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Mesoscopic model for solvent dynamics
Anatoly Malevanets
Department of Physics, Theoretical Physics, Oxford University, 1 Keble Road, Oxford OX1 3NP, England

Raymond Kapral
Chemical Physics Theory Group, Department of Chemistry, University of Toronto, Toronto M5S 3H6,
Canada

~Received 18 November 1998; accepted 1 February 1999!

Complex fluids such as polymers in solution or multispecies reacting systems in fluid flows often
can be studied only by employing a simplified description of the solvent motions. A stochastic
model utilizing a synchronous, discrete-time dynamics with continuous velocities and local
multiparticle collisions is developed for this purpose. An H theorem is established for the model and
the hydrodynamic equations and transport coefficients are derived. The results of simulations are
presented which verify the properties of the model and demonstrate its utility as a hydrodynamics
medium for the study of complex fluids. ©1999 American Institute of Physics.
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I. INTRODUCTION

The investigation of the dynamics of complex fluids is
challenging task. In complex chemically reacting syste
many chemical species dissolved in a solvent may unde
sequences of reactions leading to oscillations or chem
patterns.1 The reactive dynamics may depend on the solv
motions since the fluid flow fields influence the nature of
mixing of the species. Specific instabilities have been
cribed to flow effects, such as differential-flow-induce
chemical instabilities.2 Reactions in porous media constitu
another example. Here one is interested in how a flow fi
in a complicated medium influences the reactions that m
themselves change the nature of the medium, for insta
through dissolution reactions.3 Similar considerations apply
to the study of rheological properties of colloidal suspe
sions or polymers in solution.4 An especially important clas
of problems concerns the conformational dynamics
biopolymers such as proteins in solution.5

All of the above examples, and others like them, sh
the feature that one is interested in the detailed microsc
dynamics of some degrees of freedom of the system inter
ing with a solvent whose dynamics is essential for the p
nomena but whose detailed properties are not of interest.
systems are sufficiently complex that a full molecular d
namics~MD! simulation of the system plus solvent is impo
sible. Furthermore, the dynamics of interest often occurs
long time scales and over long distances; for example,
relaxation times for large polymers can be very long and
distance scales for many chemical pattern forming proce
range from mesoscopic to macroscopic scales.

In such circumstances one is led to consider mesosc
models for the solvent dynamics that incorporate the es
tial dynamical properties, yet are simple enough to be sim
lated for long times and on long distance scales.6 These me-
soscopic models must not only faithfully reproduce the m
dynamical features of the solvent but must also be mic
scopic in character to permit coupling between microsco
8600021-9606/99/110(17)/8605/9/$15.00
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degrees of freedom, whose dynamics are of interest, and
solvent. For instance, one must be able to couple the mo
mer units of a polymer to the solvent or the reactive co
sions between molecules to the flow of the solvent resp
sible for their mixing.

A variety of mesoscopic models have been construc
for this purpose ranging from Langevin models that ha
been employed as simple ‘‘heat baths’’ in MD studies
biomolecule dynamics,7 to schemes such as Direct Simul
tion Monte Carlo ~DSMC! methods,8 lattice Boltzmann
methods,9 and extensions of hydrodynamic lattice gas a
tomaton models.10

In this paper we present a mesoscopic model for sim
lating a fluid that has the desirable features mentioned ab
The fluid is modeled by ‘‘particles’’ whose positions an
velocities are treated as continuous variables. The syste
coarse grained onto the cells of a regular lattice and ther
no restriction on the number of particles that may reside i
cell. The dynamics is carried out synchronously at discr
time steps. Particle streaming is treated exactly while
cells are the collision volumes for a multiparticle collisio
dynamics that differs from that of DSMC schemes. The d
namics satisfies the mass, momentum and energy cons
tion laws and we shall show it yields the correct hydrod
namic equations. Since it is a particle model, collision
coupling to other microscopic degrees of freedom is ea
incorporated and its application to complex system geo
etries is straightforward.

The outline of the paper is as follows. Section II d
scribes the streaming and multiparticle collision dynam
that forms the basis of the mesoscale description of the
tem. The Boltzmann approximation to the full dynamics
considered in Sec. III; a Boltzmann-type kinetic equation
derived, an H theorem for the evolution is proved and
Chapman–Enskog expansion is used to derive the Nav
Stokes equations and determine the transport coefficients
a particular collision model. In Sec. IV simulations are ca
ried out to confirm the utility of the model. The velocit
5 © 1999 American Institute of Physics
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distribution is shown to be Maxwellian and the hydrod
namic flow patterns for flow past a disk are examined. T
conclusions of the study are presented in Sec. V.

II. STREAMING AND MULTIPARTICLE COLLISION
DYNAMICS

The system we study consists ofN particles of unit mass
with position xi and velocityvi coordinates,i 51,2,. . . ,N.
The evolution through a unit time interval is given by su
cessive application of streaming and collision steps. Dur
the streaming step the particle positions change in the s
dard way,11

xi→xi1vi , ~1!

while in the collision step particle velocities transform a
cording to

vi→V1v̂@vi2V#, ~2!

where v̂ is a random rotation from a setV and V is the
average velocity of the colliding particles. In this multipa
ticle collision event, the velocity vector of particlei, relative
to the mean velocityV, is rotated by a randomly chose
rotation operator to give the post-collision value of the v
locity. We shall show below that the mass, momentum a
energy collision invariants are preserved under this multip
ticle collision dynamics.

We imagine coarse graining the system into Wigne
Seitz cells centered on the nodes of a regular latticeL. For a
cubic lattice the Wigner-Seitz cellV is defined byux2ju
,1/2, where we introduce the normuxu5max(xx ,xy ,xz) and
j denotes a lattice coordinate. These cells define the colli
volumes for the multiparticle collision dynamics. The col
sions are simultaneously performed on all particles in
Wigner–Seitz cell with the same rotationv̂, but v̂ may dif-
fer from cell to cell.

The evolution governed by Eqs.~1! and~2! may be writ-
ten in the form of a Liouville equation for the probabilit
density,

P~V~N!,X~N!1V~N!,t11!5CP~V~N!,X~N!,t !, ~3!

where

CP~V~N!,X~N!,t !5
1

iViL (
VL

E dV̆~N!P~V̆~N!,X~N!,t !

3)
i 51

N

d~vi2Vj2v̂j@ v̆i2Vj# !, ~4!

where X(N)5(x1 ,x2 , . . . ,xN), VN5(v1 ,v2 , . . . ,vN), V̆(N)

5( v̆1 ,v̆2 , . . . ,v̆N) and, L5iLi is the number of lattice
nodes.

The evolution described by Eqs.~1! and ~2! preserves
total energy and momentum of the particles in each cell
can be seen from the identities,

(
i uxPV

vi5 (
i uxPV

~V1v̂@vi2V# !

and
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i uxPV

ivi i25 (
i uxPV

iV1v̂@vi2V#i2. ~5!

We note that the elementary measuredG5)dxidvi is
invariant with respect to streaming and collision transform
tions. For the~deterministic! streaming operator it follows
from the identity,

JacobianS ]xi~ t11!

]xi~ t ! D51, ~6!

and for the collision transformation it results from the sem
detailed balance condition and phase space volume con
vation during rotations,

)
i

dvi5 (
v̂,V̆~N!uv̂~V̆~N!!5VN

p(v̂uV̆~N!))
i

dv̆i

5)
i

dvi (
v̂,V̆~N!uv̂~V̆~N!!5VN

p~v̂uV̆~N!!, ~7!

which is valid if the choice of the rotations is independent
velocities. Herep(v̂uV̆(N)) is the conditional probability of
the rotationv̂ givenV̆(N). In the above equationvi andv̆i are
the post- and precollision velocities, respectively. Assum
the validity of the ergodic hypothesis, which is supported
the results of numerical simulations, we conclude that
stationary distribution is given by the microcanonical e
semble expression,

P~V~N!,X~N!!5AdS b

2N (
i 51

N

ivi i22
d

2D
3dS (

i 51

N

@vi2u# D , ~8!

whereu is the mean velocity of the system. After integratio
over the coordinates and velocities of particles withi
52, . . . ,N we arrive in the limit of largeN at the Maxwell
distribution,

Pm~v1 ,x1!5
1

V S b

2p D d/2

exp~2biv12ui2/2!, ~9!

where b5 (1/kBT) , V is the system volume andd is the
dimension. Although the correct distribution results from t
semidetailed balance condition, the computation of the tra
port coefficients is greatly simplified if we impose detaile
balance conditions on the collision operator. In the curr
context this is tantamount toV5V21.

III. BOLTZMANN APPROXIMATION

In Sec. II we found that the stationary distribution for th
one-particle velocity distribution was Maxwellian. In orde
to study the relaxation to equilibrium we assume that th
are no correlations among the colliding particles in Eq.~3!.
In this case the probability distribution P is a product
identical one-particle probability distributions,

P~V~N!,X~N!,t !5)
i 51

N

P1~vi ,xi ,t !. ~10!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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In order to derive the Boltzmann equation we multip
Eq. ~3! by ( id(v2vi)d(x2xi) and subsequently integrat
over vi andxi , wherei 51, . . . ,N. Focusing onx in cell j
and accounting for all possible ways of assigningn particles
to the cell, we obtain

C( f (t))5 (
n51

N S N
n D F E )

i 5n11

N

dxidv̆i P1( v̆i ,xi ,t)

3(u(uxi2ju21/2)G3E
V n

dV̆~n!dX~n!

3F)
i 51

n

dxidv̆i P1~ v̆i ,xi ,t !GD(v,V̆~n!), ~11!

where

D~v,V̆~n!!5
1

iVi (
i ,v̂PV

d~v2V1v̂@V2 v̆i # !d~x2xi !.

~12!

In writing this equation we have used the fact that we m
expressP1(vi ,xi ,t) as the sum of two terms,

P1~vi ,xi ,t !5P1~vi ,xi ,t !~u~ uxi2ju21/2!

1u~1/22uxi2ju!!, ~13!

whereu is the Heaviside function. Particles with coordinat
outside the cell do not contribute to the collision term a
this is accounted for by the Heaviside function in the fi
factor of Eq.~11!. We use the fact that the prefactor in E
~11! may be written as

E •••E )
i 5n11

N

dxidv̆i P1( v̆i ,xi ,t)(u(uxi2ju21/2)

5F E dxidv̆i P1( v̆i ,xi ,t)(u(uxi2ju21/2)GN2n

5S 12
rj

N D N2n

, ~14!

whererj is the total particle number density in the Wigne
Seitz cell j. In the large N limit we have (n

N)(1
2 (rj /N))N2n' (Nn/n!) e2rj. Incorporating the factor ofN
into the definition f(v,x,t)5NP1(v,x,t), we obtain the Bolt-
zmann equation,

f ~v,x1v,t11!5C~ f ~ t !!, ~15!

where

C~ f ~ t !!5 (
n51

`
e2rj

n! E
V n

dV̆~n!dX~n!F~V̆~n!,Xn,t !D~v,V̆~n!!,

~16!

and we have defined

F~V̆~n!,X~n!,t !5)
i 51

n

f ~ v̆i ,xi ,t !. ~17!

The prefactor in Eq.~16! shows that the cell particle numbe
is Poisson distributed.
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Equation~15! preserves expectation values of integra
of motion such as the density, momentum and energy.
noting these quantities byJ 1(v)51, J 2(v)5v, andJ 3(v)
5 1

2ivi2, respectively, we have

E dvdxJ a~v! f ~v,x,t11!

5E dvdxJ a~v!C~ f ~ t !!

5 (
i ,j,n51

`
e2rj

n! E
V n

dV̆~n!dX~n!J a~ v̆i !F~V̆~n!,X~n!,t !

5E dvdxJ a~v! f ~v,x,t !, ~18!

where we used the following identities:

(
i

15(
i

1, ~19a!

(
i

~V2v̂@V2 v̆i # !5(
i

v̆i , ~19b!

(
i

iV2v̂@V2 v̆i #i25(
i

i v̆i i2, ~19c!

for the density, momentum, and energy conservation la
respectively.

A. H theorem

The evolution Eq.~3! involves a multiparticle collision
term and it not immediately clear that an H theorem exis

We define the H functional in terms of the reduced on
particle distribution function,

H~ t !5E dvdxf ~v,x,t !ln f ~v,x,t !

5 (
j,nPN

e2rj

n! E
V n

dV~n!dX~n!)
i 51

n

f ~vi ,xi ,t !ln

3)
i 51

n

f ~vi ,xi ,t !, ~20!

where the second equality arises from the representatio
the system in terms of phase space cells and makes use o
resolution of identity 15(n>0 (e2xxn/n!). In the Appendix
we show thatH(t) decreases on each evolution step so t

H~ t !>E dv̆dxf ~ v̆,x,t11!ln f ~ v̆,x,t11!. ~21!

For the fixed momentum and energy expectation val
the Maxwell distribution,

f m5
N

V S 1

2pkBTD d/2

e2
iv2ui2

2kBT , ~22!

provides a lower bound to the H functional. This follow
from the identity,
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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E dxdvf ~v,x!ln f m~v!5E dxdvf m~v!ln f m~v!, ~23!

and the inequality,

E dxdvf ~v,x!ln
f ~v,x!

f m~v!

5NE dxdv
f m~v!

N

f ~v,x!

f m~v!
ln

f ~v,x!

f m~v!
>0. ~24!

Equations~18! show that the expectation values of the de
sity, momentum and energy are conserved during evolu
under the Boltzmann equation; thus, completing the proo
the H theorem.

B. Chapman–Enskog asymptotic expansion

We derive hydrodynamical equations by using an exp
sion of the reduced probability distribution in slowly varyin
density fields. This Chapman–Enskog procedure12,13is based
on the assumption that any relevant functional can be
panded into a series of partial derivatives of the conser
fields. After scalingx→«x and t→«t the expansion is or-
dered in powers of«.

We rewrite Eq.~15! in terms of the average cell prob
ability distribution f̄ and averaged collision operatorC̄,

f̄ ~v,j,t !5E
ux2ju,1/2

dxf ~v,x,t !, ~25!

C̄~ f̄ !5E
ux2ju,1/2

dxC~ f !. ~26!

If f is a smooth function the following relation holds

E
ux2ju,1/2

dxe] t1v•¹ f ~v,x,t !5e] t1v•¹j f̄ ~v,j,t !, ~27!

and the evolution of the averaged cell probability distributi
is described by a Galilean invariant, spherically isotro
equation

e] t1v•¹j f̄ 5 C̄~ f̄ !. ~28!

It is further assumed that the reduced probability dis
bution functionf̄ is defined by the instantaneous spatial d
tribution of local collision invariantsJ a,

f̄ ~v,j,t !5 f̄ ~v,r~j,t !!5 (
n>0

«nf̄ n~v,r~j,t !!. ~29!

The density of a local collision invariant is given by th
average value

r~j,t !5E dvJ f̄ ~j,v,t !5^J f̄ ~j,v,t !& , ~30!

and to ensure uniqueness an additional requirement is
posed,

^J a f̄ n~j,v,t !&50 for all a and n.0, ~31!

whereJ is the set of the density, momentum, and ene
dynamical variables introduced earlier.
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Time evolution of a functional of the conserved quan
ties is governed by an operator given as an expansion in
small parameter«,

]

]t
5 (

n>0
«nDn , ~32!

and the gradient term in Eq.~28! is scaled by«. The expan-
sion of the collision operator in a series in« is written for-
mally as

C̄~ f̄ !5 (
n>0

«nC̄n~ f̄ !. ~33!

To ensure the identitŷJC̄( f̄ )&5^J f̄ & we constrain the av-
erage of each term of the series by^JC̄n( f̄ )&5^J f̄ n&.

By expanding the evolution Eq.~28! in powers of« we
arrive at the following set of equations:

C̄0~ f̄ !5 C̄~ f̄ 0!5 f̄ 0 , ~34a!

C̄1~ f̄ !5 f̄ 11@D01v•¹j# f̄ 0 , ~34b!

C̄2~ f̄ !5 f̄ 21D1 f̄ 01@D01v•¹j# f̄ 11 1
2 @D01v•¹j#

2 f̄ 0 .

~34c!
The solution of Eq.~34a! yields a local Maxwellian dis-

tribution,

f̄ 05rS 1

2pkBTD d/2

e2 ~ iv2ui2/2kBT!. ~35!

The average of the local collision invariants overv com-
mutes with the operatorDi so that integration of Eq.~34b!
yields

D 0ra52¹j•^J av f̄ 0&. ~36!

The average of Eq.~34c! gives the second order correc
tion to the Euler equations,

D 1ra52 1
2 ^J a@D01¹j•v#~ f̄ 11 C̄1~ f̄ !!&,

and after transformations~Euler equations are dissipation
less!,

D 1ra52 1
2¹j•^J av~ f̄ 11 C̄1~ f̄ !!&, ~37!

where we used the conditions on^J a f̄ 1& and ^J aC̄1( f̄ )&.

C. Navier–Stokes equation

In this section we apply general formulas~34a!–~34c! to
a specific collision model. Regardless of the collision mod
the equation for the zeroth expansion term has the same
and constitutes the Euler equations of compressible fl
Evaluation of the averages in Eq.~36! yields the following
results for the evolution of the conserved quantities:

] tr1¹brub50,

] trua1¹brubua1kB¹arT50, ~38!

] t@
1
2 riui21CvrT#1¹brub@ 1

2 riui21CprT#50,

whereCv5dkB/2 andCp5Cv1kB . The subscriptsa andb
refer to the Cartesian coordinates and the Einstein sum
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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tion convention is used. We have dropped the subscriptj to
avoid proliferation of notation. Algebraic manipulation
transform the above system into a set of evolution equat
for r,v, and T,

] tr1¹brub50 , ~39a!

] tua1ub¹bua1
kB

r
¹arT50 , ~39b!

Cv@] tT1ub¹bT#1kBT¹bub50 . ~39c!

With the use of Eqs.~39a!–~39c! we rewrite Eq.~34b! in the
following form:

C̄1~ f̄ !2 f̄ 15 f̄ 0S ] log~ f̄ 0!

]r
@¹bvbr2¹bubr#1

] log~ f̄ 0!

]ub

3F¹avaub2ua¹aub2
kB

r
¹brTG

1
] log~ f̄ 0!

]T
F¹bvbT2ub¹bT2

kB

Cv
T¹bubG D .

We substitute the explicit form off̄ 0 given by Eq.~35! and,
after algebraic transformation, arrive at the following equ
tion:

C̄1~ f̄ !2 f̄ 15 f̄ 0S F ici2

2kBT
2

Cp

kB
Gcb¹b logT

1
1

kBT Fcbca2
1

d
ici2dbaG¹aubD , ~40!

wherec5v2u.
We define the functionh1 by the relationh1 f̄ 05 f̄ 1. The

collision operatorC̄1 has the following form:

C̄1~ f̄ !~v!5 (
n51

`
rn

n!
e2rE dVn(

j 51

n

d~v2vj !E dV̆~n!R~n!

3~V~n!,V̆~n!!Pm~V̆~n!!(
i 51

n

h1~ v̆i !, ~41!

whereR(n) is defined by Eq.~A2!. Using the invariance of
the Maxwell distribution with respect to the collision tran
formation we obtain the following relation:

C̄1~ f̄ !~v!5 (
vPV,n51

`
rn

uVun!
e2rE dV~n!

3(
j 51

n

d~v2vj !Pm~V~n!!(
i 51

n

h1~ v̆i !, ~42!

wherev̆i5V1v̂@vi2V#.
Equations~42! and~40! constitute a linear integral equa

tion for h1, which can be split into two equations, one th
involves terms¹ logT and the other that depends on gra
ents of velocity fields.

Explicit calculations for two dimensions. For d52 and
V5$p/2,2p/2% we may show that the functions,
Downloaded 20 Mar 2002 to 142.150.225.29. Redistribution subject to A
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s15Fcacb2
1

d
ici2dabG and s25F ici2

2T
2CpGca ,

are eigenfunctions of the collision operator and through th
eigenvalues we evaluate values of the viscosity and ther
conductivity coefficients, respectively.

Considers1. Using Galilean invariance of the Boltz
mann equation, without loss of generality we can choos
stationary frame withu50. In this casec5v and write

1

uVu (
v̂,i 51

n

h1~ v̆i !5
1

uVu (
v̂,i 51

n FVaVb2v̂Vuav̂Vub

1v̂vi uav̂vi ub2
1

2
ivi i2dabG . ~43!

By using the relationsv̂vuxv̂vuy52vxvy and (v̂vux)
2

5(vy)
2 valid for v̂56p/2 we arrive at the following equa

tion:

1

uVu (
v̂,i 51

n

h1~ v̆i !5(
i 51

n F2VaVb2iVi2dab

2S viavib2
1

2
ivi i2dabD G . ~44!

We note that the cross terms with different particle indei
vanish upon integration so that we have the following e
pression for the eigenvalue problem:

C̄1~s1 f̄ 0!5s1 f̄ 0(
n51

`
rn21

n!
e2r~22n!

5
2~12e2r2r!

r
s1 f̄ 0[r hs1 f̄ 0. ~45!

An analogous calculation fors2 yields,

C̄1~s2 f̄ 0!5
e2r21

r
s2 f̄ 0[r ls2 f̄ 0. ~46!

Using these results in Eq.~37! we may compute the
shear viscosity and thermal conductivity coefficients in ter
of the damping factorsr h and r l as,

h5rkBT
11r h

2~12r h!
5rkBT

12e2r

2~e2r211r!
, ~47!

and

l5rkBT
11r l

12r l
5rkBT

r211e2r

11r2e2r
. ~48!

Evaluation of the averages in Eq.~37! yields the follow-
ing expressions for the second order terms in the Chapm
Enskog expansion:

D1r50, ~49!

D1rub52¹apba , ~50!

D1@ 1
2 riui21CvrT#52¹buapba2¹bqb , ~51!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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wherel is thermal conductivity coefficient and the irrever
ible contribution to the pressure tensor and the heat flux
given by the following expressions:

pba52h~¹bua1¹aub2 1
2 dba¹gug!, ~52!

qb52l¹bT. ~53!

In the r,u,T set of variables the resulting hydrodynam
equations have the following standard form:

] tr1¹brub50 , ~54a!

] tua1ub¹bua1
1

r
¹arT52

1

r
¹apba , ~54b!

Cv@] tT1ub¹bT#1kBT¹bub52
1

r
pba¹aub2

1

r
¹bqb .

~54c!

Similar calculations can be carried for other collisio
model. For example, in three dimensions, averaging the
of all random rotationsV yields,

1

uVu (
v̂,i 51

n

h1~ v̆i !5(
i 51

n FVaVb2
1

3
iVi2dabG , ~55!

where we used the fact that (1/uVu) (v̂v̂vuav̂vub
5 1

3ivi2dab for the set of random rotations.
Combining Eqs.~55! and~42! we arrive at the following

expressions for the damping factorr h and viscosity coeffi-
cient:

r h5
12er

r
, ~56!

h5rkBT
r112e2r

2~e2r211r!
. ~57!

IV. SIMULATIONS OF HYDRODYNAMIC FLOWS

In this section we present results of simulations imp
menting an algorithm based on the present model. The si
lations validate the assumptions used in the derivation
hydrodynamic equations and show that the model corre
reproduces fluid flow behavior. Simulations have also b
performed to determine the equilibrium velocity distributio
and the rate of relaxation to the equilibrium~see Fig. 1!.

The nature of the viscous dissipation was determined
simulating flow in the rectangular domain of widthL530,
densityr510 and temperaturekBT51.0. In they-direction
we impose bounce-back boundary conditions and the flo
driven by assigning Maxwell-distributed velocities with pr
file ux(y)51.2(L2y)y/L2 to particles in the regionx,5.
The results are presented in Fig. 2 and show that the pr
is quadratic to a good approximation. The small deviatio
are due to energy dissipation along the channel and the
ference between local equilibrium distribution and the s
tionary distribution in the Poiseuille flow.

The model also reproduces hydrodynamic flows
larger scales. In Fig. 3 we present the results of simulati
of flow past a disk. The system size is 3603120 and the disk
diameter 2a532. The flow is induced by assignin
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Maxwell-distributed velocities with temperatureT51 and
velocity ux50.5 to particles in the regionx,8. Periodic
boundary conditions are imposed iny direction. For particle
densityr510.0, the kinematic viscosity coefficient~47! is
n50.055 and the corresponding Reynolds number
52aux /n5288.

The flow was sampled on a set of predefined points
averaging velocities of nearby particles with weights 1/(r 4

1100), wherer is the distance between a test point and
particle. After a transient time a flow is established at sh
distances from the object; however, a flow tail grows inde
nitely until it occupies the entire system length. In expe
ments on fluid flows for these values of the Reynolds num
the existence of von Karman streets is documented14 ~see
Fig. 4.12.6 of Batchelor!. The density of the fluid is nearly
uniform and velocity randomization at the boundary elim
nates the feedback due to the periodic boundary condition
the system.

As another illustration of the method in Fig. 4 w
present the results of simulations of the stages in the de
opment of the boundary layer at the rear of a disk sudde
set in motion. The system size is 4003400 and the disk
diameter 2a5100. The flow velocity atx50, the density of
the system and the Reynolds number areux50.4, r520.0,

FIG. 1. Velocity distribution: Maxwell velocity distribution~solid line!;
histogram ofvx distribution computed in simulation (x-step line!.

FIG. 2. Poiseuille flow profile: The solid line is a quadratic fit to the com
puted velocity distribution~triangles!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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and Re51520, respectively. The system setup is the sam
in the simulations of von Karman streets. The initially sym
metric flow separates from the disk and a backflow at the
far end of the disk develops. At the contact line between
normal flow and the oppositely-directed backflow, a syst
of vortices appears which later expands into the full-sc
boundary layer~cf. Fig. 5.9.3. in Ref. 14!.

V. CONCLUSION

The multiparticle-collision stochastic model combin
advantageous features of both Direct Simulation Mo
Carlo and lattice gas methods for simulations of fluid flow
It differs from DSMC and its variants in the nature of th
collision rule. In DSMC collisions in a cell are carried o
sequentially on randomly chosen pairs of particles in the c
This rule leads to exponentially distributed collision time
and the possibility of multiple collisions involving the sam
particle affects the efficiency of the algorithm. In general,
allowing only pairwise collisions DSMC imposes a hig
lower bound on the accessible values of the kinematic
cosity coefficient, which may be important if higher Re
nolds number flows are desired. Since it is a particle-ba
scheme the multiparticle-collision model does not suf
from numerical instabilities. The velocity distribution
Maxwellian and the hydrodynamic equations are isotropi

Because of these features it can serve as mesosc
model for solvent dynamics which can be coupled to a
molecular dynamics treatment of solute degrees of freed
The examples of simulations of fluid flow around large o

FIG. 3. Vortex shedding in a stationary flow past circular cylinder. The d
line segments represent tangents to the velocity field at their median p
The length of a segment is proportional to the magnitude of the velocit
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jects presented in Sec. IV are relevant for studies of
interactions among large colloidal particles in solution. T
method has also been used to study the coupling am
small ‘‘effective’’ monomer units in a polymer through so
vent dynamics.15 This is an example of the coupling of th
full molecular dynamics of a polymer chain to the mesosc
dynamics of the solvent. Consequently one may study
validity of existing polymer models and the influence of flu
flow on polymer conformational dynamics. The collisio
model is easily extended to treat more complex situati
such as the inclusion of interactions that give rise to ph
segregation or reactive hydrodynamic flows. To simulate t
effect the motion of a small number of complex solute m
ecules is coupled to the solvent through interaction potent
that affect motion of the ideal particles during the stream
step while preserving the integrals of motion and the ph
space volume. The model also may be used to probe
dynamics on mesoscopic length scales where fluctuat
may play a role in determining the character of the pheno
ena.

The emphasis in this paper was both on the formulat
of the multiparticle collision model and the development
its theoretical underpinnings, namely, the existence of an
theorem and the derivation of hydrodynamic equations. T
simulations have served to verify the theoretical predictio
and demonstrate that the model can be used to simulate
flows for applications to the dynamics of complex fluids.

FIG. 4. Development of the boundary layer in flow past disk set in moti

k
nt.
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APPENDIX: PROOF OF H-THEOREM

In this Appendix we show thatH(t) defined in Eq.~21!
decreases on each evolution step. The proof of
H-theorem relies on the following convexity inequality:

(
s

A~s!B~s!ln B~s!>S (
s

A~s!B~s! D lnS (
s

A~s!B~s! D ,

~A1!

whereA is normalized by(sA(s)51.
Introducing the quantityR(n) defined as

R~n!~V~n!,V̆~n!!5
1

iVi (
v̂PV

)
i 51

n

d~vi2V1v̂@V2 v̆i # !,

~A2!

whose integral overV̆(n) is unity, we may rewrite Eq.~20! as

H~ t !5 (
j,nPN

e2rj

n! E
V n

dV~n!dX~n!)
i 51

n

f ~vi ,xi ,t !

3 ln)
i 51

n

f ~vi ,xi ,t !E dV̆~n!R~n!~Vn,V̆~n!!. ~A3!

In each term in the above sum we exchange the order of
V̆(n) and V(n) integrations. Use of the convexity inequali
~A1! leads to the following relation:

E dV~n!R~n!~V~n!,V̆~n!!)
i 51

n

f ~vi ,xi ,t !ln )
i 51

n

f ~vi ,xi ,t !

> f̃ ~n!~V̆~n!,X~n!,t !ln f̃ ~n!~V̆~n!,X~n!,t !, ~A4!

where

f̃ ~n!~V̆~n!,X~n!,t !5E dVnR~n!~V~n!,V̆~n!!)
i 51

n

f ~vi ,xi ,t !.

~A5!

Hence, we may write

H~ t !> (
j,nPN

e2rj

n! E
V n

dV̆~n!dX~n! f̃ ~n!~V̆~n!,X~n!,t !

3 ln f̃ ~n!~V̆~n!,X~n!,t !. ~A6!

If we define the quantitiesZ and f̂ (n) as

Z5E
V n

dV̆~n!dX~n! f̃ ~n!~V̆~n!,X~n!,t !5rj
n , ~A7!

f̂ i
~n!~ v̆i ,xi ,t !5

1

ZEV[n21]
dv̆1dx1•••dv̆i

ˆ dxi
ˆ •••dv̆ndxnf̃ ~n!

3~V̆~n!,X~n!,t !, ~A8!

where the hat over the integration variables in definition~A8!
indicates that these variables should be omitted in the i
gration, and let
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A5)
i 51

n

f̂ i
~n! ,

B5
f̃ ~n!~V̆~n!,Xn,t !

Z)
i 51

n

f̂ i
~n!

,

in the inequality~A1! we obtain

1

ZEV n
dV̆~n!dXnf̃ ~n!~V̆~n!,X~n!,t ! ln

f̃ ~n!~V̆~n!,X~n!,t !

Z)
i 51

n

f̂ i
~n!

>E
V n

dV̆~n!dX~n!
f̃ ~n!~V̆~n!,X~n!,t !

Z
ln E

V n
dV̆~n!dX~n!

3
f̃ ~n!~V̆~n!,X~n!,t !

Z
50. ~A9!

The last equality follows from the fact that the argument
the logarithm is unity in view of the definition ofZ. From
this inequality we deduce that

E
V n

dV̆~n!dX~n! f̃ ~n!~V̆~n!,X~n!,t !ln f̃ ~n!~V̆~n!,X~n!,t !

3E
V n

dV̆~n!dX~n! f̃ ~n!~V̆~n!,X~n!,t !ln Z)
i 51

n

f̂ i
~n!. ~A10!

Finally, using the identity,

(
i 51

n E
V n

dv̆ixiZ f̂ i
~n!~ v̆i ,xi ,t !ln Z1/nf̂ i

~n!~ v̆i ,xi ,t !

5E
V n

dV̆~n!dX~n! f̃ ~n!~V̆~n!,X~n!,t !ln Z)
i 51

n

f̂ i
~n!~ v̆i ,xi ,t !,

we establish the following relation from Eq.~A6!:

H~ t !> (
i ,j,nPN1

e2rjrj
n21

n! E
V
dv̆dxZ1/nf̂ i

~n!

3~ v̆,x,t !ln Z1/nf̂ i
~n!~ v̆,x,t !>

A E dv̆dxC~ f !ln C~ f !

5
B E dv̆dxf ~ v̆,x,t11!lnf ~ v̆,x,t11!. ~A11!

In the above expression the inequality~A! arises from apply-
ing inequality~A1! with A given by the Poisson distribution
A(n)5(e2rjrj

n21/(n21)!) and equality ~B! follows from
the invariance of the integral with respect to translations
the streaming transformation. Consequently, the value of
H functional at timet11 does not exceed its value at timet.
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