X j for the Markov process. The transition matr
T(X i→X j ) can be written as a product of the probabili
Pg(X i→X j ) of generating configurationX j from configura-
tion X i and the conditional probabilityPA(X j uX i)

T~X i→X j !5Pg~X i→X j !PA~X j uX i !. ~A2!

Equation~A1! follows immediately from Eq.~A2! provided
PA is defined to be

PA~XnuX0!5minS 1,
P~Xn!Pg~Xn→X0!

P~X0!Pg~X0→Xn! D . ~A3!

The auxiliary classical Markov chain importance sampli
procedure consists of taking the current configurationX0 and
applying the classical transition matrixTclk11 times, where
k is a large number. The classical transition matrixTcl is
required to satisfy microscopic reversibility for the classic
model

Pcl~X i !Tcl~X i→X j !5Pcl~X j !Tcl~X j→X i !, ~A4!

wherePcl is the canonical distribution function for the cla
sical system. The application ofTcl starting fromX0 gener-
ates a sequence of states$X0 ,X1 ,...,Xk ,Xn% with pathprob-
ability
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Pg~X0 ,X1 ,...,Xk ,Xn!5Tcl~X0→X1!

3Tcl~X1→X2!¯Tcl~Xk→Xn!,

~A5!

while the probability for the reverse path is

Pg~Xn ,Xk ,...,X1 ,X0!5Tcl~Xn→Xk!¯Tcl~X1→X0!.
~A6!

Since microscopic reversibility holds for the classical Ma
kov chain, the ratio of the probabilities of the reverse a
forward paths is

Pg~Xn ,Xk ,...,X1 ,X0!

Pg~X0 ,X1 ,...,Xk ,Xn!
5

Tcl~X1→X0!

Tcl~X0→X1!
¯

Tcl~Xn→Xk!

Tcl~Xk→Xn!

5
Pcl~X0!

Pcl~X1!
¯

Pcl~Xk!

Pcl~Xn!

5
Pcl~X0!

Pcl~Xn!
. ~A7!

Using Eq.~A7! into Eq. ~A3!, one obtains the result that th
proposed stateXn should be accepted with probability

PA~XnuX0!5minH 1,expS 2
DDE

kBT D J , ~A8!

whereDDE is defined in Eq.~20! in the text. Note that the
procedure outlined above shows that microscopic revers
ity holds for all paths with intermediate statesX1 ,...,Xk .
Since the intermediate states are arbitrary and

Pg~X0→Xn!5 (
X1 ,...,Xk

Pg~X0 ,X1 ,...,Xk ,Xn!, ~A9!

the weaker condition~A1! holds as well. The path samplin
methods outlined here are easily generalized to allow
annealing, quenching, and generalized multiple Mark
chain Monte Carlo methods.38
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