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The computation of the rates of condensed phase chemical reactions poses
many challenges for theory. Not only do condensed phase systems possess
a large number of degrees of freedom so that computations are lengthy, but
typically chemical reactions are activated processes so that transitions between
metastable species states are rare events that occur on time scales long com-
pared to those of most molecular motions. This time scale separation makes it
almost impossible to determine reaction rates by straightforward simulation of
the equations of motion. Furthermore, condensed phase reactions often involve
collective degrees of freedom where the solvent participates in an important
way in the reactive process. Consequently, the choice of a reaction coordinate
to describe the reaction is often far from trivial task.

Various methods for determining reaction paths have been devised (see
Refs. [1, 2] and references therein). These methods have the goal of deter-
mining how the system passes from one metastable state to another and thus
finding the reaction path or reaction coordinate. In many situations one has
some knowledge of how to construct a reaction coordinate (or set of reac-
tion coordinates) for a particular physical problem. One example is the use of
the many-body solvent polarization reaction coordinate to describe electron or
proton transfer in solution. In almost all situations investigated to date the
dynamics of condensed phase activated reaction rates can be described in
terms of a small number of reaction coordinates (often involving collective
degrees of freedom).

In this chapter, we describe how to simulate the rates of activated chemical
reactions that occur on slow time scales, assuming that some set of suitable
reaction coordinates is known. In order to compute the rates of rare reactive
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events we need to be able to sample regions of configuration space that are
rarely visited since the interconversion between reactants and products ent-
ails passage through such regions of low probability. We show that by apply-
ing holonomic constraints to the reaction coordinate in a molecular dynamics
simulation we can force the system to visit unfavorable configuration space
regions. Through such constraints we can generate an ensemble of configura-
tions (the Blue Moon ensemble) that allows one to efficiently estimate the rate
constant for activated chemical processes [3].

1. Reactive Flux Correlation Function Formalism

We begin with a sketch of the reactive flux correlation function formalism
in order to specify the quantities that must be computed to obtain the reaction
rate constant. In order to simplify the notation, we consider a molecular system
containing N atoms with Hamiltonian H = K (p) + V (r), where K (p) is the
kinetic energy, V (r) is the potential energy and (p, r) denotes the 6N momenta
and coordinates defining the phase space of the system. A chemical reaction
A � B is assumed to take place in the system. The reaction dynamics is
described phenomenologically by the mass action rate law

dnA(t)

dt
= −kfnA(t) + krnB(t), (1)

where nA(t) is the mean number density of species A. The task is to compute
the forward kf and reverse kr = kfK −1

eq (Keq is the equilibrium constant) rate
constants by molecular dynamics simulation. (The formalism is easily gener-
alized to other reaction schemes.) To this end, we assume that the progress of
the reaction can be characterized on a microscopic level by a scalar reaction
coordinate ξ(r) which is a function of the positions of the particles in the sys-
tem. A dividing surface at ξ ‡ serves to partition the configuration space of the
system into two A and B domains that contain the metastable A and B species.
The microscopic variable corresponding to the fraction of systems in the A
domain is nA(r) = θ(ξ ‡ − ξ(r)), where θ is the Heaviside function. Similarly,
the fraction of systems in the B domain is nB(r) = θ(ξ(r) − ξ ‡). The time rate
of change of nA(r) is

ṅA(r) = −ξ̇ (r)δ(ξ(r) − ξ ‡). (2)

The rate at which the A and B species interconvert can be determined from
the well-known reactive flux formula for the rate constant [4–6]. Using this
formalism the time-dependent forward rate coefficient can be expressed in
terms of the equilibrium correlation function of the initial flux of A with the



Simulating reactions that occur once in a blue moon 3

A species density at time t as

kf(t) =
1

neq
A

〈ṅA(r)nA(r, t)〉 =
1

neq
A

〈(
ξ̇ δ(ξ(r) − ξ ‡)

)
θ(ξ(r(t)) − ξ ‡)

〉
. (3)

Here, the angular brackets denote an equilibrium canonical average, 〈· · · 〉 =
Q−1

∫
dr dr exp{−βH} · · · , where Q is the partition function and neq

A is the
equilibrium density of species A. The forward rate constant can be determined
from the plateau value of this time-dependent forward rate coefficient [6].

We can separate the static and dynamic contributions to the rate coefficient
by multiplying and dividing each term on the right-hand side of Eq. (3) by
〈δ(ξα(r) − ξ ‡)〉 to obtain

kf(t) =



〈(

ξ̇ δ(ξ(r) − ξ ‡)θ(ξ ‡ − ξ(r(t)))
〉

〈δ(ξ(r) − ξ ‡)〉



{ 〈δ(ξ(r) − ξ ‡)〉

neq
A

}
. (4)

The equilibrium average 〈δ(ξ(r) − ξ ‡)〉 = P(ξ ‡) is the probability density of
finding the value of the reaction coordinate ξ(r) = ξ ‡.

We may introduce the free energy W(ξ ′) associated with the reaction
coordinate by the definition W(ξ ′) = −β−1 ln(P(ξ ′)/Pu), where Pu is a uni-
form probability density of ξ ′. For an activated process the free energy will
have the form shown schematically in Fig. 1. A high free energy barrier at
ξ = ξ ‡ separates the metastable reactant and product states. The equilibrium
density of species A is

neq
A =

〈
θ(ξ ‡ − ξ(r))

〉
=
∫

dξ ′ θ(ξ ‡ − ξ ′)
〈
δ(ξ(r) − ξ ′)

〉
=
∫

ξ ′<ξ‡
dξ ′ P(ξ ′). (5)

W
(ξ

)

ξ

A B

ξ‡

Figure 1. Sketch of the free energy versus ξ showing the free energy maximum at ξ = ξ‡ and
specification of the A and B domains.
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Using these results the expression for the time-dependent rate coefficient
may be written as

kf(t) =
〈
ξ̇ θ(ξ ‡ − ξ(r(t))

〉cd

ξ‡


 e−βW(ξ‡)∫

ξ ′<ξ‡ dξ ′e−βW(ξ ′)


, (6)

where 〈· · · 〉cd
ξ‡ defines an average conditional on ξ(r) = ξ ‡

〈· · · 〉cd
ξ ′ =

〈· · · δ(ξ(r) − ξ ′)〉
〈δ(ξ(r) − ξ ′)〉 . (7)

Often it is useful to represent the results in terms of the time-dependent
transmission coefficient κ(t) which is defined as κ(t) = kf(t)/kTST

f , where the
transition-state theory value of the rate constant is given by the limit t → 0+
of Eq. (3) as [5]

kTST
f =

1

neq
A

〈
ξ̇ δ(ξ(r) − ξ ‡)θ(ξ̇ )

〉
. (8)

The transmission coefficient κ(t) measures the deviations from kTST
f due to

dynamical recrossing events.
From Eq. (6) we see that the computation of the rate coefficient requires the

calculation of conditional averages depending on specified, rarely visited, val-
ues of the reaction coordinate. The ensemble of such configurations which are
visited “once in a blue moon” is termed the blue moon ensemble [3]. In Sec-
tion 2, we describe how the conditional averages which play an essential role
in the computation of the rate constant may be determined from constrained
molecular dynamics trajectories which allow one to efficiently sample rarely
visited regions of configuration space.

2. The Blue Moon Ensemble

The presence of the delta function δ(ξ(r) − ξ ′) in the conditional equi-
librium averages fixes the reaction coordinate to have the specified value ξ ′.
We shall now show that such conditional averages of observables depending
only on configuration space variables can be computed by applying holonomic
constraints to the equations of motion. For simplicity, we assume that no other
bond constraints are present but this more general case is easily treated [3]. To
this end, we consider a system described by the Cartesian coordinates (r, p)
subject to a holonomic constraint σ(r) = ξ(r) − ξ ′ = 0 on the reaction coordi-
nate. When there are constraints one usually introduces a set of generalized
coordinates q and conjugate momenta pq such that r = r(q). In general, it is
not possible to invert this relation since there are more r coordinates than q
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coordinates. However, by adding the expression for the constraint there is an
extra generalized coordinate and the one to one correspondence r = r(q, σ ) is
recovered.

The statistical mechanics of the system may be formulated in terms of the
generalized coordinates q; however, it is useful to have an equivalent formula-
tion in terms of the original Cartesian coordinates. The dynamics of the system
is described in Cartesian coordinates by the Lagrangian

L(r, ṙ) = K (ṙ) − V (r) =
N∑

i=1

1

2
mi ṙ2

i − V (r), (9)

to which we add the constraint σ = 0. The set of 3N − 1 generalized coordi-
nates q plus σ can be taken as a new set of equivalent coordinates denoted
collectively by u. We have r = r (q, σ ) = r (u), or u = u (r). In the new vari-
ables the Lagrangian is given by

L′(u, u̇) = 1
2 u̇TMu̇ − V ′(u), (10)

where uT is the transpose of vector u and M = JTmJ is the metric matrix with
elements given by

Mµν =
N∑

i=1

mi
�ri

�uµ

· �ri

�uν

. (11)

Here, J is the Jacobian matrix of the transformation r ↔ u and m is a diago-
nal matrix of the masses. The Lagrangian of the constrained motion is easily
obtained by putting σ = σ̇ = 0

Lc(q, q̇) ≡ L′ (q, σ = 0, q̇, σ̇ = 0). (12)

To derive the statistical mechanical ensemble we need the Hamiltonian
description of the dynamical system. The Hamiltonian corresponding to the
description with coordinates u is given by

H ′(u, pu) = 1
2 puTM−1pu + V ′(u), (13)

where

pu =
�L′

�u̇
= Mu̇. (14)

The inverse of the metric matrix M−1 can be written explicitly as

(
M−1

)
µν

=
N∑

i=1

1

mi

�uµ

�ri
· �uν

�ri
. (15)

To obtain the constrained motion we have to compute the Hamiltonian at
σ = 0 and pσ satisfying the constraints σ = σ̇ = 0. Since

σ̇ =
(

M−1pu
)

3N
= Epq + Z pσ , (16)
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where the subscript 3N denotes that element of the vector M−1pu and E and
Z are submatrices in the block form of M−1

M−1 =
[
	 E
ET Z

]
, (17)

the above condition corresponds to taking pσ = −Z̃−1Ẽpq , where the tilde
means that the matrices have to be evaluated at σ = 0. The explicit form of
Z is needed below and is given by

Z =
N∑

i=1

1

mi

�σ

�ri
· �σ
�ri

. (18)

The constrained Hamiltonian may now be written as

Hc(q, pq) ≡ H ′ (q, σ = 0, pq, pσ = −Z̃−1Ẽpq
)
. (19)

Note that Eq. (16) implies pσ + Z−1Epq = Z−1σ̇ .
Letting ρc (q, pq) be the probability density for the constrained dynamical

system, we have

ρc
(
q, pq) dq dpq = ρ ′ (u, pu) δ(σ )δ(pσ + Z−1Epq)du dpu

= ρ
(
r, pr) δ(σ )δ(Z−1σ̇ )dr dpr ≡ ρξ

(
r, pr) dr dpr .

(20)

In the penultimate equality, we used the fact that the point contact transforma-
tion (u, pu) ↔ (r, pr ) is a canonical, phase space volume conserving, transfor-
mation [7]. We may rewrite this probability density as

ρξ

(
r, pr) = ρr

ξ (r) ρ
p
ξ

(
pr |r), (21)

where the configurational probability density, ρr
ξ (r), is obtained by perform-

ing the momentum integration of the full probability density ρξ (r, pr ) and
the conditional probability density of the momenta given the configuration,
ρ

p
ξ (pr |r), is defined in Eq. (21). In the canonical ensemble, the configurational

probability density is given by

ρr
ξ (r) dr = Q−1

c |Z |1/2e−βV (r)δ(σ )dr = Q−1
c |Z |1/2e−βV (r)δ(ξ(r) − ξ ′)dr,

(22)

where Qc is the partition function of the constrained system. The factor |Z |(1/2)

arises from performing the momentum integration of Eq. (20). The conditional
probability density of the momenta given the configuration is

ρ
p
ξ

(
pr |r) dpr = |Z |−1/2e−βK δ(Z−1σ̇ )dpr . (23)
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The physical interpretation of Z which enters this expression for the proba-
bility density has been discussed by several authors [8, 9] and has its origin
in the restriction imposed in momentum space by the constraint σ = 0 which,
holding at all times, implies that the generalized velocity σ̇ must vanish.

The configurational probability density in Eq. (22) should be compared
with the joint configurational probability density to be at r and at ξ = ξ ′

ρr (r) δ(ξ(r) − ξ ′)dr = Q−1e−βV (r)δ(ξ(r) − ξ ′)dr. (24)

We may express the conditional average of any configurational property of
our system in terms of the ξ -constrained ensemble introduced above. While
the value ξ ′ we wish to sample is rare in the original ensemble, only config-
urations with ξ = ξ ′ are sampled in the ξ -constrained ensemble. This feature
is illustrated schematically in Fig. 2. By comparison of Eqs. (22) and (24) we
may write

〈O(r)δ(ξ(r) − ξ ′)〉
〈δ(ξ(r) − ξ ′)〉 =

〈|Z |−1/2 O(r)〉ξ ′

〈|Z |−1/2〉ξ ′
, (25)

where the observable O(r) is any function of the configuration space, 〈· · · 〉
denotes a canonical ensemble average and 〈· · · 〉ξ ′ denotes an average over the
constrained ensemble with ξ = ξ ′. Equation (25) allows one to estimate the con-
ditional average on the left-hand side in terms of averages in the constrained
ensemble with evident statistical advantages.

The constrained ensemble we have constructed can be generalized to give
the biased (whose bias may be removed) configurational sample determined
above and the correct distribution of momenta. This Blue Moon ensemble can
be easily obtained by multiplying the ξ -constrained configurational probability

ξ(r)�ξ'

Figure 2. Schematic representation of the sampling procedure in the Blue Moon ensemble.
The bold line depicts the constrained (ξ(r) = ξ ′) dynamical evolution in phase space. The unco-
nstrained natural evolution of the system is shown as a dashed line. The open circles represent
common points in configuration space which are the initial conditions of the activated trajectory
sampling. These points are not real crossings in phase space since the two trajectories differ in
the momentum space. Interruptions of the dashed line denote lengthy segments in the natural
trajectory and indicate that “crossings” are rare events. The dynamics represented by the solid
line segments of the unconstrained trajectory in the vicinity of the crossing points provide the
dynamical information needed to compute averages.
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density times the correct (Maxwellian) conditional (most often the momenta
and coordinates are independent) probability of the momenta

ρBM(r, pr ) = ρr
ξ (r)ρ

p(pr |r). (26)

This ensemble provides the basis for a natural method that can be used to
compute time correlation functions. Given two arbitrary dynamical variables
O ′(r, pr ) and O ′′(r, pr ) we may write

〈O ′(r, pr )O ′′(r(t), pr (t))δ(ξ(r) − ξ ′)〉
〈δ(ξ(r) − ξ ′)〉

=
〈|Z |−1/2 O ′(r, pr )O ′′(r(t), pr (t))〉ξ ′

〈|Z |−1/2〉ξ ′
. (27)

The result in Eq. (27) allows one to compute the contribution to the time-
dependent rate coefficient in the first set of brackets in Eq. (4) using the Blue
Moon ensemble.

To complete the calculation of the time-dependent rate coefficient, we must
be able to calculate Pξ (ξ

′) = 〈δ(ξ − ξ ′)〉 = Pu exp(−βW(ξ ′)) in an efficient
manner. The free energy W(ξ ′) is the reversible work needed to bring the
system from a given reference state to ξ = ξ ′. The associated thermodynamic
force

F(ξ ′) = −dW(ξ ′)
dξ ′ , (28)

can be expressed as the conditional average of a suitable observable and from
the thermodynamic integration of F(ξ ′) over ξ ′, we can obtain the potential of
mean force

W(ξ) =

ξ∫
dξ ′ dW(ξ ′)

dξ ′ =

ξ∫
dξ ′ 〈(�H/�ξ) δ(ξ − ξ ′)〉

〈δ(ξ − ξ ′)〉 . (29)

The explicit form of the thermodynamic force can be obtained by perform-
ing the derivative in Eq. (28) to obtain

F(ξ ′) = −〈(�H/�ξ)δ(ξ−ξ ′)〉
〈δ(ξ−ξ ′)〉 =

〈(β−1(�/�ξ) ln |J |−(�V /�ξ))δ(ξ − ξ ′)〉
〈δ(ξ − ξ ′)〉

≡ 〈F̂δ(ξ − ξ ′)〉
〈δ(ξ − ξ ′)〉 =

〈Z−1/2 F̂〉ξ ′

〈Z−1/2〉ξ ′
, (30)

where |J | is the Jacobian of the transformation r → u resulting from the
explicit integration over the momenta. The quantity F̂ whose conditional
average determines the mean force is the sum of two terms: the first term,
β−1(�/�ξ) ln|J |, represents the apparent forces acting on the system due to
the use of generalized (non-inertial) coordinates, while the second term,
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−(�V/�ξ), corresponds to the component along the generalized coordinate
ξ of the force coming from the potential V . This result expresses the thermo-
dynamic force as a conditional average which can be computed numerically
by using the Blue Moon ensemble as indicated in the last line of Eq. (30).

It is possible to obtain another, more convenient, expression for the mean
force that obviates the need to compute the Jacobian and the ξ derivative of
the potential, two quantities that are often difficult to determine [10]. The alt-
ernative form involves the Lagrange multiplier associated with the constraint
on ξ , one of the variables in the (u, pu) representation of phase space

u̇ =
�H

�pu
, ṗu = −�H

�u
− λδξu. (31)

In this approach, one keeps the momentum dependent observable (�H/�ξ) and
computes the difference between the configurationally unbiased constrained
average and the corresponding conditional average. The (negative of the) mean
force can be written as

dW(ξ ′)
dξ ′ =

〈(�H/�ξ) δ(ξ − ξ ′)〉
〈δ(ξ − ξ ′)〉

=

〈
Z−1/2

(− λ − ṗξ + (1/2β) (� ln |Z |/�ξ)
)〉

ξ ′

〈Z−1/2〉ξ ′

=

〈
Z−1/2

(
(1/β)G − λ

)〉
ξ ′

〈Z−1/2〉ξ ′
, (32)

where

G =
1

Z2

N∑
i, j=1

1

mi m j

�ξ

�ri
· �

2ξ

�ri�r j
· �ξ

�r j
. (33)

The computations leading to this result are straightforward but lengthy [10].
This formula provides a much more convenient route for the computation of
the mean force and, hence, the potential of mean force which uses quantities
that are automatically provided by SHAKE [11, 12] in the constrained molecu-
lar dynamics simulation. From these considerations, we see that all quantities
needed to estimate the rate coefficient may be determined efficiently in the
Blue Moon ensemble.

It is a straightforward to include other constraints, such as bond constraints,
in the formalism [3]. In particular, the expression for the correlation function
takes the form

〈O ′(r, pr )O ′′(r(t), pr (t))δ(ξ(r) − ξ ′)〉
〈δ(ξ(r) − ξ ′)〉

=
〈D−1/2 O ′(r, pr )O ′′(r(t), pr (t))〉ξ ′,M

〈D−1/2〉ξ ′,M
, (34)
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where the subscript M refers to the other bond constraints and D = |Z|/|Z |
with Z defined as in Eq. (18) but extended to include all constraints

Zmn =
N∑

i=1

1

mi

�σm

�ri
· �σn

�ri
, (35)

while Z is defined by a similar equation with the restriction to only bond
constraints.

To illustrate how the formalism can be applied we consider the adiabatic
transfer of a proton in an [AH A]− complex, with fixed internuclear separation
between the A− anions, solvated by a polar liquid [13]

A − H · · · A− � A− · · · H − A. (36)

Let rp be the quantum coordinate of the proton and R the remainder of the
complex and solvent classical degrees of freedom. The total potential energy
of the system is V =Vps(rp, R)+Vs(R), where Vps and Vs are the proton–solvent
and solvent–solvent interactions, respectively. In the adiabatic approximation,
the proton wave function satisfies the following Schrod̈inger equation[

− h̄2

2mp
∇2

rp
+ Vps(rp, R)

]
�n(rp; R) = εn(R)�n(rp; R), (37)

where mp is the mass of the proton, 2�h̄ is Planck’s constant, εn(R) is the nth
adiabatic eigenvalue and the corresponding wave function is �n(rp; R). The
classical coordinates follow Newton’s equations of motion mi R̈ = −∇R(Vps +
εn(R)) on the nth adiabatic energy surface. In particular, the adiabatic
dynamics on the ground-state surface can be calculated easily by solving the
Schrod̈inger equation for each solvent configuration in order to obtain the
ground-state energy ε0(R) and wave function �0. A convenient reaction
coordinate for this problem is the solvent polarization, ξ(R) = 	E(R)

	E(R) =
∑

i

zi

(
1

|Ri − u| − 1

|Ri − u′|
)

, (38)

where zi is the charge on site i and u and u′ are two chosen reference positions.
The Blue Moon expression for the time-dependent transmission coefficient is

κf(t) =
〈D−1/2 ˙(	E)θ(	E(t) − 	E‡)〉ξ,M

〈D−1/2 ˙(	E)θ( ˙(	E))〉ξ,M
. (39)

Here, D−1/2 is the Blue Moon unbiasing factor with D = (2m)−1∑
i (∇i	E)2,

where the sum extends over all classical degrees of freedom assumed to have
equal mass m. The time-dependent transmission coefficient κ(t) was calcu-
lated by constraining the system to 	E(t) = 	E‡ to generate the Blue Moon
ensemble and releasing the constraint to determine the time evolution of
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0.4

0.6

0.8

1

0 1 2 3 4 5

t (ps)

κ(
t)

Figure 3. The time-dependent transmission coefficient for adiabatic proton transfer.

θ(	E(t) −	E‡) that appears in the correlation function expression for κ(t).
The results of this calculation are shown in Fig. 3 [13]. The simulations show
that a plateau is reached on the order of 1 ps and that the forward rate constant
kf is about 0.6 of its kTST

f value as a result of recrossings of the 	E(t) = 	E‡
surface. The transition-state rate constant can also be determined in the Blue
Moon ensemble using the expression

kTST
f = (2�β)−1/2〈D−1/2〉−1

ξ,M

e−βW(	E‡)∫
	E<	E‡

d	Ee−βW(	E)
. (40)

The free energy at the barrier top 	E‡ was estimated from quadratic app-
roximations to the free energy function near the metastable states and the
expectation value of D−1/2 in the above formula was evaluated in the Blue
Moon ensemble. The resulting value for the transition-state rate constant is
kTST

f = 4 × 109 s−1. The direct molecular dynamics simulation of the rate con-
stant would be a difficult task without the use of a rare event sampling
technique in view of the activated nature of this proton transfer reaction.

3. Vectorial Reaction Coordinate

In some instances, the reaction path the system takes to go from reactants
to products may not be simply related to a single scalar reaction coordinate
which is chosen on physical grounds. An inappropriate choice of a reaction
coordinate can lead to difficulties in the computation of the rate. The under-
lying structure of the reaction path may often be revealed by extending the
description to vectorial reaction coordinates. For example, if the free energy
surface as a function of two reaction coordinates ξ1 and ξ2 has the structure
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shown in Fig. 4, then a description based on projections of the free energy
along ξ1 will lead to misleading results. The discovery of the appropriate set
of reaction coordinates, or more generally the reaction path, may not be a
simple task for some systems.

To describe the free energy of such more complex situations, we sup-
pose that the system can be characterized by a set of reaction coordinates
which are a functions of the positions of the particles in the system, �(r) =
{ξ1, ξ2, . . . , ξn}. The probability density of finding �(r) = �′ is

P(�′) = 〈δ(�(r) − �′)〉 =

〈
n∏

α=1

δ(ξα(r) − ξ ′
α)

〉
. (41)

The free energy W(�′) associated with the vectorial reaction coordinate is

W(�′) = −β−1 ln(P(�′)/Pu), (42)

where Pu is again a uniform probability density of �′. This free energy W or
reversible work needed to take the system from the vectorial reaction coordi-
nate value �a to �b can be calculated by means of a n-dimensional line integral

W(�b) − W(�a) =
∫

C(ξa ,ξb)

d�′ · �W
��′ , (43)

where C(ξ a, ξ b) is the path taken from �a to �b. Using Eqs. (41) and (42) and
the properties of the delta function one may show that

−�W
��′ = −

〈
�H
��

〉cd

ξ ′
= Fξ ′, (44)

ξ1 ξ1

ξ2

ξ2

A

B

X

‡

‡

Figure 4. Sketch of a free energy surface showing two metastable regions depicted as shaded
domains in the figure. To obtain such a plot, the free energy is computed for specified values

of two reaction coordinates, ξ1(r) and ξ2(r). The saddle point at (ξ
‡
1 , ξ

‡
2 ) is indicated by a ×

symbol.
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where Fξ is the mean force associated with �. Following the procedure out-
lined in Section 2 we may write the (negative of the) mean force in the form
[14]

�W
��′ =

〈|�|−1/2
[
1/βG − �

]〉
�
‡〈|�|−1/2

〉
ξ‡

, (45)

where

�αβ =
∑

k

1

mk

�ξα

�rk

�ξβ

�rk
. (46)

and we have defined the vector G with elements

Gα =
∑
i,n

1

mi mn

∑
µγν

�−1
µα

�ξµ

�ri

�
2ξγ

�ri�rn

�ξν

�rn
�−1

γ ν , α = 1, . . . , n, (47)

and � is the vector of Lagrange multipliers appearing in the constrained equa-
tions of motion. The formalism for the most general treatment where there are
both other constraints and vectorial reaction coordinate constraints has been
given by [15].

The Blue Moon ensemble has been used to compute the free energy as a
function of several reaction coordinates for ionization reactions of [NaCl2]−
ion complexes in water clusters [16]. The multidimensional reaction coordi-
nate formalism described above has also been applied to study the interaction
between monomers in a superoxide dismutase protein, Photobacterium leiog-
nathi [14], which we now briefly describe. This protein provides a good exa-
mple of macromolecular recognition since the monomers are able to form the
dimeric enzyme in water. Calculation of the binding force for different mutant
proteins, obtained by substituting the amino acids at the monomer–monomer
interface, and structural analysis could provide insight into the recognition
process. In Fig. 5, we give a pictorial view of the protein as found in nature.

Cu

Zn

Figure 5. Photobacterium leiognathi Cu,Zn SOD structure. The ribbon shows the fold of the
two identical subunits constituting the dimer. Arrows represent the β-strands while thin wires
represent the random-coil structure and the turns. The copper and zinc ions are shown as dark
and light gray labelled spheres, respectively.
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Figure 6. The graph shows the potential of mean force as a function of the separation.

The separation of the two monomers can be studied as a function of their
relative displacement and orientation. This requires a six-dimensional reaction
coordinate. A complete sampling of the phase space as a function of this six-
dimensional coordinate is not feasible for the system under investigation (there
are 2694 atoms in the proteins which were solvated by 9944 water molecules).
However, the principal component of the binding force can be calculated by
freezing the slow orientational modes of the two monomers and studying their
separation at a fixed orientation. One can choose the initial orientation of the
monomers to be that minimizing the energy of the system; hence, the mean
force along the relative separation distance can be calculated. The result of
such a calculation is shown in Fig. 6. While the separation path one obtains
is not fully realistic, it can be used to perform a series of identical numerical
experiments on different mutants of Photobacterium leiognathi to investigate
the important structural and dynamical features in the recognition process.

4. Outlook

The description of condensed phase activated rate processes is a challeng-
ing problem. The choice of a suitable reaction coordinate or set of reaction
coordinates is a central feature of such descriptions. Often this choice is made
on physical grounds but schemes for determining reaction paths are needed
to provide results when physical considerations are inadequate. Once such
reaction coordinates are known the methods described in this chapter provide
algorithms for the computation of reaction rates. As briefly described in the
text, the methods presented here have been used to investigate also adiabatic
quantum rate processes. Non-adiabatic reaction rates may also be treated using
the techniques developed here [17].
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