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1. — Introduction

Chemical reactions are described by mass action kinetic equations that specify how
the mean concentrations of chemical species vary with time. Under what circumstances
is such a description possible? How may one compute the values of the rate constants
that enter these equations from a knowledge of the microscopic properties of the system?

Complete answers to these questions cannot be given. However, for systems close to
equilibrium where linearized versions of mass action laws apply, one may derive general-
ized forms of the rate laws from the microscopic evolution equations. The investigation of
the conditions under which these generalized laws reduce to mass action kinetics supplies
the answer to the first question.

In the course of this derivation one obtains autocorrelation function expressions for
the chemical rate constants that relate these transport coefficients to the microscopic
dynamics. These expressions, while exact, are formidable to compute for a many-body
quantum system. Nevertheless, these correlation expressions form the starting point for
a discussion of various approximate schemes for the computation of rate constants.

The derivation of the generalized chemical rate law and a discussion of the conditions
under which reduction to the phenomenological form is possible are presented in Sec. 2
for a general quantum mechanical system. A detailed discussion of the properties of
the rate kernel that enters this description is also presented in this section. Section 3
specializes these results to classical systems and the results are illustrated with a model
of diffusive barrier crossing and a molecular dynamics study of ion solvation dynamics
in water clusters. The next two sections deal with mixed quantum-classical systems.
Section 4 considers the simpler case of adiabatic dynamics. Following a discussion of
the reduction of the full quantum dynamics to the adiabatic mixed quantum-classical
limit, a description of proton transfer in a cluster composed of polar solvent molecules is
given as an example of an application. The last section considers nonadiabatic dynamics
in the mixed quantum-classical limit. A discussion of some of the approximations that
lead to surface hopping methods are presented and the cluster proton transfer problem
is revisited to show the effects of nonadiabaticity on this reaction.
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2. — Derivation of Chemical Rate Laws

2'1. Phenomenological description. — Consider a reaction among n chemical species
X;, i=1,...,n of the form

kg
(1) V1X1+V2X2+"'Van fﬂle—l—ﬂng—l—uf/an y

characterized by the forward and reverse rate constants ky and k,. The stoichiometric
coefficients are v; and v; for reactants and products, respectively. The mass action rate
law for the average numbers N; of the chemical species is

(2) d]\;zt(t) — (Vi — 171-) —k;f H ]\7]]'{1 (t) +k, H 7]’?]' (t) _ (Vi _ 171)(] :

The second equality defines the reaction rate J which is independent of the species label
in view of the constraints on the particle number changes implied by Eq. (1).

For a reacting system at constant temperature T' and volume V', the entropy change
as a result of reactions is

n

ds le
(3) TE——ZM - =JA,

=

where the chemical affinity,

(4) A= ZM(W — i),
i=1

is the thermodynamic driving force of the chemical reaction, which vanishes at equilib-
rium.
Equation (2) can be used to define the progress variable x(¢) which characterizes
the extent of reaction [1]:
dx(t 1 dNG(t
This equation may be integrated from time ¢ to t = oo, where the system is in equilibrium
and y(oc0) = 0, to obtain

=J.

(6) X(t) = (vi — 23) H(Ni(t) = NJ)
Only a single dynamical variable y is needed to characterize the extent of reaction.

We shall be concerned with reactive systems that are perturbed slightly from chem-
ical equilibrium so that the chemical affinity is small. We also assume that the reactive
species are dilute in some chemically inert solvent so that the chemical potentials take
the simple form u; = pd + kTIn N;. (!) Expanding the average particle numbers in
terms of the progress variable and linearizing in Y, we obtain

dx(t)

(7) 7 —kx(t) ,

() For nonideal systems the chemical potential is expressed in terms of the activity. One may also
question whether the phenomenological rate law, Eq. (2), should also be written in terms of activities.
For a discussion of this issue see Ref. [2].
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where the rate constant k is given by

- = veayv; Vi Geayr; Vi
(8) k= Z(Vj — ;) |ky H(Niq) lNéq — kr H(Niq) IN;q
j j = j

From this expression we see that the rate constant k depends on both the forward and
reverse rate constants and, in general, on the equilibrium concentrations. In the simple
case of a linear interconversion reaction of the form

kg
(9) A= B,
which shall primarily concern us here, k takes the simple form k = k¢ + k,. Finally, we
note that Eq. (7) may be integrated to yield

(10) %) — x(0) = —k / dt'x(t — 1),

which will prove to be a useful form in the discussion that follows.

2°2. Nonequilibrium initial ensemble. — From Eqs. (3) and (5) we observe that the
affinity A, the thermodynamic driving force, is conjugate to the flux of the progress
variable ¥. In order to appreciate some of the ingredients necessary to construct a micro-
scopic description of the reactive process we consider an initial nonequilibrium ensemble
where only the progress variable is constrained to deviate from its zero equilibrium value.
We consider a quantum mechanical system and suppose that the microscopic Hermitian
operator corresponding to the progress variable is x. (Henceforth, a hat on a symbol will
denote a quantum mechanical operator.) We shall discuss specific forms for { later. (2)

The nonequilibrium ensemble for the system at constant temperature 7" and volume
V' may be constructed from the usual canonical distribution by appending an additional

term YA to the Hamiltonian H of the system:
e~ BH-RA)
 Tre—BH-xA) '

(11) p(0)

where 3 = (KT)~! as usual. It then follows that the average value of the progress variable
is given by

(12) X(t) = Trx(t)p(0) -

Using the operator identity

. N 3 . )
(13) e BUH—XA) _ efﬁH_i_/ dhe XX G Ao~ (B-NH
0

we may write the linearized form of p(0) as

B N N
(14) §0) = ot [ dre i g,
0

(3) A formal discussion of species operators may be found in Ref. [3]
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from which it follows that
B N N
(15) W) =T [ dle MM pA = (0,054
0

Here p. is the equilibrium density matrix,

(16) = 0
P = ool

and the Kubo transformed correlation function is defined as [4]
o B8 . - N
(17) (A,B") = 5*1/ A Ae M BTerM
0

From Eq. (15) one observes that near equilibrium the nonequilibrium average of x(¢) is
given by the autocorrelation function describing the fluctuations of the progress variable
about equilibrium.

2'3. Rate law derivation. — To derive the chemical rate law [5] one starts from the
Heisenberg equation of motion for ¥,

axw _ i

(18) = S UH (0] = L) = 'L
and extracts the evolution proportional to x(t) using projection operator methods. [6, 7]

In view of the above considerations an appropriate projection operator is

(19) PO = (0.%)(X. 1) '%,
since P just projects O onto X. Substituting the operator identity
R t R A A A a
(20) ettt = / dre =TI PiLet QLT 4 (19t
0

where @ = 1 — P, into the last equality in Eq. (18) we obtain the generalized Langevin
equation for x(t):

dx(t b R
(21) % = —/0 drk(T)x(t — 1)+ R(t) ,
where the rate kernel is defined as
(22) k(T) = (e"HLx,iLR) (. )"

The random reactive flux R(t) is

(23) R(t) = "Ll .
Since Trp(0)R(t) = 0, the average of Eq. (21) over the initial nonequilibrium ensemble
yields the generalized chemical rate law,

(24) dfl—it) - —/0 dri(P)x(E—7)
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Using Eq. (15), we also note that this equation can be written as

(25) d?ﬁ”_,—é(h%@x&u—fy

where C, (t) = (X(t), ¥)(X, X) ! is the normalized progress variable autocorrelation func-
tion. This equation establishes the fact that we may monitor either the decay of the
progress variable fluctuations about equilibrium or the decay of nonequilibrium initial
states to determine the rate constant.

It is convenient to integrate Eq. (24) over time in order to express the time evolution
of the progress variable as

t

(26) €0 - x0) = - [ Wk@E)(e-1),
0

which involves the new rate kernel

(27) R(t) = / drk(r) = (985, iL) ()"

(28) R(t) = ——Tr[g, e 95]pe (3, 0) " |

We next consider the conditions under which the generalized rate laws, Eqgs. (24) or
(26), reduce to their phenomenological forms, Egs. (7) or (10), respectively. In order to
do this we need to examine the structure of the rate kernels.

2°4. Structure of the rate kernel. — Since [x,x] = 0, we see from Eq. (28) that
the initial value of the rate kernel is zero, K(0) = 0. The projection operator P was
constructed to project out of the dynamics of any operator that part which is proportional
to the progress variable Y. Consequently, since the reactive flux autocorrelation function

k(t) evolves by projected dynamics iQL, it will decay to zero on a microscopic time scale
provided there are no other slowly varying degrees of freedom in the system other than

x(t). (3) In this circumstance y(¢) will decay much more slowly than k(t) and we may
take x(t) out of the integral in Eq. (24) for times ¢ >> t,,;., the microscopic decay time
of k(t). If t* is a time such that t,;. << t* << tehem We may write

(29) Ll l /O dTl;(T)] () -

By time t*, /;(t) will have decayed essentially to zero and we may extend the integral to
infinity and identify the rate constant k by the infinite time integral of the reactive flux
autocorrelation function,

(30) k_AwﬁMﬂ,

(3) If the species densities (progress variable) are slow variables, nonlinear products of local species
density fields will also be slow variables. If such nonlinear variables are explicitly included in the definition
of the projection operator one may explicitly separate out diffusion contributions to the rate constant. [8]
These contributions will be dominant in some circumstances, for large particles for example, and allow
one to microscopically derive the interplay between kinetic and diffusion-influenced rate contributions.
9
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in analogy with autocorrelation function expressions for other thermal transport coeffi-
cient expressions. Similarly, on the basis of these considerations, we see that the gener-
alized rate law, Eq. (26), will reduce to the phenomenological form, Eq. (10), for times

longer than t,,;. where K(t) assumes its asymptotic value k and may be removed from
under the integral:

(1) — %(0) = — / d R ()% (t — 1) |

0

t
(31) H_k/ A1), (E>> tmie)
0

So we have K (c0) = k.
Next, we consider the consequences of replacing projected dynamics by ordinary
dynamics
(32) UL = e = )
in the rate kernel expressions so that the rate kernel K (t) takes the form

(33) K() = (R(0),i£3) (0 0! = ——=Tr[%, 2(0]5e (% 0) "

while k(t) becomes

(34) k() = (iLx (1), iLR)(X. %)

The tilde will be dropped when the operators or variables evolve by ordinary dynamics.
It is not difficult to establish a relation between the reactive flux rate kernels k(t)

and k(t) for projected and unprojected dynamics, respectively. Differentiating Eq. (25)

we obtain

(35) k(t) = —k(t) _/0 dTJZ;(T)%cX(t_T) :
whose Laplace transform is
(36) k(2) = —k(z) — k(2)[2Cy(2) = 1] .

Here the Laplace transform of any function f(t)

(37) )= | e (1)

0

is denoted by the same symbol but with argument z. Using the fact that

(38) Cy(2) = (z+k(z)™",
we obtain

B zl;(z)
(39) bz = z 4+ k(2)

Note that since

(40) lim Jo(z) = /0 T dri(r) = R(t=o00) =k |
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we have
(41) liI%K(z):K(t:oo)zo :

the rate kernel with unprojected dynamics decays to zero rather than to the rate constant
k. The long time decay of K (t) may be determined from the small z behavior of Eq. (39):

(42) (o) ~ & K(z):%z)z:kk,

from which it follows that

(43) K(t) ~ ke " .

Since k(z) = zk(2)/(z — k(z)), the large frequency behavior of both kernels is the same,
k(z) =~ k(z) (2 large), so that the short time structure of both kernels is the same.
Costley and Pechukas [10] showed that C,(t) ~ 2 for short times so K(t) ~ t'/2
and K(t) ~ t'/2? and both kernels grow parabolically. Similarly, both k(t) and k(t)
diverge as t~1/2 for short times. As a result of these considerations we may sketch
the graphs of both K (¢) and K(¢) and these are shown in Fig. 1. Thus, provided the

Fig. 1. — Sketch of projected K (t) and unprojected K (t) rate kernels versus time for a quantum
mechanical system.

chemical relaxation time is much longer than any microscopic relaxation time in the
system, tepem = k=1 >> thie, K(t) will first decay on a time scale t,,;. to a plateau
value given by K (t*), tmic << t* << tchem, followed by a slow decay to zero. [11] In
this circumstance

(44) kR E@E) =GR = —

—ihf
the result derived by Yamamoto [12] from linear response theory. Should such time scale

separation not obtain, then the generalized rate law, Eqgs. (24) or (26), must be used and
the rate kernel evolution must be computed using projected dynamics.

Te[x, X(¢)]pe (X, X)

3. — Classical Systems

If the system is classical the above derivation may be repeated with the quantum
Liouville operator iL replaced by its classical counterpart,

(45) il = {H, } )
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where {-, -} is the Poisson bracket and H (R, P) is the classical Hamiltonian. The trace
over the equilibrium density matrix is replaced by the classical canonical ensemble aver-
age:

) dRdPe—BH(R,P) .. B
(46) ¢ = i ipemR = / ARAPp.(R, P)--- .
The rate kernel takes the form
(47) K(t) = ((Lx)e % ) (xx) ™ = (I e “xh o) ™

As in the quantum mechanical case we may consider the rate kernel K (¢) where projected
dynamics is replaced by ordinary time evolution:

(48) X(t) = ey,
so that
(49) K(t) = (o)) o) ™ = (Do x@hH (oo™

In order to examine the structure of the classical rate kernel consider a simple system
with a single reactive degree of freedom ¢ governed by a double-well free energy potential
W(q) shown in Fig. 2. In this case the dynamical variable corresponding to the progress

A
W(q)

>

q

Fig. 2. — Free energy along the reaction coordinate showing the reactant and product regions
separated by a free energy barrier at ¢.

variable simply monitors if the coordinate ¢ lies to the left (species A) or to the right
(species B) of the transition state at g*:

(50) x(q) =0(¢" — q) — (0(¢" — q)) -
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Here 6(q) is the Heaviside function. The rate kernel may be written more explicitly as

(51) K(t) = (40(q — ¢")0(q(t) — ¢")) (xx) ™" .

This form for the classical rate kernel was also derived by Yamamoto. [12] The ¢ = 0%
limit of K (t) yields the transition state theory expression for the rate constant. [13] For
short times ¢ = ¢, (¢ > 0), one has q(t) ~ ¢* + ¢ + O(e?) and

(52)  lim K(e) = (40(g — ¢")0(d) () = (d0(d))(5(a — ¢*)) ()~ = K157

We may identify this quantity with the transition state theory expression for the rate
constant since

(53) (0(g — q*)) = Pue PV

where P, is the uniform density; thus, we have

(54) L TST <|q|> PuefﬁW(qi) )
0o

In contrast to the quantum case where the ¢ = 0 value of the rate kernel is zero, the
classical expression has a finite value at ¢ = 0 and the rate kernel takes the form sketched
in Fig. 3.

tmic t tchem t
Fig. 3. — Sketch of projected K (t) and unprojected K (t) rate kernels versus time for a classical

system.

The above results may be generalized to any many-body reaction coordinate &(R).
In this case the progress variable is defined analogously to Eq. (50),

(55) X(E(R)) = 0(6* — £(R)) — (0(* — £(R))) -

where the generalized reaction coordinate £(R) takes the place of ¢q. The formal expres-
sions for the rate kernel are similar to those derived above:

(56) K (t) = (€0(¢ = €M0(E(t) — €)™ 5
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however, the transition state result does not always assume a simple form since it may
not be possible to factor the coordinate and velocity parts of this expression as was done
in Eq. (54). Examples of such complex reaction coordinates will be considered below.
Equation (56) forms the basis for a computational algorithm for evaluating the rate
constant for rare reactive events. [13] The rate kernel may be written as the product of
the transition state rate constant, k75T, and a time dependent transmission coefficient,

K(t), (1)
(57) K(t) = kT5Tk(1) .

Once the coordinate £(R) has been selected, the first step in the calculation is the deter-
mination of the free energy along the generalized reaction coordinate. The free energy
may be computed using constrained molecular dynamics [14] or umbrella sampling [15].
The minima in the free energy may be identified with the stable chemical species and
the maxima (saddle points) with the transition states separating these species. The
transition state rate constant is given by the ¢ = 0% value of the rate kernel,

(58) KTST = (€0(€)6(6 — €9)) o0

The transmission coeflicient can be calculated by selecting configurations with the system
constrained to the barrier top, ¢ = &%, releasing the constraint and determining the
recrossing correction from

(€a(6 — No(e() — &)
(£0(£)(E — &)

The implementation of this method using constrained molecular dynamics is described
in Refs. [14] and [16]. If x(t) is observed to decay to a plateau value on a microsopic
time scale, well separated from the chemical relaxation time, the rate constant k can
be determined directly from this plateau. If such a plateau is not observed this signals
the breakdown of the phenomenological rate description and projected dynamics must
be used to describe the rate kernel evolution. In the following two subsections we shall
provide examples of the consequences of such breakdown and the use of projected dy-
namics, as well as an application of the classical reactive flux formalism for rate constant
computations.

(59) K1) =

3'1. Diffusive barrier crosssing: projected versus ordinary dynamics. — In order to
quantitatively examine some of the features of projected dynamics we consider again the
double well free energy discussed above but assume the that full molecular dynamics is
replaced by a diffusion model:
dplg,t) 9 0

L= ——|F t D— t)y=L t) .

5 (9q[ (@)p(q,t)] + 5q2p(q7 )= Lrpp(q,t)
This equation defines the Fokker-Planck operator Lrp. Here F(q) = —dW (q)/dq is the
mean force. The equation of motion for the progress variable x(q,t) = x(t) (or any other
dynamical variable) is

(60)

(61) O _ o).

(*) While £TST and (t*) individually depend on the choice of dividing surface ¢¥, the rate constant k
does not, provided a rate law exists.
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where the adjoint Fokker-Planck operator is

(62) c —F()8+D82

e = W% T T og
The classical formulas derived above apply directly to this problem if the classical Liou-
ville operator iL is replaced by the adjoint Fokker-Planck operator ETF p and the phase
space equilibrium averages are replaced by configuration space averages over the station-
ary distribution of Eq. (60):

(63) () :/Oo dape(q) - |

— 00
where

e—W(a)/D
(64) pe(q) = W .

In order to compute the rate kernels K(t) and K (t) we need to consider the eigen-

value problems for the QL pp and L p operators as well as the (QLp p)Jf and ETF p adjoint
operators:

(65) ACFPwn(Q) = _)\nwn(Q) ) QEFP¢n(Q) = _:un¢n(Q) )
and
(66) Lrptl(@) = —Ath(a) , (QLrP) 0}(a) = —pad(q) -

The Fokker-Planck operator £gp has a zero eigenvalue and eigenfunction ¥ (q) = pe(q),
corresponding to total number conservation. If the A = B interconversion process is
activated we expect that A1 &~ 0 and all higher eigenvalues will be well separated from \;
if x(q) is the only slow dynamical variable. In contrast, QLrp ((QLrp)") has a doubly
degenerate zero eigenvalue corresponding to total number and species conservation since
the slow species variable x(¢) dynamics has been projected out of the evolution. For a
symmetric double well one may establish that [17]

(67) fian = A2, (n>0),
and
(68) Aon < p2nt1 < Agpt1 -

The two eigenvalue spectra are sketched schematically in Fig. 4. We may now write the
rate kernel in terms of the eigenvalues and eigenfunctions of QL pp:

E(t) = 000" Y (X Lrpldzmat) (Gamr|xlto)e 21t

m=0
oo

(69) =k+ Y Gpe it

m=1

where we have used an abstract notation: (A|B) = [ dgqA(q)B(g). The even eigenstates
do not contribute to the sum in view of the symmetry of the potential. For long times only
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}\,1 —_—
- - MHo=HU1=0
x0=/o

Fig. 4. — Eigenvalue spectra for the projected and unprojected Fokker-Planck operators.

the smallest non-zero eigenvalue determines the behavior. Since p; = 0, this eigenvalue
is pu3 and we have

(70) K(t) ~ k + ce Hst

We see that as expected K (t) decays to its plateau value k on a time scale determined
by p3. The rate kernel has been computed for a quartic potential W (q) = bq*/4 — aq?/2,
with @ = b = 1 and diffusion coefficient D = 50. The decay occurs on a time scale
tomic = ugl ~ 0.02 << tehem = k7! 2 0.10. Since t,;. is roughly five times smaller than
tchem the phenomenological rate law holds approximately. For small barrier heights such
time scale separation no longer holds and the rate law breaks down.

The rate constant k can be read off as the m = 0 coefficient in Eq. (69) and is given
by

(71) k= (xx) " (XILFP¢1) (d1]x|vh0) = 2D¢} (0)

where the second line follows from the explicit computation of the matrix elements. The
eigenvector ¢1(q) may be computed analytically and is given by [17]

0

q , a
(72) ¢1(q) :NG_W(q)/D/ dq/ew(q )/ D [1 _4A dq//X(q//)pe(q//)] 7

where N is the normalization constant:

’ —1
o0 q . q
(73) N = {2/0 deW(‘”/D/O dg'e™(a)/P l1—4/0 dQ”x(Q”)pe(tJ”)H :

In the limit of a high barrier, D << 1 and a,b = O(1), we find

(74) k= 2a e~ /4D _ gy yte=AW(eH)/D ,
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where AW (¢*) = a?/4b is the barrier height and w and w* are the frequencies at the
minima and barrier top, respectively. This is just Kramers’ solution of the Smoluchowski
equation. [1§]

One may also evaluate K(t) by expanding in eigenvalues and eigenfunctions of the
unprojected operators:

o0

(73) K@) = (007" Y (Lrphbam ) am [x[po)e2m it

m=0

Since A1 # 0 we have lim;_,, K(t) = 0 as expected. For long times we may approximate
K(t) by the m = 0 term

(76) K(t) ~ (xx) " (X|ILrp t1) (1 | x|o)e M

In the small diffusion limit the eigenfunctions and eigenvalues of QL rp tend to those of
Lpp so we may use ¢; as an approximation for ¢; in a perturbation calculation of A;:

(77) M ~ (¢1|PLpp|é1) =2D¢1(0) =k .

Thus, K (t) ~ ke™** as obtained earlier in the general case.

If colored noise models are considered, then one may also observe breakdown of the
phenomenological description when the time scale of the noise process, which models the
dynamics of the solvent, competes with that of the reactive event. For a discussion of
such breakdown for Poisson-dichotomous-noise and BGK models see Ref. [19].

3°2. Ion solvation dynamics in clusters. — As an example of the application of the
classical formalism for the calculation of reaction rates presented in this section, we
consider the solvation dynamics of the ion triplet [LiCly]™ in mesoscopic water clusters.
The calculation illustrates how the free energy as a function of the ion coordinates can
be used to determine the existence of chemical species, and how the rates at which these
species interconvert may be calculated from the correlation function formalism developed
above.

The solvation dynamics of ion pairs in bulk and cluster polar solvents has been
studied and the existence of solvent-influenced ion pair species has been demonstrated.
We consider a somewhat more complicated ion triplet case to show how reactions among
various competing species can occur. One may compute the free energy as a function of
the bond distances in the [LiCly]~ complex to determine the possible solvation species.
[20] On the basis of the results of such a calculation the reaction scheme in Fig. 5
is found to describe the solvation dynamics. There are four main species involved in
the mechanism. These species will be denoted as: CIP=[CI|Li|Cl]~, the contact ion
state, SSIP(1a)=[Cl||Li|C]]~ and SSIP(1b)=[Cl1|Li||C]] ~, ion states where Li is in intimate
contact with one Cl ion and solvent-separated from the other and SSIP(2)=[Cl||Li||Cl]] ~,
the doubly solvent-separated configuration. We have not indicated dissociation channels
which also exist. To fully explore this mechanism one needs to devise species operators
for each of these species that partition the configuration space. Furthermore one needs
to generalize the progress variable and projection operator formalism to account for the
fact that more than a single progress variable is needed to characterize the mechanism.

)

(®) The extension of the phenomenological description to a set of progress variables may be found in
Ref. [1].
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Fig. 5. — Ion solvation reaction mechanism showing transitions among the various solvation
species. The dashed line separates the contact ion state A from the remainder of the species.

Rather than study this complicated situation fully, we simply focus on the CIP
species, henceforth denoted by A, and group all remaining species into a single category
labeled B. This reduces the problem again to an A = B reaction for which the theory
has been developed. In order to delineate the region of ion-complex configuration space
we use as dividing line the maximum ¢* in the free energy along the reaction coordinate

(78) E(ri,ra) = (% 41?2

where r1 and 7o are the magnitudes of the distances from the Li ion to the two Cl
ions, respectively. The dividing line that separates species A from “species” B is shown
schematically in Fig. 5. The classical formulas, Egs. (58) and (59), may now be used with
this expression for £&. However, from its definition one can see that even if £(ry,ry) = &
(or any other numerical value) the angular position in the (ri,r2) configuration space
is not specified by this constraint. Letting the angular variable be ¢ = arctg(r1/r2) we
may plot the probability density of finding a particular value of ¢ given that the system
is constrained to lie at £(ry,72) = £*: P(¢). This probability density, shown in Fig. 6 for
a 67-molecule water cluster, has bimodal structure corresponding to the two equivalent
channels leading to the SSIP(1a) and SSIP(1b) species. The minimum in P(¢) reflects
the fact that direct passage from CIP to SSIP(2) is unlikely since they are separated by
a free energy maximum and not a saddle.

As specified by the classical simulation algorithm, one may compute the transition
state rate constant from Eq. (58), followed by a determination of the time dependent
transmission coefficient from Eq. (59). For a 67-molecule, liquid-state, SPC water clus-
ter we find k?ST ~ 0.125 ps~!'. To estimate the transmission coefficient one needs to
consider the evolution of an ensemble of statistically-independent trajectories starting
from the barrier top. The configurations at the barrier top were selected every 7 ps from
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Fig. 6. — Probability density P(¢) versus ¢ for the system constrained at &(r1,7s) = &F.

a molecular dynamics run where the reaction coordinate is constrained at the barrier top.
The evolution of such an ensemble of 800 trajectories is shown in Fig. 7. On the time

_0.583641

0.3800094

0.194547

Fig. 7. — Probability distribution P(€,t) versus ¢ and t starting from the barrier top £*: P(€,t =
0) = (¢ — £%). The time length is 4 ps.

scale of a few tenths of a picosecond the delta-function probability splits and becomes
bimodal as evolution to reactants and products occurs. From such ensembles of trajec-
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tories we may compute x(t) and this quantity is shown in Fig. 8 for the same ensemble
of trajectories as in Fig. 7. A plateau is established very quickly (= 0.3 ps). However,

0.9 - B

0.6 b

K(t)

0.0

0.0 1.0 2.0 3.0 4.0

Fig. 8. — Transmission coefficient versus time for ion complex dynamics in a 67-molecule water
cluster.

the plateau value is less than 0.1 indicating a significant failure of the transition state
theory approximation to the rate constant. One may estimate k; ~ 0.005 ps—.

Such small values of x point to one of the difficulties of the straightforward applica-
tion of the reactive flux correlation formalism. Large numbers of trajectories are needed
to accurately estimate a small transmission coefficient and reduce the large standard
deviations in the plateau region in Fig. 8. Possible schemes for improving the statistics
associated with such sampling have been considered. [21, 22]

4. — Mixed Quantum-Classical Systems: Adiabatic Dynamics

For all but the simplest systems it is still not possible to carry out a full quantum me-
chanical calculation of the rate constants. Consequently, we shall examine systems where
certain degrees of freedom are singled out for quantum mechanical treatment (quantum
subsystem) while the remainder of the degrees of freedom (bath) are treated classically.
We shall present results for proton transfer reactions where such a decomposition is ap-
propriate in many circumstances. It is not a simple matter to specify the nature of such
mixed quantum-classical dynamics. We shall first study adiabatic processes where the
dynamics takes place on a single potential energy surface. In this limit there is no ambi-
guity about the form the dynamics takes. The next section will be devoted to the more
general case of nonadiabatic dynamics where the situation is not so simple.

Suppose the system is described by the Hamiltonian

P2 2
H=—+V il
(79) +Vig) + Wi

S +V(Q) +V(g,Q),
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where ¢ and @ are the coordinates of the quantum subsystem and bath, respectively.
Also, we denote the corresponding momentum operators and masses by lower and upper
case letters, respectively. We shall consider the limit where the masses M of the bath
particles are much larger than those of the quantum subsystem, M >> m.

To begin the analysis we rewrite the trace in the quantum expression for the rate
kernel K (t) in Eq. (33) in the {@Q} representation for the bath degrees of freedom and
retain the abstract notation for the quantum subsystem degrees of freedom:

(50) K(t) = (00 = [ dQ(Ql% 2(0]5lQ)

where Tt’ is a partial trace over the subsystem degrees of freedom. Next, we introduce
a Wigner representation [23] of the bath degrees of freedom. The Wigner transform of
any operator A takes the form

(81) Aw (R, P) = /dze*“’z/hu% +2JAR-5),

and the partial Wigner transform of the equilibrium density matrix is

(2) pw(R.P) = () [ dse PR = Sjp R+ ).

Note that both of these quantities are still operators in the subsystem degrees of freedom.

The evaluation of the rate kernel requires the computation of matrix elements of
triple operator products whose partial Wigner representation is [24]

53 [ dQ(@IABAIQ) = [ dRdP (Aw (R P)M By (R, P)) pw (R P).
where

(84) A=Vp-VR—VRr Vp,
and the directions of the arrows on the gradient operators indicate the directions in which
these operators should be applied. Using this result the rate kernel takes the form

1 )
K(0) = (00 T [ dRAP (u (R P)E™2 aw (R, Pot)
(85) —Xw (R, PO 250y (R, P) ) pw (R, P) |

where xw (R, P,t) = xw (t) is the solution of the equation of motion

dxw(t) _ i
dt h

(86) (frw e/ 50w (8) = R (D" 2 )

Here the partial Wigner representation of the Hamiltonian is

52 2

(87) Hw (R, P) = 2p +V(q) + 57z +V(R) + V(g R).

m
Next, we consider the limit where the bath particles are massive compared to the those
of the quantum subsystem. It is convenient to introduce scaled variables such that the
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momenta of the heavy particles have the same order of magnitude as the momenta of the
light particles. Consequently, we scale distances by the thermal wavelength of the light
particles, A, = (h?6/m)'/2, time in units of ty = Bh, and energy in units of Ey =
In these scaled units the light particle momenta are scaled by p,, = mA,,/to = (m/3)Y/ 2
and the heavy particle momenta by Py, = (M/3)'/2. In scaled units

h
—A— A
(88) 2i 2i

and we may expand the equation of motion in the smallness parameter u = (m/M )1/ 2,
Expanding to linear order in x4 and then returning to unscaled units, the equation of
motion, Eq. (86), becomes

o) P L )+ L (w0, w) — (s (@)}
Carrying out a similar p expansion, the rate kernel Eq. (85) takes the form:

K = (00 =y [ drdP ([ (R P)iow (R P)) +
(90) * (tw (B, 1), 2w (R, P)) — (5w (B, P), X (B, P.1)}) ) (R, P)

As noted above these quantities still involve abstract operators in the quantum
subspace. We may now work in any convenient representation and for this purpose we

choose the adiabatic eigenstates of the Hamiltonian operator i(R) = % +V(q)+V(R)+
V(q, R):

(91) h(R)|a; R) = Eo(R)|o; R) .

Letting the matrix elements of an operator AW(R7 P) be denoted by AOV‘[?‘/ (R, P), the
equation of motion, Eq. (89), may be written in this basis as

ana/ (t) Z Ozot/ Ozot/ 1 « O/
=W = =7 Eoorxw' () + {xWw (t)v§(Hw+HW)}+

dt
1 ool
55 (vpx () - Darar + Daarr - Vpxiy (t))—

a’

(92) ST (X (1) davrer — dor X (1))
"

where HY (R, P) = P?/2M + Eo(R), Eaar = Eo(R) — Eo(R) and Do = (Eo(R) —
Ey (R))doo with door = (a; R|VR|a/; R). The rate kernel may also be expressed in
terms of these matrix elements to provide an in-principle method for its computation.
However, Eq. (92) is quite formidable and involves coupling among all adiabatic states
through the nonadiabatic coupling terms Dy, . The analysis presented thus far may
serve as a starting point for approximate treatments of nonadiabatic dynamics for mixed
quantum-classical systems.

Now we focus on the limit where the dynamics is assumed to take place on a single
adiabatic surface, the adiabatic limit, and these equations take an especially simple form.
The evolution equation reduces to

(93) dXW( )

= {i (1), Hiy )
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where x{,(t) = (o R|xw (t)|a; R). This is just a classical evolution equation but with
Hellmann-Feynman forces determined by the potential E,, (R) obtained from the solution
of the Schrodinger equation for the o adiabatic eigenstate. The rate kernel may be written
in this adiabatic limit as

(94) K(t) = (" x)? / ARAP Gy (£), X } oty (R, P)
with

o BH,
(95) oy (R, P) =

[ dRdPe=PHi

The algorithm for adiabatic mixed quantum-classical dynamics is simple. The dy-
namical variables depend on the classical coordinates (R, P) and the adiabatic state
|a; R). The classical coordinates evolve by Newton’s equations of motion but with
Hellnann-Feynman forces corresponding to the « adiabatic state. At each classical time
step the Schrédinger equation is solved to determine the « adiabatic state as a function
of the instantaneous position R. We shall now illustrate the application of this formalism
to proton transfer in a polar molecular cluster.

4°1. Proton transfer in molecular clusters. — We consider proton transfer,
(96) A-H---A—=A".---H-A,

within a strongly hydrogen bonded proton-ion complex [AH A]~ solvated by a cluster
composed of model polar molecules. [25] Like the ion solvation example in the previous
section, the molecular clusters we consider have tens of molecules forming one or two
solvent shells around the complex. The proton transfer process is influenced by the
solvent. Solvent configurations can lead to polarization effects that favor the reactant
or product states in Eq. (96). The proton configuration thus attained may also polarize
the solvent so that the transfer is an activated process. For strongly hydrogen bonded
systems the intrinsic barrier without solvent effects is absent or negligibly small so that
the solvent effects play a dominant role in determining the reaction rate. In fact, these
solvent effects are responsible for the very existence of reactants and products in this
reaction. Adiabatic proton transfer has been studied in bulk solvents. [26] Studies
of proton transfer in molecular clusters were undertaken to determine how the finite
size, presence of strong surface forces and cluster fluctuations may alter the rates and
mechanisms of such reactions. We shall primarily be concerned with the illustration of
the computational method but will conclude with a few remarks on what such studies
have shown about cluster proton transfer mechanisms.

The first issue to address is the choice of a reaction coordinate. In view of the above
discussion the solvent polarization, [27]

(97) ¢(R) = AE(R) = Zzae (|qu_ - |R‘-’1— S/|) .

where s and s’ are two points in the vicinities of the reactant and product configurations,
is expected to reflect the differences between the reactant and product states, and we shall
show that this indeed the case. In this equation the sum runs over all solvent molecules
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1 and atomic sites a. To confirm that the dynamics along the reaction coordiante is
activated we may compute the free energy as function of AE(R),

(98) W(AE) ~ —kTIn(§(AE(R) — AE))

where AF is a numerical value of AF(R). The free energy is displayed in Fig. 9 for a
67-molecule cluster. While the intrinsic potential for this model has a negligible barrier

7.0 : : : :
6.0 | < . s
S0 o N o
40 [ - % o

BW 5, g o
20F 3 gg E FR
VSR SR S A W
0.0 ﬁ%ﬁow&fg %°°§ 1

-6.0 -3.0 0.0 3.0 6.0
AE
Fig. 9. — Free energy along the polarization reaction coordinate for a 67-molecule molecular

cluster with molecular dipole moment p = 5.0D.

of =~ 0.2 kT, the free energy along AF has an =~ 4.0 kT barrier arising from solvent
polarization effects. For this symmetric reaction the transition state lies at AE = 0.
Consequently, we may define the progress variable for the reaction in terms of AE using
the Heaviside function:

(99) x(R) = 0(AE(R)) — (0(AE(R))) -

We assume that the proton is confined to the adiabatic ground state |0; R) during
the course of the proton transfer. At each molecular dynamics time step the protonic
Schrédinger equation h|0; R) = Eo(R)|0; R) is solved by expanding |0; R) is a basis of
Gaussian functions. [25] The positions and momenta of the classical bath and complex
particles evolve by Newton’s equations of motion:

(100) M;R; = —Vr,Eo(R).

The temporal variation of AE under this adiabatic dynamics is shown in Fig. 10. The
transitions between reactant and product configurations are clearly seen confirming the
utility of this reaction coordinate to monitor the course of the proton transfer process.
We may now use directly the formalism developed here to compute both the transi-
tion state theory approximation to the rate constant and the time-dependent transmission
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Fig. 10. — Solvent polarization (in units of 1072'C'/A) as a function of time for a 67-molecule
cluster.

coefficient. The transition state theory rate constant is given by the ¢t = 07 value of the
rate kernel,

(101) KT = (AB(R)O(AE(R))S(AE(R))) (xx) " -

This is an example of a many-body reaction coordinate where the position and mo-
mentum parts of the above average do not factor. Nevertheless, it is straightforward
to compute the TST rate constant and we find: k75T = 0.08 ps~! for the 67-molecule
cluster. The transmission coefficient is

(AE(R)S(AE(R))I(AE(R(t))))

(102) K(t) = . .
(AE(R)O(AE(R))I(AE(R)))

)

and it was computed using the constrained-reaction-coordinate ensemble: a holonomic
constraint was applied to the equations of motion to fix AE(R) = 0 at the transition
state. Configurations were drawn at intervals from this long constrained MD trajectory
and at each such point the constraint was released and the unconstrained dynamics was
followed for a short time interval. The transmission coefficient could be computed using
Eq. (102) when proper account of the bias introduced by the constraint was taken into
account. [14] The transmission coefficient is shown in Fig. 11. It decays to a plateau
value after a few picoseconds and the value of k(t*) & 0.4 can be read off this graph. The
transmission coefficient accounts for recrossings of the free energy barrier top of the sort
indicated schematically in Fig. 9. The full rate constant is thus k = kT5Tk(*) = 0.032
ps_l.
We close this subsection with a few remarks about the cluster proton transfer mecha-
nism. The solvation of the complex in the cluster, dependent on the cluster size, strongly
influences the mechansim. One may monitor the position of the complex relative to the
center of mass in the cluster in the course of a long reactive trajectory. For the model
system considered here the complex tends to reside on the surface of the cluster. For
small clusters (say 20-molecule clusters with approximately one solvent shell around the
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Fig. 11. — Transmission coefficient as a function of time for a 67-molecule cluster.

complex) frequent proton transfer events are correlated with excursions of the complex
into the interior of the cluster. For larger clusters (say the 67-molecule cluster chosen
for illustration here with approximately two solvent shells around the complex) there are
again frequent proton hops when the complex penetrates at least one solvent layer into
the cluster but, in addition, there are proton tranfers when the complex floats on the
cluster surface. In this case the proton transfer occurs by a “fishing bobbin” mechansim
schematically illustrated in Fig. 12. When the proton is in the reactant configuration,

-
IS
0 &

Fig. 12. — Cluster surface proton transfer mechanism. The orientation of the proton-ion complex
on the surface is correlated with the position of the proton in reactant or product states within
the complex.

tightly bound to the ion with solid shading, the other ion in the proton-ion complex
with no shading is strongly solvated. Thus the complex attains the surface configura-
tion shown in the figure. As a result of fluctuations the complex may assume surface
configurations where it lies parallel to the surface and has a more symmetrical solvation
structure. Proton transfer may occur and if it does the complex will flip its surface ori-
entation, like a fishing bobbin on the surface of a lake, as indicated in the figure. This
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is one example of some of the unusual mechanistic features one may observe in cluster
reactions.

5. — Mixed Quantum-Classical Systems: Nonadiabatic Dynamics

In nonadiabatic dynamics the system is no longer restricted to evolve on a single
potential energy surface and transitions among the different quantum eigenstates are
possible due to the existence of the coupling terms in Eq. (92). Most molecular dynamics
methods for treating the nonadiabatic case are based on surface hopping methods that
represent the mixed quantum-classical dynamics by an ensemble of trajectories where
the system makes hops among the various adiabatic states. [28, 29, 30, 31] While we
shall not present a derivation of surface hopping methods, we shall give a discussion of
some of the approximations that must be made in order to reduce the exact equations of
motion to a form where a surface hopping ansatz can be made. In the second part of this
section we use Tully’s surface hopping scheme [28] to treat the proton transfer dynamics
without restriction to a single adiabatic potential surface.

A central element in mixed quantum-classical dynamics is the reduced propagator,

(103) Kazal (Q27t”|Q17/) <O[2Q2|€ B )/h|a1Q1> )

written in the basis |aQ) = |«)|Q). This propagator gives the probability amplitude for
finding the quantum subsystem in the state as = (g|az) and the bath with coordinates Q2
at time t” given that the subsystem was in the quantum state o1 = (¢q|a;) and the bath
in @ at time t'. Pechukas [32] carried out a semi-classical analysis of this propagator.
In this analysis the reduced propagator is written as a path integral

Qa,t"

(104) Kovar (Q2.2"1Q1, ) = /Q DQuSRIT, (@],
1,t!
where the action is
t//
M .
(105) sl = [ a2,
t/

and the transition amplitude is Ty,a, [Q:] = (a2]ay(t"t")) where

(106) o (£ = T S @D 10y = T Q1) n) |

is the wavefunction at time t” found by evolution under U with condition a; at time
t’. The time ordering operator is T'. Pechukas assumed that the magitude of Ty,q, [Q4]
varies more slowly with @); than its phase and made a stationary phase approximation
to obtain

(107) K5C(Q, t"|Q1, 1) Z SolQUMT, Q) Nayer [Q4] 4

where Ng,q, [@:] is a normalization factor and the sum runs over all “classical” paths
that start at Q1 at time ¢’ and end at Q2 at time ¢’. (We have used the same symbol
Q) for these paths to avoid proliferation of notation.) These paths are found by solving
Pechukas’ equation of motion:

(108) MGy =~ ((aslr, 1) 90 ol (t. )/ (aalt.ten (1)
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This equation is difficult to solve since it is nonlocal, depending on the entire history
from ¢’ to ¢, and its solutions are not unique.

We are interested in computing the the rate kernel, Eq. (80), in the mixed quantum-
classical limit. Using the same basis as above, |aQ) = |a)|@), we may write this kernel
as,

(100)5 (1) = 511" [ dQ3 (x(QuK (@1, 101, OX(QuK(@a:1Q2,0)) p(Q2. Q1)

We have used the notation, Q = (Q1,Q2,Q3) and
(110) X (Q@1)]aras = Xara2(Q1) = (1 Q1|X[2@Q1)

while the matrix elements of the reduced propagator are

(111) [K(Qg,t”|Q1,tl)]a2a1 = KOtzOtl (Q27tn|Q17t1) .

The equilibrium density matrix is p(Q2, Q1).
Carrying out Pechukas’ stationary phase analysis, the semiclassical limit 7 — 0 of
the rate kernel can be evaluated to yield:

2
K@) = —%%/dQ Z Praw (@2, Q1) Xrop: (@Q3)Xv,y (Q1)
Y v

(112) x Y > exp [i(So[Qc] — So [Q))/R T4 [Qi) Ty [Qe] N3 [Q1] N [Qu]
Q Q

where v = (v1,72) and g = (p1, p2). Here, Q; and @Q; are “classical” paths from @
to Q3 and from @2 and Q3 respectively. Evaluating this rate kernel is difficult because
of a “root” search problem and a caustic problem. These difficulties can be avoided by
switching to the initial value formalism of Miller and Heller [33, 34]; however, this switch
does not eliminate the phase interference structure of the bath manifested by the factors
exp [iSo/h] N[Q:] [35]. This structure is responsible for classically forbidden dynamics
or tunneling behavior for the bath degrees of freedom.

In order to make the evaluation of the rate kernel more tractable, we make a deco-
herence approximation which states that the dominant contributions to the rate kernel
come from those paths Q; and @Q; which are close. (°) Given decoherence, we can replace
JdQ by [dQ3dQ. [. dAQ where AQ = Q1 — Q2. Here, € is a ball centred on 0 with
a small radius R.. Furthermore, we can replace the double sum over Q; and @Q; by a
double restricted sum over Q; and @y, the restriction being that Q; and @; should be
approximately the same. In addition to these replacements, the following approximations
can be made

exp [i (So[Q:] — So[Q1]) /7] N [Q}] Ny (@] =

3N
(%) exp [—iMQl . AQ/TL:|
—1/2 —1/2

(113) o | [29:(@1,Q0) 9Q3(Q1, Q1)
an ~ an M

(6) The justification for such an approximation has been argued also on the basis of a stationary phase
approximation of the kernel [29]
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(114) T3 [QU Ty [Q¢] ~ Ty [Qe] Ty [Q4] -

Two complications arise. First, for a given pair (7, p) no paths Q; and Q; may exist which
are approximately the same. Second, the Jacobi matrices (0Q:/ 8@1)7 and (0Q./0Q1) m
satisfy two different Jacobi (Pechukas) equations: one characterized by the ~ states, the
other by the u states. However, both these equations will be functionals of the same path
Q; = (@¢. As a result, these matrices will not be the same. To resolve these problems,
a zero back reaction approximation has been used [29] which assumes that the motion
of the classical bath is insensitive to the perturbations resulting from the state changes
of the quantum subsystem. Within this approximation, the two Jacobi matrices become
the same and one is guaranteed to find a pair of close paths @; and Q; for any pair
(v, ). Therefore, the product of the Jacobian determinants in Eq. (113) becomes
approximately

-1

(115) (aQsé%th))
! v

Collecting together these replacements and approximations, the rate kernel becomes

3N
KQC(tN) = _% <%> S/dQldQl Z Z

Yy Q
< [ aA@ exp [i0Q1 - AQ/H] Qi + 5Q.Q)
(116) XT QU Tha Q1] o (Qu Do (Q1)

Using the Jacobian in Eq. (115), we have transformed the integral over @3 in Eq.
(112) into an integral over @, thereby eliminating the “root” search. The path Q, is
got by solving Pechukas equations with either ~ or p states. The sum over ) arises
because the solution to this Pechukas equation subject to (Q1, Ql) is nonunique. The
high temperature approximation to the canonical density matrix p,,, is

3N

(117) (35) 0 [—%(AQ)Z} xb [~ B3 (Q1)] o

If the temperature is high enough that R. > (24°3/M)/2, then we can replace [ d(AQ)
within Eq. (116) by [ d(AQ), an integral over all AQ. Evaluating this integral, we obtain
the mixed quantum-classical rate kernel

3N
Kooy = -2 (o5) o [aad ¥ @i
T
(118) XT3y [Qe] Ty [Qt] Xyapur (Qt ) Xpizs (Q1)
where
o B(MQ1/2+ B, (Q))]
EufdQ1dQ1e[7ﬁ(MQ%/2+E“(Q1))] '

Note that in this high temperature limit all coherence in the initial density matrix is lost.

(119) P”(Qlan) =
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While the zero back reaction approximation is generally not valid, within the context
of the Pechukas equation, it is needed in order to reduce the rate kernel to a more tractable
form. In Ref. [35] a variant of the Pechukas stationary phase analysis is presented which
overcomes the problems described above without resorting to this approximation.

5'1. Nonadiabatic proton transfer. — The above discussion provided some insight into
the approximations needed to reduce the rate kernel expression to a quantum-classical
form. However, in order to obtain a computationally tractable scheme, further approxi-
mations are needed. We shall not discuss the reduction of Eq. (118) to an average over
surface-hopping trajectories. Instead, we simply use Tully’s surface hopping method [28]
to investigate nonadiabatic contributions to the proton transfer rate and mechanism. In
this method an ensemble of trajectories is considered. For each member of the ensemble
the time-dependent Schrodinger equation

I R(0), 1

(120) .

= h(R())|%; R(t), 1) ,
is solved by expanding in the instantaneous adiabatic eigenstates,
(121) U5 R(1),1) = Y calt)las R(1),1)

yielding the evolution equation for the coefficients

(122) in ) (B, B)Ca(t) ~ i1 4 daas Cur()

where dyo and E, have been defined previously and

(123) Ca(t) = calt) exp (z /0 t dt’EO(R(t'))/h> .

The classical degrees of freedom evolve by Newton’s equation of motion subject to
Hellmann-Feynman forces during each molecular dynamics time step A that depend
on instantaneous adiabatic eigenstates. In this algorithm the probability of a hop from
state o to o is given by

(124) Waa! = ’Vaa’e(’yaa’) )
where

-2 *, (t+ A)P/M) - dyer A
(125) Yao! = Riparallt + A)(E/M) ).

Pac (t + A)

This algorithm was implemented to study the cluster proton transfer reaction and
the details of the simulation method can be found in Ref. [25]. However, in the results
presented here the adiabatic wave functions were expanded in a set of 99 hat functions
instead of the Gaussian basis used in our earlier studies [25].

The analysis of the nonadiabatic dynamics data employed six trajectories of dura-
tion 3 ns. The solvent polarization AE(R), shown in Fig. 13 as a function of time in the
course of a nonadiabatic reactive trajectory, signals transitions between the reactant and
product states. The expectation value of the position of the proton z”(t) = (n; R(t),t |

P
q | n; R(t),t) (Fig. 13 b) shows similar transitions. However, in the upper panel of this
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Fig. 13. — (a) Protonic state, (b) expectation value of the position of the proton z, and (c)
solvent polarization (in units of 1072!C'/A) as a function of time for a 67-molecule cluster.

figure we show the protonic state determined by the stochastic algorithm used to compute
the Hellmann-Feynman forces for the classical particles. We observe that nonadiabatic
transitions frequently occur when there is passage from reactant to product states or vice
versa: there is significant breakdown of the adiabatic model. Such breakdown might be
anticipated since the transition state configurations correspond to more nearly symmetri-
cal solvation of the proton ion complex and one expects that the separation between the
lowest adiabatic states will be smallest in this region. The three lowest adiabatic energies
for a short time interval close to the transition state regime are shown in Fig. 14. The
black dots denote the path of the proton in the proton state space. The three lowest
eigenvalues show similar time variations. Proton hops between the different states occur
by jump transitions when the difference between the energy states is close to 1-2 kT. In
this regime there is strong mixing of the C, (t) coefficients. The nonadiabatic transitions
have consequences for the mechanism and rate of the reaction. In Fig. 15 the densities
of the wavefunctions for the three lowest eigenstates are plotted at a point in time where
the proton hops from state 1 to state 2. When the proton is found in an excited state,
the proton density is more diffuse and as a result the Hellmann-Feynman forces lead
to more symmetric solvent configurations which favour the transition state. Since the
system tends to be found in the vicinity of the transition state when the proton is in
an excited state, the number of hops and the proton recrossing attempts increase which
alter the adiabatic dynamics transition state estimate of the rate and the transmission
coefficient. The rate constant for the reaction was computed directly by counting the
number of proton transfers in the nonadiabatic dynamics trajectories and is estimated to
be k = 0.011ps~!. The dynamics for this model is dominated by the ground state. Since
the adiabatic dynamics holds for the 90 percent of the time the changes in the rate due
to surface hopping are not expected to be significant. Nonadiabatic dynamics can lead
to a competition of effects: when the proton is found in an excited state the transition
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Fig. 14. — Instantaneous protonic adiabatic eigenstates as a function of time.
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state theory estimate of the rate is larger than when it is in the ground state; however,

there is an increased number of recrossings of the transition state leading to a reduction
of the transmission coefficient.

6. — Conclusions

Our ability to compute rate constants for activated processes remains at an early
stage of development in spite of considerable recent progress in this area. For classical
(and quantum) systems the formulation relies on the choice of species variables. While
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the formal properties that such variables must satisfy are known, their forms are neither
unique nor easy to specify in complex systems. When deviations from transition state
theory are large the break-up of the rate constant expression into a transition state theory
part and a transmission coefficient may not lead to an efficient computational algorithm.

For classical mechanical systems in the linear response regime, the dynamics and the
rate formalism are well defined. The mixed quantum-classical regime, which provides the
most promise for simulations of condensed phase rate processes with quantum character,
has the least well-developed formalism. Not only do subtle questions about the nature of
the dynamics remain, but efficient algorithms for simulating rare activated process need
to be developed. The theory of rate processes will continue to be a challenging topic for
some time.
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