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Statistical mechanics provides a well-established link between micro-
scopic equilibrium states and thermodynamics. If one considers systems out of
equilibrium, the link between microscopic dynamical properties and non-
equilibrium macroscopic states is more difficult to establish [1,2]. For systems
lying near equilibrium, linear response theory provides a route to derive linear
macroscopic laws and the microscopic expressions for the transport properties
that enter the constitutive relations in these laws. If the system is displaced
far from equilibrium, no fully general theory exists to treat such systems.
By restricting consideration to a class of non-equilibrium states which arise
from perturbations (linear or non-linear) of an equilibrium state, methods can
be developed to treat non-equilibrium states. Furthermore, non-equilibrium
mole-cular dynamics (NEMD) simulation methods can be devised to provide
estimates for the transport properties of these systems.

Molecular dynamics is typically based on equations of motion derived
from a Hamiltonian. However, often in the simulation of large complex sys-
tems, constraints are introduced to remove certain “fast” degrees of freedom
from the system that are deemed to be unimportant for the phenomena under
investigation. An important and prevalent example is the introduction of bond
constraints to remove rapid vibrational degrees of freedom from the molecules
of the system. Such constraints can be handled by the introduction of gener-
alized coordinates and in these coordinates a Hamiltonian description of the
equations of motion may be written. However, it is often more convenient
to work with Cartesian coordinates with the holonomic constraints explicitly
introduced in the equations of motion through Lagrange multipliers. One can
treat the set of Lagrange multipliers as parameters that can be determined by
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SHAKE [3] and one still has a kind of Hamiltonian description involving these
parameters [4]. Alternatively, one can explicitly determine the Lagrange mul-
tipliers as functions of the phase space coordinates and in this case the equa-
tions of motion are non-Hamiltonian and are characterized by the existence of
a non-zero phase space compressibility [5,6]. Consequently, such constrained
systems are a special case of general non-Hamiltonian systems whose statisti-
cal mechanical formulation has been, recently, a topic of considerable interest.

The statistical mechanical methods that have been developed for non-
Hamiltonian flows [7] can be used to formulate a non-equilibrium statistical
mechanics of constrained molecular systems. With such a formulation in hand,
a response theory can be developed to investigate linear and non-linear per-
turbations of equilibrium states, thus providing the link between microscopic
dynamics and macroscopic non-equilibrium properties. In this chapter we show
how this program can be carried out. In simulations, when external forces are
applied to the system, the equations of motion must be supplemented with
a thermostating mechanism to compensate for the input of energy from the
external forces. The resulting thermostated equations are non-Hamiltonian in
character. While, for simplicity, we do not explicitly consider the thermostat
in the formulation presented below, the techniques we describe can also be
extended to treat this more general situation.

1. Non-Hamiltonian Equations of
Motion with Constraints

Consider an N -particle system with coordinates ri and momenta pi and
Hamiltonian H0,

H0 =
N∑

i=1

p2
i

2mi
+ V (r), (1)

where V (r) is the potential energy. We let phase space coordinate labels without
particle indices stand for the entire set of coordinates, (r, p) = (r1, r2, . . . ,
rN , p1, p2, . . . , pN ). When we wish to refer to these variables collectively, we
use thenotationx = (r, p).

We suppose that the system is subjected to � holonomic constraints

σα(r) = 0, α = 1, . . . , �. (2)

The σα could be the bond constraints mentioned above, or any other
holonomic constraint such as a reaction coordinate constraint imposed in the
simulation of rare reactive events [8]. The constrained equations of motion are

ṙi =
pi

mi
, ṗi = Fi − λα∇iσα(r), (3)
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where Fi = −∇i V is the force on particle i due to the potential energy and the
second term represents the constraint forces with Lagrange multipliers λα. We
use the Einstein summation convention on the Greek indices. Equivalently, we
may write this pair of equations as single second order equation as

mi r̈i = Fi − λα∇iσα(r). (4)

Since σα is constrained at all times, σ̇α =
∑

i (pi/mi ) · ∇iσα = 0. Typi-
cally, such equations are solved in molecular dynamics simulations using the
SHAKE algorithm. However, in order to carry out the statistical mechanical
treatment of such constrained systems is more convenient to formulate the
problem in a form where its non-Hamiltonian character is evident. To this end
we first determine an explicit expression for the Lagrange multipliers. The
Lag-range multipliers can be found by differentiating the constraint σ̇α = 0
with respect to time and using Eq. (4) to yield,

σ̈α =
d

dt

∑
i

pi

mi
· ∇iσα =

∑
i

r̈i · ∇iσα +∑
i, j

ṙi ṙ j : ∇i∇ jσα

=
∑

i

(
Fi

mi
− λβ

mi
∇iσβ

)
· ∇iσα +∑

i, j

pi

mi

p j

m j
: ∇i∇ jσα = 0. (5)

Solving this equation for λα we find,

λα = λα(x) =


∑

i

Fi

mi
· ∇iσβ +∑

i, j

pi

mi

p j

m j
: ∇i∇ jσβ


 (Z−1)βα, (6)

where

Zαβ =
∑

i

1

mi
(∇iσα) · (∇iσβ). (7)

Using this explicit form of the Lagrange multiplier, the resulting equations
of motion,

ṙi =
pi

mi
, ṗi = Fi − λα(x)∇iσα(r), (8)

are no longer in Hamiltonian form and represent a motion with the constraints
as conserved quantities [5,6]. The phase space flow is compressible and the
compressibility is given by

κ = ∇x · ẋ = −
N∑

i=1

∂λα(x)

∂pi
· ∇iσα(r)

= −2
∑

i

1

mi
(∇i σ̇α) · (∇iσβ)(Z−1)βα = − d

dt
ln Z , (9)

where Z = det Z.
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The constrained phase space flow in Eq. (8) may be generated by the action
of the Liouville operator,

iL0 = ẋ · ∇x =
N∑

i=1

(
pi

m
· ∂

∂ri
+ Fi · ∂

∂pi
− λα(x)(∇iσα(r)) · ∂

∂pi

)
, (10)

on the phase space variables. More generally, the evolution of any dynamical
variable, B(x), is given by

dB(x(t))

dt
= iL0 B(x(t)), (11)

whose formal solution is

B(x(t)) = eiL0t B(x). (12)

We now wish to discuss the statistical mechanics of such a system. The
existence of a phase space compressibility has implications for the nature of
the phase space flow and the computation of statistical properties [6,7]. The
phase space volume element at time t0, dxt0 transforms into dxt = J (xt ; xt0)dxt0

at time t , where J (xt ; xt0) = det J and the matrix J has elements Ji j = ∂xi
t/∂x j

t0 .
Using the fact that J = det J = exp(Tr ln J) one may derive an equation of
motion by differentiating this expression for J to find,

dJ (xt ; xt0)

dt
=
(

Tr
dJ
dt

J−1
)

J =


∑

i, j

∂ ẋ i
t

∂x j
t0

∂x j
t0

∂xi
t


J

=

(∑
i

∂ ẋ i
t

∂xi
t

)
J = κ(xt)J (xt ; xt0). (13)

Integrating this equation and using the explicit expression for κ given
above, one may show that the Jacobian takes the form, J (xt ; xt0)=Z(rt0)/Z(rt).
Consequently, we see that Z(rt) dxt = Z(rt0) dxt0 and d�(r, p) = Z(r) dr dp is
the invariant measure for the phase space flow.

Next we consider the time evolution of the phase space distribution func-
tion f (x), where

∫
V�

d�(x) f (x)=
∫

V�
dxZ(r) f (x) ≡ ∫

V�
dxρ(x) is the fraction

of systems in the phase space volume V�. The phase space flow is conserved
so that ρ(x) = Z(x) f (x) satisfies the continuity equation,

∂ρ(x, t)

∂t
+ ∇x · (ẋρ(x, t)) = 0, (14)

and, therefore,

∂ρ(x, t)

∂t
= −(ẋ · ∇x + ∇x · ẋ)ρ(x, t) = −(iL0 + κ)ρ(x, t). (15)
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We now want to derive the evolution equation for f (x, t). To this end we
first note that we may again use the identity Z = det Z = exp(Tr ln Z) and the
fact that Z depends only on the coordinates to compute

iL0 Z =
∑

i

pi

mi
· ∇i Z =

∑
i

pi

mi
· (∇i Zαβ)(Z−1)βα Z

=
∑

j

1

m j

[
(∇ j σ̇α) · (∇ jσβ) + (∇ jσα) · (∇ j σ̇β)

]
(Z−1)βα Z = −κ Z ,

(16)

where we have used Eq. (9) and the fact that Z is a symmetric matrix to
relate the expression in the penultimate equality to the compressibility. Then,
inserting the definition ρ(x) = Z(x) f (x) into Eq. (15) and using the result
iL0 Z = −κ Z we find the Liouville equation for f (x),

d f (x, t)

dt
=

∂ f (x, t)

∂t
+ iL0 f (x, t) = 0. (17)

The equations of motion (8) have H0, σα and σ̇α as constants of the motion.
Consequently, the equilibrium density is given by

feq(x) = �(E)−1δ(H0 − E)
∏
α

δ(σα)δ(σ̇α), (18)

where �(E) is a normalizing factor and E is the energy of the microcanonical
system.

In non-equilibrium statistical mechanics the average value of a dynamical
variable at time t is given by the integral over the phase space measure of the
phase space probability density times the dynamical variable,

B̄(t) =
∫

d�(x)B(x) f (x, t) =
∫

d�(x)B(x)e−iL0t f (x). (19)

We may transfer the action of the evolution operator to the dynamical
variable. To do this we first use the following identity for any phase space
functions A(x) and B(x), which is obtained by integrating by parts:

∫
dxB(x)iL0 A(x) =

∫
dx

((
−iL0 +∑

i

∂λα(x)

∂pi
· (∇iσα)

)
B(x)

)
A(x)

= −
∫

dx((iL0 + κ)B(x))A(x). (20)

The last equality was obtained using

∑
i

∂λα(x)

∂pi
· (∇iσα) = −κ. (21)
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Making use of this result we may also show that

∫
d�(x)B(x)iL0 A(x) =

∫
dxZ(r)B(x)iL0 A(x)

= −
∫

dx((iL0 + κ)(Z(r)B(x)))A(x)

= −
∫

dx(iL0 B(x)))Z(r)A(x), (22)

where the last equality follows from the fact that iL0(Z A) = −κ Z A +
Z iL0 A, again using iL0 Z =−κ Z . Thus, expanding the propagator exp(−iL0t)
in Eq. (19) as power series, integrating by parts term by term, using the above
identities and finally resumming, we obtain,

B̄(t) =
∫

d�(x)(eiL0t B(x)) f (x) =
∫

d�(x)B(x(t)) f (x). (23)

Thus, we have the result

∫
d�(x)B(x)e−iL0t f (x) =

∫
d�(x)(eiL0t B(x)) f (x), (24)

which shows that when the scalar product is defined with respect to the mea-
sure d�(x), the Liouville operator L0 is self-adjoint. Alternatively, we may
write the right hand side of Eq. (24) and then integrate by parts, using the
properties discussed above, to obtain the equivalent formulas,

B̄(t) =
∫

dxB(x)ρ(x, t) =
∫

dxB(x)e−(iL0+κ)tρ(x)

=
∫

dx(eiL0t B(x))ρ(x) =
∫

d�(x)(eiL0t B(x)) f (x). (25)

This result shows that if the scalar product is defined with respect to inte-
gration over the phase space coordinates, and not the invariant measure, the
adjoint of iL0 is −(iL0 + κ) and the operator is not self-adjoint.

The development we have presented contains the standard Hamiltonian
description of statistical mechanics if the constraints are not present. In this
case the terms involving the explicit forms of the Lagrange multipliers no
longer appear and the equations of motion adopt a Hamiltonian form. The
metric factor Z(r) = 1 and consequently dxt = dxt0 and the Liouville operator
is self-adjoint with respect to this simple metric.

We may now use this Liouville formulation of the dynamics of constrained
systems to carry out an analysis of how the system responds when external
forces are applied to the system.
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2. Response Theory

We next examine how the constrained non-Hamiltonian system responds
to external time dependent forces. In the presence of such external forces the
equations of motion take the general form,

ṙi =
pi

mi
+ Cr

i (x)F(t), ṗi = Fi − λα(x, t)∇iσα(r) + Cp
i (x)F(t). (26)

We write this set of equations compactly as

ẋ = G(x, t), (27)

where we have indicated the explicit time dependence in λα(x, t) and G(x, t)
arising from the external force. Since the Lagrange multipliers must be
determined in the presence of the external forces, they acquire explicit time
dependence. In the general case we are considering, the external forces are
not assumed to be derived from a generalized potential; i.e., there is no func-
tion V(r, p) such that Cr

i = (∂V/∂pi) and Cp
i = −(∂V/∂ri). We do assume

that CT(x) = (Cr , Cp), where T stands for the transpose, satisfies the incom-
pressibility condition, ∇x · C = 0. This latter condition guarantees that, even
in the presence of the external forces, the compressibility arises only from the
Lagrange multipliers, which impose the constraints, and is still given by

κ(t) = ∇x · ẋ = −
N∑

i=1

∂λα(x, t)

∂pi
· ∇iσα(r). (28)

The Liouville operator that generates these equations of motion is iL(t) =
ẋ · ∇x = G(x, t) · ∇x, or, more explicitly,

iL(t) =
N∑

i=1

(
pi

m
· ∂

∂ri
+ (Fi − λα(x, t)(∇iσα(r))) · ∂

∂pi

)

+
N∑

i=1

(
Cr

i · ∂

∂ri
+ Cp

i · ∂

∂pi

)
F(t). (29)

We compute the response of the system to the external force by measuring
the average value of a dynamical variable B(x) as (cf. Eq. (25))

B̄(t) =
∫

dxB(x)ρ(x, t), (30)

where ρ(x, t) again satisfies the continuity Eq. (14) which now takes the form,

∂ρ(x, t)

∂t
= −(ẋ · ∇x + ∇x · ẋ)ρ(x, t) = −(iL(t) + κ(t))ρ(x, t). (31)

The compressibility κ(t) now also depends explicitly on time since the
Lag-range multipliers appear in its expression. If we integrate Eq. (31) from
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some initial time t0 to time t and solve the resulting integral equation by
iteration we obtain,

ρ(x, t) = ρ(x, t0) −
t∫

t0

dt1(iL(t1) + κ(t1))ρ(x, t0) +
t∫

t0

dt1

t1∫
t0

dt2(iL(t1)

+ κ(t1))(iL(t2) + κ(t2))ρ(x, t0) + · · · . (32)

The formal solution of Eq. (32) can be written as

ρ(x, t) = U †(t, t0)ρ0(x), (33)

where ρ0(x) = ρ(x, t0) and the propagator U †(t, t0) is defined by

U †(t, t0) = T exp


−

t∫
t0

dτ(iL(τ ) + κ(τ))


, (34)

where T is the time-ordering operator.
For any two phase space functions A(x) and B(x) we have the analog of

Eq. (20):

−
∫

dxB(x)(iL(t) + κ(t))A(x) =
∫

dx(iL(t)B(x))A(x). (35)

Consequently, we may substitute the series solution for ρ(x, t) into Eq. (32)
and integrate by parts term by term, using Eq. (35), to obtain,

B̄(t) =
∫

dxB(x)ρ(x, t)

=
∫

dx


B(x) +

t∫
t0

dt1iL(t1)B(x)

+
t∫

t0

dt1

t1∫
t0

dt2iL(t1)iL(t2)B(x) + · · ·

 ρ0(x). (36)

This series defines the evolution operator U(t, t0),

U(t, t0) = T exp


 t∫

t0

dτ iL(τ )


, (37)

which is the formal solution of the equation of motion,

dU(t, t0)

dt
= iL(t)U(t, t0). (38)
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The propagator U(t, t0) is the adjoint of U †(t, t0). As a result of these con-
siderations we may write,

B̄(t) =
∫

dxB(x)U †(t, t0)ρ0(x) =
∫

dx(U(t, t0)B(x))ρ0(x). (39)

This formula provides a means to determine the non-equilibrium macro-
scopic value of the dynamical variable B(x) by considering its evolution under
the fully perturbed dynamics and taking the phase space average over the
arbitrary initial preparation of the system described by ρ0(x).

If the initial distribution is taken to be the equilibrium distribution in the
absence of the perturbing field, ρeq(x) = Z(r) feq(x), then the problem has a
well-defined structure. Inserting the initial equilibrium distribution into Eq. (39)
wefind

B̄(t) =
∫

dx(U(t, t0)B(x))ρeq(x)

=
∫

d�(x)(U(t, t0)B(x)) feq(x) ≡ 〈U(t, t0)B(x)〉eq, (40)

where the measure d�(x) is that for the unperturbed system discussed in the
previous section. From this equation we see that, for systems initially at equilib-
rium, non-equilibrium properties may be obtained from the equilibrium ensem-
ble average of the observable evolved under the full perturbed dynamics due to
the external force. This equation expresses some fundamental features of non-
equilibrium statistical mechanics. It is an expression of Onsager’s regression
hypothesis that relates the decay of macroscopic observables to the regression
of fluctuations about the equilibrium state [9] and has been exploited in NEMD
simulations to take dynamical averages out of equilibrium [10].

In the limiting case where the equations of motion are Hamiltonian in form
and the external perturbation arises from a potential VI (t)= A(x)F(t), Eq. (40)
reduces to the microcanonical version of Kubo’s linear response result [11]
in the limit of weak perturbations. To see this we note that the perturbed
Liouville operator in Eq. (29) reduces to the following usual form for this
simple Hamiltonian case:

iL(t) =
N∑

i=1

(
pi

m
· ∂

∂ri
+ Fi

∂

∂pi

)
+F(t)

N∑
i=1

(
∂ A(x)

∂pi
· ∂

∂ri
− ∂ A(r)

∂ri
· ∂

∂pi

)

≡ iL0 + iL I (t). (41)

Using the decomposition of iL(t) into unperturbed and perturbed parts
and the expression U0(t, t0) = exp(−iL0(t − t0)) for the propagator of the
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unperturbed system, we may write Eq. (38) in the form of a Dyson equation
for U(t, t0):

U(t, t0) = U0(t, t0) +
t∫

t0

dτ U0(τ, t0)iL I (τ )U(t, τ ). (42)

If we then insert this expression for U(t, t0), truncated to first order in the
external force, into Eq. (40), we obtain

B̄(t) = 〈B(x)〉eq +
t∫

t0

dτ

∫
dx(U0(t, τ )B(x)) Ȧ(x)

d feq(x)

dH0
F(τ ), (43)

where we have used the fact that feq(x) = �(E)−1δ(H0 − E) is a function
of the phase space coordinates through the Hamiltonian. Finally, using the
identity g(z)δ′(z − a) = −g′(a)δ(z − a), and the fact that the microcanonical
partition function is related to the entropy by �(E) = exp(S(E)/kB), we have
d feq(x)/dH0 = −β feq(x). Thus, we obtain the standard result

�B̄(t) = −
t∫

t0

dτ 〈(U0(t, τ )B(x)) Ȧ(x)〉eqF(τ ). (44)

Here �B̄(t) is the deviation from the equilibrium average value, �B̄(t) =
B̄(t) − 〈B(x)〉eq.

However, the linear response of constrained systems to perturbations,
either with Hamiltonian or non-Hamiltonian structure, is not simple. The
external forces enter in the Lagrange multipliers that appear in the non-
Hamiltonian equations of motion as well as in the explicit forces that couple
the system to the external fields. Consequently, the form of the perturbation
in the Liouville operator is complicated and unfamiliar terms appear in the
linear response formulas. In addition, the equilibrium distribution function in
Eq. (18) does not depend solely on the Hamiltonian but contains delta function
contributions from the conserved constraint variables. As a result, some of the
standard manipulations that are often carried out in linear response theory to
obtain the response as a physically interesting correlation function in Eq. (43),
such as those that give d feq(x)/dH0 = −β feq(x), may no longer be carried out.
For instance, even if the perturbation is of the form of VI (t) given above, the
linear response of the constrained system is not simple because the form of the
equilibrium density precludes a reduction to that in Eq. (44).

These technical difficulties with the linear response derivation do not detract
from the computational utility of Eq. (40) which forms the starting point for
investigating the linear or non-linear response of either Hamiltonian or non-
Hamiltonian systems by NEMD. Below, we discuss how such simulations may
be carried out.
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3. Simulation of Non-Equilibrium Systems

The dynamical response of a system subjected to the general time-
dependent external force in Eq. (26) and initially in an equilibrium state of the
unperturbed system can be computed from Eq. (40). To do this one simply
samples phase space configurations along an equilibrium trajectory of the
unperturbed system. For independent initial configurations extracted from this
trajectory, one evolves the dynamical variable B(x) using Eq. (26) under the
full perturbed dynamics for a time t . The ensemble average over these trajec-
tory segments yields B̄(t). The method based on Eq. (40) is called the dynamical
approach to non-equilibrium molecular dynamics.

In carrying out such NEMD simulations, one necessarily needs perturba-
tion strengths that are huge on the macroscopic scale in order to produce a
detectable response. Such large perturbation strengths are needed to yield a
response that is larger than the statistical noise. From such a simulation it is
difficult to obtain information in the region of linear behavior. Consequently,
an extrapolation to small perturbation strengths is required in order to com-
pare the numerical results with those of linear response theory. For exam-
ple, consider the mobility of an ion with mass m immersed in a fluid. In the
absence of an external field the average ion velocity is zero and its variance
is kBT/m. The typical velocity of the ion is (kBT/m)1/2 and sampling of 100
independent configurations will yield an estimate of the average value zero by
(kBT/m)1/2/10, which is still a large number. If we wish to apply an external
force to push the ion and to compute its drift velocity, the drift velocity should
be significantly larger than the noise, 〈vion〉neq �10−1(kBT/m)1/2. In order to
fulfill this condition a huge field strength is required and one can no longer
guarantee that the linear regime is being investigated.

A solution to this problem was obtained by using the subtraction tech-
nique [12], a method that permits one to decrease the noise of the response. If
we consider evolution under U0(t, t0), the propagator of the unperturbed sys-
tem, then, since the equilibrium distribution is stationary under this evolution
we have U †

0 (t, t0) feq(x) = 0 and 〈U0(t, t0)B(x)〉eq = 0. Therefore we may write
Eq. (40) in the form,

B̄(t) = 〈(U(t, t0)B(x) − U0(t, t0)B(x))〉eq. (45)

The dynamical variable inside the parentheses has the same average value
as that in Eq. (40) but the variance is significantly different. This is easily seen
for a time-impulsive perturbation at time t → t+

0 :

Var [U(t, t0)B(x) − U0(t, t0)B(x)]

= Var [U(t, t0)B(x)] + Var [U0(t, t0)B(x)]

− 2Cov [U(t, t0)B(x), U0(t, t0)B(x)] . (46)
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Using Cov[X, Y ] = (Var[X ]Var[Y ])1/2γ , with the correlation coefficient
|γ | ≤ 1 and noticing that for t close to t0 the correlation coefficient of the
two microscopic fluxes is equal to 1 + O(F), one finds from Eq. (46) that the
leading term of the variance of the difference between the two fluxes is

Var
[
U(t → t+

0 , t0)B(x) − U0(t → t+
0 , t0)B(x)

]
=
(
SD
[
U(t → t+

0 , t0)B(x)
]− SD

[
U0(t → t+

0 , t0)B(x)
])2 + O(F)

=O(F), (47)

where SD stands for the standard deviation. This result applies only for t ≈ t0
and the variance will generally grow exponentially as t increases. In many
situations, though, the desired results can be obtained using a time range
compatible with this divergence of the variance.

A simple illustration of the subtraction technique is provided by the mobil-
ity of a charged particle in an atomic fluid of Lennard–Jones particles. In this
case the system has no constraints and we may use the simpler limiting forms
of the equations presented above. The interaction between the charged parti-
cle and the neutral bath atoms is given by the Lennard–Jones plus a charge
induced dipole term VD(r)= VLJ(r)− 1

2αPe2r−4, where αP is the atomic polar-
izability and e the electric charge. (See Ref. [12] for details.) To calculate the
mobility of the ion we take B(x) = vc, the velocity of the ion, and use Eq. (45).
The molecular dynamics runs are broken into segments and two trajectories
of the particles are computed in each segment, starting from the same initial
configuration: one trajectory evolves in the absence of the external force, and
a constant force F of order 1 eV cm−1 is applied to the charged particle in the
other trajectory. The drift velocity of the charged particles uD induced by the
applied field is computed as a function of time simply by calculating the dif-
ference of the particle’s velocity in the perturbed and unperturbed trajectories,
averaged over all segments of the run. One obtains,

uD ≡ v̄c(t) = 〈[U(t, 0)vc − U0(t, 0)vc]〉eq. (48)

The mobility constant µ is given by uD(∞) = µF at vanishingly small F .
The force applied in Ref. [12] was about 10−7 of the mean Lennard–Jones
force. The calculation of the drift velocity induced by such a small external
field in a simulation run of realistic length is made possible only by the sub-
traction technique. The results for the mobility agree well with experimental
data for argon and with calculations using the Green–Kubo formula.

As a second illustration of the subtraction technique to simple systems,
we consider the calculation of the shear-rate dependence of the viscosity of
a Lennard–Jones fluid [13,14]. To simulate the response of the equilibrium
system, at t = 0 a fictitious external impulsive field is applied which induces
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a planar Couette flow (the so-called SLLOD perturbation [15,16]). The equa-
tions of motion are

ṙi = pi/mi + ri · ∇u, (49)

ṗi = Fi − pi · ∇u, (50)

where Fi is the total force acting on atom i with mass mi and the velocity
gradient ∇u has been chosen to yield a planar Couette flow in the x direction,
with shear along y:

∇u =


 0 0 0

h0δ(t) 0 0
0 0 0


, (51)

where h0 is a constant related to the shear rate ε̇. The velocity gradient,
induced in the MD cell by the application of the chosen external field, has to
be accomodated at the boundaries by applying the appropriate generalization
of the periodic boundary conditions known in the literature as Lees–Edwards
boundary conditions [17,18]. The transient behavior of the off-diagonal
element Sxy of the stress tensor of the perturbed system was simulated over
a time interval t in order to determine the viscosity coefficient, η,

η = lim
t→∞ η(t) = lim

t→∞ lim
h0→0

h−1
0

t∫
0

dτ 〈U(τ, 0)Sxy − U0(τ, 0)Sxy〉eq. (52)

In Fig. 1 we show the time dependent friction coefficient η(t) calculated by
the subtraction technique for a low shear rate (ε̇ < 0.02). One see that good
agreement between the non-equilibrium molecular dynamics simulation and
linear response theory is found for low shear rates. In Ref. [13] it is also shown
that, for shear rates below 1012 s−1, the viscosity, considered as a function
of the shear rate, does not differ significantly from its limiting value. It is
only at rates higher than 1012 s−1 (a rather high perturbation!) that it starts to
depend on the shear rate. Moreover, the dependence is well represented by an
analytical power series truncated to the forth order.

Non-equilibrium molecular dynamics has also been used to investigate
transport properties of polyatomic systems using Cartesian coordinates with
imposed holonomic constraints. Liquid butane has been the subject of a
number of studies [19,20] and the subtraction technique was used in [20] to
compute the shear viscosity of this molecular system. In this calculation the
symmetric part of the molecular stress tensor for a polyatomic fluid in a vol-
ume V is determined from the center of mass positions and velocities of the
butane molecules:

Ss
xy = − 1

V

∑
I

[
1

M
PI x PI y + 1

2
(FI x RI x + FI y RI y)

]
. (53)
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Figure 1. Curve A: time dependent friction coefficient η(t) for a Lennard–Jones atomic
fluid, calculated by the subtraction technique at low shear rate (ε̇ <0.02); curves above and
below indicate the uncertainties. Curve B: η(t) from the Green–Kubo expression, η(t) =
(V/kB T )

∫ t
0 ds 〈Sxy(s)Sxy(0)〉eq; errors are shown as vertical bars.

Here M , RI , PI are, respectively, the mass, the center of mass coordinate
and the total linear momentum of molecule I , while FI is the total force acting
on the center of mass of the molecule; the sum runs over all molecules in the
system. The shear viscosity coefficient η can be directly obtained from the
constitutive law [21],

Ss − pI = 2η∇u, (54)

where p is the hydrostatic pressure and u is the local velocity field correspond-
ing to a pure deformational flow (∇ · u = 0). The equations of motion for such
a polyatomic system can be written [15] (denoting the atomic coordinates and
momenta of the n atoms of molecule I by (rI , pI ) = (r1I , r2I , . . . , rnI , p1I ,
p2I , . . . , pnI )) as

ṙk I =
pk I

mk
+ RI · ∇u, (55)

ṗk I = Fk I − mk

M
∇u · PI − λα I ∇k I σα I (rI ), (56)

where Fk I is the force acting on atom k of molecule I , the tensor ∇u is the
homogeneous velocity gradient (possibly time dependent), σα I (rI ) are the
constraints acting on molecule I with their associated Lagrange multipliers
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λα I . The perturbed equations of motion (55)–(56), are known as the DOLLS
[22] tensor equations and can be derived from a Hamiltonian perturbation,

HI =
∑

I

RI PI : (∇u)T , (57)

where (∇u)T is the transpose of ∇u.
The calculation of the shear viscosity by the subtraction technique proceeds

as in the previous application. An impulsive external force derived from a
shear shear gradient of the form

∇u =


 0 (h0/2)δ(t) 0

(h0/2)δ(t) 0 0
0 0 0


. (58)

is applied to the equilibrium system at t = 0. Notice that, due to the choice of
a symmetric velocity gradient tensorial perturbation, Eq. (58), no distinction
exists, in this case, between the DOLLS tensor equations, used in this
application, and the SLLODS equations employed in Ref. [13]. The viscosity
is then computed from the analog of Eq. (52) using the symmetric part of the
stress tensor, Ss

xy = (Sxy + Syx)/2. Since the molecular constraints do not act
on the centers of mass of the molecules no technical difficulties are encoun-
tered as a result of their presence. The viscosity obtained using this method has
been compared with the corresponding Green–Kubo formula and with the avail-
able experimental data. Although the equivalence between the Green–Kubo and
NEMD methods is not evident in present molecular case, the authors find a
remarkable agreement between the results of the two methods, while the known
experimental value is about half of the computed values. There are many pos-
sible reasons for this discrepancy (and the authors correctly point them out),
however, at this stage, we cannot exclude a theoretical inconsistency.

4. Outlook

Non-equilibrium molecular dynamics is a field with a long history. For
atomic systems the problem has been formulated completely and a variety
of applications have been studied (see Ref. [18] for a review, as well as other
chapters in this book). In this chapter we have shown that there are new
issues that need to be considered when molecular systems with constraints are
studied. In order to make molecular dynamics simulations practical, most com-
plex molecular systems are treated by imposing constraints to remove certain
degrees of freedom from the problem. It is therefore important to formulate
a response theory for such constrained systems in order to be able to com-
pute non-equilibrium properties. We have shown that it is possible to carry out
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this program for systems with constraints in the context of a non-Hamiltonian
formulation of the equations of motion. The general expression for the
response (Eq. (40)) is simple and is in a form that permits direct application of
the subtraction method to determine small responses. The passage to the linear
regime and determination of the analogs of standard Green–Kubo expressions
for transport properties involve subtle issues that deserve further study. We
have not included a thermostat in the formulation presented here. In practice
it is necessary to thermostat the system when external forces are applied to it
to study the response. Such thermostats may also be implemented naturally in
the context of a non-Hamiltonian framework.
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