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Abstract. In this chapter we discuss approaches to solving quantum dynamics in
the condensed phase based on the quantum-classical Liouville method. Several repre-
sentations of the quantum-classical Liouville equation (QCLE) of motion have been
investigated and subsequently simulated. We discuss the benefits and limitations of
these approaches. By making further approximations to the QCLE, we show that
standard approaches to this problem, i.e., mean-field and surface-hopping methods,
can be derived. The computation of transport coefficients, such as chemical rate
constants, represent an important class of problems where the QCL method is ap-
plicable. We present a general quantum-classical expression for a time-dependent
transport coefficient which incorporates the full system’s initial quantum equilib-
rium structure. As an example of the formalism, the computation of a reaction rate
coefficient for a simple reactive model is presented. These results are compared to
illuminate the similarities and differences between various approaches discussed in
this chapter.

1 Introduction

The elucidation of real-time quantum molecular dynamics remains a challeng-
ing and fascinating problem of importance in physics, chemistry and biology.
Current experimental techniques are beginning to allow one to probe dynam-
ical events in previously unexplored regimes; for example, sub-femtosecond to
picosecond time scales in condensed media. In order to describe such dynam-
ics from both theoretical and numerical points of view, one is faced with a
task that becomes exponentially more difficult with the number of degrees of
freedom. For small systems, with roughly ten to one hundred particles, full
quantum simulations can be carried out but at a large computational cost.
In order to describe larger, more complicated systems we are forced to make
approximations to full quantum mechanics in order to obtain dynamical in-
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formation. Indeed, in some instances a full quantum mechanical treatment is
probably unnecessary. This is the case if one is interested in a small subset
of system degrees of freedom whose quantum mechanical character is impor-
tant, while the remainder of the system (environment) may be approximated
by classical mechanics [1-3]. For example, a decomposition of this type is ap-
propriate for a subsystem composed of light particles, like electrons or protons,
interacting with a solvent of heavy molecules.

In this paper we restrict our consideration of such systems to descriptions
based on quantum-classical Liouville dynamics [3]. We begin with a discussion
of this equation and its properties. The quantum-classical Liouville equation
describes the dynamics of a quantum subsystem coupled to an almost clas-
sical environment. The term “almost” used here and in the title refers to
the fact that while the environment evolves by the classical equations of mo-
tion in the absence of coupling to the quantum subsystem, in the presence of
coupling a description in terms of single classical trajectories is no longer pos-
sible. After this introduction, we outline a number of ways one may construct
numerical solutions to this equation by projecting it onto different bases. In
certain limits, making approximations, quantum-classical Liouville dynamics
may be reduced to some commonly-used mixed quantum-classical approaches,
in particular, mean field and surface hopping schemes, as well as the Wigner-
Liouville approach. Quantum time correlation functions, which are related to
transport properties, are then discussed. As an example, the computation of
quantum chemical reaction rates is described in the penultimate section. Some
perspectives on the work are given in conclusions.

2 Quantum-Classical Liouville Dynamics

The time evolution of a quantum mechanical system is governed by the quan-
tum Liouville-von Neumann equation,

£9(0) = — T, (1), 1

where j(t) is the density matrix, H is the total Hamiltonian, and the square
brackets denote the commutator. Quantum-classical Liouville dynamics is an
approximation to this equation that is appropriate for situations where the
full quantum system may be partitioned into a quantum subsystem, and a
classical environment. This partition is motivated by the observation that for
many condensed phase processes the quantum mechanical character of only a
few degrees of freedom need be taken into account to accurately describe the
system’s overall dynamics. To this end, we let § = {¢;}, i = 1,...,n be a set
of coordinate operators for the n subsystem degrees of freedom with mass m,
while the remaining N environmental degrees of freedom with mass M have
coordinate operators Q = {Qi}, t=1,...,N. The total Hamiltonian can then
be written as
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H=omt 24 7(.Q) 2)
where we have written the momentum operators for the subsystem and en-
vironment as p and 15, respectively. In keeping with this partition scheme,
the potential energy operator, V(Q,Q) can be decomposed into subsystem,
environment, and coupling terms: V (¢, Q) = Vi(q) + Vo(Q) + V.(4, Q).

By performing a partial Wigner transform with respect to the coordinates
of the environment, we obtain a classical-like phase space representation of
those degrees of freedom. The subsystem coordinate operators are left un-
transformed, thus, retaining the operator character of the density matrix and
Hamiltonian in the subsystem Hilbert space [4]. In order to take the partial
Wigner transform of Eq. (1) explicitly, we express the Liouville-von Neumann

equation in the {@Q} representation,

HAPNT) - [ aQ (1Q11Q") Q" 19(01Q) ~ (@Ioto) Q) Q'11112))
&

Using the definition of the Wigner transform [5] of the density matrix,
. —3N iP-Z/h Z, . Z
pw (R, P) = @at) N [z dPZMR- TR+ ), (@)

and the formula for the partial Wigner transform of a product of two opera-
tors [6]

(AB) (B P) = Ay (R, P)e"/* By (R, P), (5)
Eq. (3) becomes

= ; (ISIW(R P)eliA/%i 50 (R, P, t)

~pw (R, P,t)e"/% [y (R, P)) . (6)

— — — —
The operator A = Vp- Vg — Vg Vpis the negative of the Poisson bracket
operator, and the subscript W indicates the partial Wigner transform. The
partial Wigner transform of the total Hamiltonian is written as,

2 A2

X P o
Hyy (R, P) = 5= + 2=+ Viw (4. R). (7)

The quantum-classical Liouville equation can be derived by formally ex-
panding the operator on the right side of Eq. (6) to O(h°). One may justify [4]
such an expansion for systems where the masses of particles in the environ-
ment are much greater than those of the subsystem, M > m. In this case the
small parameter in the theory is y = (m/M)/2. This factor emerges in the
equation of motion quite naturally through a scaling of the variables motivated
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by the classical theory of Brownian motion. Through such an analysis [4], one
obtains the quantum-classical Liouville (QCL) equation [3,4,7-15]

dpw (R, P,t)

L R

45 ({Hw (R, P), pur (R P, 1)}~ {ow (R, P,1), iy (R, P)})
= —ilpw (R, Pt). (8)

The last line defines the mixed quantum-classical Liouville (super)operator L.

The QCL superoperator has many desirable features required to produce
physical dynamics; it conserves total mass, energy, momentum and phase
space volumes [4,16,17]. However, it does not provide a fully consistent treat-
ment of mixed quantum-classical dynamics. The quantum-classical bracket
defined by the right side of Eq. (8) does not possess a Lie algebraic structure
since it fails to satisfy the Jacobi identity [16,18]. A detailed discussion of the
consequences of this lack of a Lie algebraic structure can be found in Ref. [16].
There have been attempts to construct quantum-classical brackets that pos-
sess a Lie algebraic structure [19,20] although these constructions have been
shown to have difficulties [21,22]. In addition to these attempts, there have
been more recent formulations of quantum-classical dynamics based on differ-
ent premises that have a Lie algebraic structure [23]. In spite of these limita-
tions the quantum-classical Liouville description is one of the most accurate,
computationally tractable methods for the study of the quantum dynamics of
large complex systems. In particular, we observe that it equivalent to the full
quantum dynamics described by Eq. (1) for arbitrary quantum subsystems
bilinearly coupled to harmonic baths. In addition, as we shall see, approxima-
tions to QCL dynamics yield mean field and surface-hopping schemes.

In the next section we describe how the QCL equation may be expressed
in any basis that spans the subsystem Hilbert space. Here we observe that
the subsystem may also be Wigner transformed to obtain a phase-space-like
representation of the subsystem variables as well as those of the environment.
Taking the Wigner transform of Eq. (8) over the subsystem, we obtain the
quantum-classical Wigner-Liouville equation [24],

)
{81& +icl? + iﬁlﬁo)] pw(p, P,r, R, 1)

:h(jih)n/ds [/de(r—F,R)sin( - )] pw(p—s,Pr,R,1)

+ [ ds AF@RS) o (v - 5. P 1), )

where the force AF(R, s) is defined as

AF(R,s) = (W;)na‘; [ / A cos(2s7 W)V (r — 7, R)} . (10)
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The classical free streaming Liouville operators are zﬁ(o) =L aar and z[,(o) =
M 8 7 for the light (£) subsystem particles and (h) heavy environmental par-
ticles, respectively. The quantum-classical Wigner-Liouville equation (9) can

be written in a more compact form,

0
[8t +ily + zﬁh} pw(p, P,r, R, t) = /ds K(s,P,r,R)pw(p—s,P,r,R,t)
(11)
where i, = f; 5 + Fs(r )— is the full classical Liouville operator for the
subsystem and Ly, = ]Z 38 + Fe(R)% is the full classical Liouville operator
for the environment. Here F(r) = —0V,(r)/0r and F.(R) = —0V.(R)/OR.
The kernel K (s, P,r, R) is the sum of two contributions, K = K, + K}, with

Ku(s,P,r,R) = o 1) {aaR/dr cos(2s7 /h)V.(r f,R)} 3%’
V( )d5( )

@

Ki(s,P,r,R) =

/dr (=) + Vol F,R)]s1n(22~) (12)

This equation gives the dynamics of the quantum-classical system in terms
of phase space variables (R, P) for the bath and the Wigner transform vari-
ables (r,p) for the quantum subsystem. This equation cannot be simulated
easily but can be used when a representation in a discrete basis is not ap-
propriate. It is easy to recover a classical description of the entire system by
expanding the potential energy terms in a Taylor series to linear order in
7. Such classical approximations, in conjunction with quantum equilibrium
sampling, are often used to estimate quantum correlation functions and ex-
pectation values. Classical evolution in this full Wigner representation is exact
for harmonic systems since the Taylor expansion truncates.

3 Representations and Solutions

In many cases, in order to compute the dynamics of condensed phase systems,
one invokes a basis representation for the quantum degrees of freedom in the
system. Typically, one computes the dynamics of these systems in order to
obtain quantities of interest, such as an average value, A(t) = Tr [Aj(t)], or a
correlation function, as will be discussed below. Since such averages are basis
independent one may project Eq. (8) onto any convenient basis. This is in
principle a nice feature, and one that is often exploited to aid in calculations.
However, it is important to note that the basis onto which one chooses to
project the QCLE has important implications on how one goes about solv-
ing the resulting equations of motion. Ultimately the time-dependent aver-
age value of an observable is expressed as a trace over quantum subsystem
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states and a phase space average over classical-like coordinates; this feature
is intimately linked to constructing a solution using statistical mechanics.
Trajectory-based simulation methods for computing phase-space averages are
often sought once the system Hamiltonian is known in a given basis. However,
other schemes have been proposed that do not rely on computing ensembles
of trajectories [25,26].

In this section we present the major basis representations that have been
used in the literature to solve the QCLE. For each representation - subsystem,
adiabatic, force, and mapping, respectively - we present the QCLE in the
particular representation, and briefly describe the schemes used to solve the
equation of motion in that particular basis. We discuss the strengths and
shortcomings of each representation.

3.1 The subsystem basis

When partitioning a system into a subsystem and its environment, the Hamil-
tonian one obtains, Eq. (2), is composed of subsystem, environment, and cou-
pling parts. Thus, representing the QCLE in the subsystem basis is a natural
starting point.

Let us consider a simple partitioning of the total Hamiltonian into two
parts; one containing terms corresponding to the isolated quantum subsystem
only, ﬁs, and a remainder that contains all the bath and coupling terms. The
subsystem basis is then defined by the following eigenvalue problem, fzs|a> =
€o|a), where hy = p2/2m + V,(§). These basis states, and the associated
energy eigenvalues, are independent of the coordinates of the environment.
The quantum-classical Liouville superoperator when written in the subsystem
basis is given by,

L] .08 s i e o
_Z‘Caa'ﬁﬁ' = _Z(wa(x’ + Loza')(s@ﬁ(sa/ﬁ’ + %(&Xﬂ‘/cﬁ - ch ﬁé@'ﬁ')

1 ov.es ovee\ o
+ <5 e + 6 ) - (13)

2 OR ““TOR oP’

where we have used the following notation for subsystem quantltles ws =
(6o — o)/, VO™ = {alViJ0), iLiy = & - 5+ Fi(R) - o, and F(R) =
—0dV,/OR is the force exerted by the environment. Also, this equation of mo-
tion has been derived from the linearized influence functional in a path integral
representation expressed in this basis [15]. Thus, in this basis, QCL dynamics
is equivalent to the linearized path integral formulation.

Donoso and Martens [13,27] have developed a method for simulating the
dynamics prescribed in this representation in the spirit of classical molecular
dynamics. The algorithm is based on writing each element of the density
matrix in the subsystem basis as a weighted sum over an ensemble of classical
trajectories,
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N
P2 (X = > ag® (H3(X — X0 (1)): (14)
k=1
The ensemble contains N, classical trajectories of the type
Xpe () = (B (1), P (1),

with weight aga/ (t). Population transfer and phase oscillations in the subsys-
tem occur via the time variation of the weights attributed to the ensemble.
However, in this construction the density is not a smooth function of the phase
space coordinates [13], so a smoothing process is implemented to obtain ap-
propriately scaled gaussian wavepackets. A short time approximation of the
propagator is then performed and the resulting equations of motion for the
weights are numerically integrated, whilst the ensemble undergoes Hamilto-
nian dynamics. The results from simulations using this algorithm (called the
semiclassical Liouville method) are generally in excellent agreement with exact
quantum mechanical solutions for model problems. The method has also been
applied to the computation of vibrational dephasing rates of the Is molecule
in a low temperature Kr matrix and the results are in good agreement with
experiment [28].

3.2 The adiabatic basis

In contrast to the subsystem representation, the adiabatic basis depends on
the environmental coordinates. As such, one obtains a physically intuitive de-
scription in terms of classical trajectories along Born-Oppenheimer surfaces. A
variety of systems have been studied using QCL dynamics in this basis. These
include: the reaction rate and the kinetic isotope effect of proton transfer in a
polar condensed phase solvent and a cluster [29-33], vibrational energy relax-
ation of a hydrogen bonded complex in a polar liquid [34], photodissociation
of F5 [35], dynamical analysis of vibrational frequency shifts in a Xe fluid [36],
and the spin-boson model [37,38], which is of particular importance as exact
quantum results are available for comparison.
The adiabatic basis is defined by the eigenvalue problem,

hw (R)|a; R) = Ea(R)|a; R),

where . .
hw(R) = Hw (R, P) — P?/2M

is the Hamiltonian for the subsystem in a static environment, and the adia-
batic energies, F,(R), depend parametrically on the coordinates of the envi-
ronment, R. In this representation, the time evolution of an element of the
density matrix,

(o; Rlpw (R, P, t)|o'; R) = p3 (R, P,t),
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is given by
9p3’ (R, Pot)

ot =—i) Loaporn (R Pit), (15)

BB

where the evolution operator is now [4]

iLar, o = iLS0ap00r s — Tacr 3
= (iwaa’ + 'L'Laa')éaﬁé‘a'ﬁ’ - jaa’,ﬁﬁ’- (16)

The structure of £ given above, consists of two distinct components; (i) classi-
cal propagation on mean surfaces accompanied by quantum mechanical phase
oscillations with frequency wao = (Eq — Eo/)/h, and (ii) nonadiabatic transi-
tions accompanied by changes in the momentum of the environment in order
to conserve energy. The classical Liouville operator

‘ P 0 1/ oy O
Low = 37 55 + 5 (FR T BY) - 5 (17)

propagates the environmental coordinates via Hellmann-Feynman forces,

Py = (o B = 1

la; R).

The operator, J, responsible for nonadiabatic transitions may be written as
follows,

P 1 )
aa’ = — 0 Qg 1 ~—Pafl " T~ o' B
Jaar,88 Md6<+256 ap>56
P 1 0
e d (142855 — ) bus 1
M da5(+25aﬁ 6‘P>65 (8)

where the quantity S,z is defined as

s P ) P .
Sap = Fyyap — Fwﬂ(ﬂ cdap) !t = Eaﬁdaﬁ(M “dap) !,

where F‘j‘vﬂ are the off-diagonal matrix elements of the force and d,g is the
nonadiabatic coupling matrix element, d,g = <a;R|%|ﬁ; R). The presence
of the nonadiabatic coupling matrix elements in this operator accounts for
nonadiabatic transitions, which change the quantum state of the subsystem
from a diagonal to an off-diagonal state or vice versa. The environment mo-
mentum derivative accounts for the energy transfer involved in the subsystem
state change.

Shi and Geva [15] have also derived the QCLE in the adiabatic basis
starting from the full path integral expression for the quantum mechanical
problem. In this representation the derivation starts with the partial Wigner
transform of the environmental degrees of freedom in contrast to what is done
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in the subsystem basis. The final form of the equation is then obtained by
expressing the adiabatic matrix elements of the partially Wigner transformed
density, ﬁ%?‘/(R, P;t+ €) in terms of ﬁ%ﬂ/(R, P;t), and linearizing the result-
ing system propagators. It is interesting to note that the choice of basis has
consequences on the order of operations between the linearization and partial
Wigner transform in the derivation of these equations. In the subsystem ba-
sis, the partial Wigner transform is a consequence of the linearization of the
forward-backward action, however in the adiabatic case, the partial Wigner
transform is applied to the equation of motion, and the propagators are sub-
sequently linearized in order to obtain the QCLE.

It is easy to see how a trajectory picture of the dynamics emerges by
applying the Dyson identity to the formal solution of Eq. (15). The iterative
solution of the Dyson equation results in a series of trajectory segments. These
segments consist of evolution along the surface (aa’), which may be adiabatic
(v = &) or the arithmetic mean of two adiabatic surfaces, (o # '), gov-
erned by the propagator, e~ (“aa’TLaa )t Each subsequent term in the series
includes this type of propagation interrupted by the nonadiabatic coupling
operator, J, an incremental number of times. Since, the operator J accounts
for nonadiabatic transitions, these contributions represent trajectory segments
that evolve along some surface, undergo a transition to a new surface, followed
by subsequent evolution on this surface and so on.

The presence of the momentum derivatives in 7 makes the action of this
operator difficult to simulate, because it acts on all functions to its right. This
will generate a branching tree of trajectories. This difficulty is avoided by
making the momentum-jump approximation. To see how this approximation
is obtained, the following change of variables is made:

0

E . 19
’ opP a(P'daﬁ)Q ( )

1
1428
T3

For small AE,zM this expression corresponds to the linear expansion of the

. . ABapM: 50— . .
exponential translation operator e o(P-dap)® whose action on a function

f(P) is a translation of the environment momentum by AE,3M along the
component of the momentum that is parallel to the nonadiabatic coupling
matrix element:

AE sM-—2

e B a(Pdy )2 f(P) (20)

90 N N N ~ N
Ao M T ((P AL )dty +sen(P - dug)/(P- dam?)daﬁ)

=f ((P ~dag)dLs + sgn(P - dag)\/(P dag)? + AEaﬁMcZag> .

The approximations surrounding the definition of the 7 operator comprise the
momentum-jump approximation. This translation or shift of the momentum
corresponds precisely to the amount of energy transferred during a transition
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and thus satisfies energy conservation. In situations where there is insufficient
kinetic energy available from the environment for the subsystem to make the
transition, AE,sM/(P - das)? > 1, the transition is simply not allowed, and
the evolution continues evolving on the surface it is on.

Several algorithms exist to simulate this evolution equation [14, 38-41].
The computation of observables in this approach is accomplished by Monte
Carlo sampling configurations from the initial quantum equilibrium distribu-
tion followed by propagation of the observable by some algorithm [38,40].
The sequential short time propagation algorithm [40] is one such algorithm
where the propagator is divided into N propagators that act for a short time
interval:

N

(eiﬁt)oza’,aNa’N = Z H(eiﬁAtj)a_7_1a;71,aja;' (21)

(araf)...(an—1afy_)i=1

The short-time propagators can be solved through application of the Dyson
identity truncated to first order. The subsequent dynamics of the quantity of
interest are obtained by propagating the classical variables along a surface that
corresponds to the quantum state (') followed by Monte Carlo sampling of
the nonadiabatic transition events:

iL AL, - iy o At
(e J)ajfﬂﬁ’—paja; NWaj—laéfl(tj—lvtj)e T

X (G105 00y + AT, oy ajer ) - (22)

Simulations using this algorithm [40] and the Trotter-based scheme [38] are
able to reproduce the exact quantum results for the spin-boson model, veri-
fying its utility.

3.3 The force basis

When the quantum-classical Liouville equation is expressed in the adiabatic
basis, the most difficult terms to simulate come from the off-diagonal force
matrix elements, which give rise to the nonadiabatic coupling matrix elements.
As described above, contributions coming from this term were computed us-
ing the momentum-jump approximation in the context of a surface-hopping
scheme.

One way to simplify this term in the evolution equation is to make use
of a basis that diagonalizes the force contribution [42]; i.e., we represent the
quantum-classical Liouville equation in a basis |¢; R) such that

AV (R)

—(i; R| SR

7 R) = Fip(R)dy5, (23)

where the subscript F' is used to denote the force basis. Taking the matrix
elements of Eq. (8) in this basis, we obtain



Quantum Dynamics in Almost Classical Environments 393

8pj§(X, t) 1 ik kj ik kj
B il DY CCRYCLY

P9 S0
(M ot IR 8P>pF’ (24

where HY = HY + ihir - dfz Here df;- is the nonadiabatic coupling matrix
element in the force basis. It can be related to the usual nonadiabatic coupling
matrix element in the adiabatic basis by inserting complete sets of adiabatic
states:
dfy = (i R|a; R)das(B; Rlj; R). (25)
af

Evolution governed by the last term in Eq. (24) is simple and can be solved in
characteristics. The first term is responsible for coupling among the elements
of the density matrix and its inclusion makes the computation of the dynamics
a difficult task.

The quantum-classical Liouville equation in the force basis has been solved
for low-dimensional systems using the multithreads algorithm [42,43]. Assum-
ing that the density matrix is localized within a small volume of the classical
phase space, it is written as linear combination of matrices located at L dis-
crete phase space points as

L
w(R,Pit) = pM()8(R — Ri(t))5(P — P(t)). (26)
k=1

The evolution equations for the quantities entering the right side of this equa-
tion are obtained by substitution into the quantum-classical Liouville equa-
tion. For a variety of one- and two-dimensional systems for which exact results
are known, excellent agreement was found.

3.4 The mapping basis

The quantum-classical Liouville equation was expressed in the subsystem ba-
sis in Sec. 3.1. Based on this representation, it is possible to recast the equa-
tions of motion in a form where the discrete quantum degrees of freedom
are described by continuous position and momentum variables [44-49]. In the
mapping basis the eigenfunctions of the n-state subsystem can be replaced
with eigenfunctions of n fictitious harmonic oscillators with occupation num-
bers limited to 0 or 1: |A) — |my) = (01, -, 1y, --0,). This mapping basis
representation then makes use of the fact that the matrix element of an op-
erator By (X) in the subsystem basis, Bﬁ,)"(X)7 can be written in mapping
form as By (X) = (A|Bw (X)|N) = (mx| B (X)|ma), where

=3 BiY (Xalax. (27)
AN
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The mapping annihilation and creation operators are given by

1 . . . 1 .
ﬁ(QAJrZPA), al = ﬁ(%*lm)- (28)

ay) =

The mapping basis has been exploited in quantum-classical calculations based
on a linearization of the path integral formulation of quantum correlation
functions in the LAND-map method [50-52].

Given this correspondence between the matrix elements of a partially
Wigner transformed operator in the subsystem and mapping bases, we can
express the quantum-classical Liouville equation in the continuous mapping
coordinates [53]. The first step in this calculation is to introduce an n-
dimensional coordinate space representation of the mapping basis,

(ma B (X)lms) = [ daddmsla) al B (X014 e/ hmr), (29)

and then write the coordinate space matrix elements in terms of Wigner trans-
forms in the mapping space to obtain

= 5B 50+ 3) = e [ dp e B Xt (30

1
(2mh)"
Carrying out the this change of representation on the quantum-classical Li-
ouville equation and using the product rule formula for the Wigner transform
of a product of operators, we obtain

d 2 . hAy,
%pm(l‘,x,t):—ﬁHmSHl( 2 )pm(t) (31)

Oy Fdp. OBu(t) P Opu(®)
YR S Tep T T Tor

where the negative of the Poisson bracket operator on the mapping phase

. . = = oy = . . .
space coordinates is defined as A,, =V, -V, — V,. - V,,. The Hamiltonian in
the mapping basis is

P2 1
H,, X —_— — P ' ;— B\
(2, X) = 5if Ve(R) + 5 %; v (R)(rara + papa AN

where hyy (R) = (Ap?/2m + Vi(G) + V.(q, R)|\'). Explicitly computing the
exponential Poisson bracket operators, we find the quantum-classical Liouville
equation in the mapping basis,

1B77L($7X7 t) - _{HnuBm(t)}w,X (32)

at
Ohw 0 0 B 0 0

3. 2B

Z oR oy orx " opw opy) oot

= Z;CmBm (t),
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where {A,,, Bp,(t)}2,x denotes a Poisson bracket in the full mapping-bath
phase space of the system.

The first term in the evolution operator has the form of a Poisson bracket
and evolution under this part of the operator can be expressed in terms of
characteristics. The corresponding set of ordinary differential equations is

drgit(t) = ;; hax (R(t))p)\’ (t),
dpgt(t) _ 7% ; P (R(t))ra (1),
dR(t) _ P(t) dP(t)  0Hpn
d M ' dt  OR(t) o

The last term involves derivatives with respect to both mapping and environ-
mental variables. Its contribution is difficult to compute. Calculations on the
spin-boson model have shown that even if the last term is neglected, excellent
agreement with the exact results for a wide range of system parameters is
obtained [53].

4 Approximations to the QCL equation

The QCL approach discussed thus far in this chapter provides a good ap-
proximation to the quantum dynamics of condensed phase systems. Most of-
ten other approximate quantum-classical methods, such as mean field and
surface-hopping schemes, have been commonly employed to treat the same
class of problems as the QCLE. These methods are attractive due to their
computational simplicity; however, many important quantum features, such
as quantum coherence and correlations, are not properly handled in these ap-
proaches. In this section we discuss these methods and show that starting from
the QCLE, an approximate theory in its own right, further approximations
lead to these other approaches.

4.1 Mean field theory

Mean field theories of mixed quantum-classical systems are based on approx-
imations that neglect correlations in Ehrenfest’s equations of motion for the
evolution of the position and momentum operators of the heavy-mass nuclear
degrees of freedom. The approximate evolution equations take the form of
Newton’s equations of motion where the forces that the nuclear degrees of
freedom experience involve mean forces determined from the time-evolving
wave function of the system.

We now show how the mean field equations can be derived as an approx-
imation to the quantum-classical Liouville equation (8) [9]. The Hamiltonian
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can be written again as the sum of environmental, subsystem and interaction
contributions,
R P2 ]32

H — + V(R
w + ()+2m

= i +Va(@) + Ve(d@, R) = He(X) + Ha(q) + Veld, R).

In order to study the effects of neglecting correlations in this description of
the dynamics, we define the reduced density matrices for the environment and
subsystem, respectively, as

maw=Wmum,mmiﬂxmuw, (34)

which are normalized so that [ dX p.(X,t) =1 and Tt'ps(t) = 1. We also de-
fine the correlation density operator peo.(X,t) by pw (X, t) = ps(t)pe(X, 1) +
Peor (X, t). Given that the density operator satisfies the normalization
Tr' [dX pw(X,t) =1, we have Tt [ dX peor(X,t) = 0.

If we substitute the above expression for pw (X, t) into the quantum-
classical Liouville equation we find

(Xt ps(t)  Dpeor(X,t
pelt) L ét )+pe(X,t) pat()+ P 8(75 )

—iLps()pe(X,t) = iLpeor(X, 1). (35)

To obtain the mean field equations, we make the assumption that all terms in
this equation containing peor(X,t) can be neglected. Then, integration over
X and use of the normalization conditions yields

Ops(t) i [H + / dX Vope(X, t%ﬁs(t)}’ (%)

ot h
while the trace over the quantum degrees of freedom gives

Ipe(X, 1)
ot

where Heg = P?/2M + Vig(R) and the effective potential is defined as
Ve (R) = V.(R) + Tr'V.ps(t). This equation can be solved in terms of charac-
teristics. The density function takes the form p.(X,t) = (X — X (¢)), where
X(t) = (R(t), P(t)) satisfy Newtonian equations of motion,

- {H + TV, ps(t), pe(X, t)} = {Heﬁ,pe(X, t)}7 (37)

_OVer(R(t)

R(t) = =2, P(t) = R

Using p(X,t) = 0(X — X(t)), we may write

/ummmuwzmmm. (39)
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As a result, Eq. (36) is equivalent to the pair of Schrodinger equations,

A, 1)

St = (A + Ve(B©) ) (R, 1), (40)

and its adjoint. Equations (38) and (40) are the standard mean field equations
of motion for a mixed quantum-classical system.

Thus, we see that in order to obtain the mean field equations of motion,
the density matrix of the entire system is assumed to factor into a product of
subsystem and environmental contributions with neglect of correlations. The
quantum dynamics then evolves as a pure state wave function depending on
the coordinates evolving in the mean field generated by the quantum density.
As we have seen in the previous sections, these approximations are not valid
and no simple representation of the quantum-classical dynamics is possible in
terms of single effective trajectories. Consequently, in contrast to claims made
in the literature [54], quantum-classical Liouville dynamics is not equivalent
to mean field dynamics.

4.2 Surface-hopping dynamics

Surface-hopping methods provide a more accurate description of nonadiabatic
dynamics since they do not force the system to evolve on the mean field deter-
mined by a superposition of quantum states. Instead, using a representation
in adiabatic eigenstates, in surface-hopping dynamics the classical degrees of
freedom evolve on single adiabatic surfaces with hops between these surfaces
determined by probabilistic rules [55]. Consequently, the dynamics of the sys-
tem is correctly described when the evolution takes the system in regions
where coupling between quantum states is small or zero. The precise form of
the surface-hopping method depends on the nature of the rule used to specify
quantum transitions. The fewest switches algorithm of Tully [2,56] is one of
the most popular such schemes.

A connection between surface-hopping schemes and the dynamics pre-
scribed by the QCLE may be established by considering the conditions under
which it is reasonable to express the dynamics given by the QCLE in terms
of evolution along single adiabatic surfaces or, equivalently, the evolution of
diagonal matrix elements in the adiabatic representation. As we have seen,
since coherence is described by the off-diagonal elements of the density ma-
trix, the problem reduces to the examination of the conditions under which
decoherence leads to rapid decay of the off-diagonal elements. Here we describe
the quantum-classical master equation which results in surface-hopping-like
trajectories. The full details are given in Ref. [57].

Starting from the QCLE expressed in the adiabatic basis, it is not difficult
to derive a generalized master equation for the diagonal elements of the density
matrix by formally solving the QCLE (15) in the adiabatic basis for the off-
diagonal elements and substituting the resulting solution into the equation for
the diagonal elements. The result is the non-Markovian equation,
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) . t
G0 = —iLap(X.0)+ [ S Mop)ixe =),
B

where the memory kernel operator M, 5(t) is given by,

Mag(t) = Z »7533”/ (efi[lo(X)(t)> jyoy»s{ 5 (42)

T, pp! vv!
vv!

and acts on all of the classical degrees of freedom that appear in functions to
its right.

By considering the action of the operators given in Eq. (42) on functions to
its right, the memory kernel operator may be reduced to a memory function.

Mffg (X, 1) = 2Re [Wag(t,0)] Dap(X)Dag (Xocﬁ,t)7 (43)

where W,5(t,0) = e~ J5 drwas[R(T)] ig a phase factor, D.s = (P/M)-dap(R),
and the subscripts and superscripts on the memory function label the indices
on the first and second D function respectively. The bar on the phase space
variable X indicates the action of a momentum shift by the J operator, and
the subscript notation indicates that X has been evolved along the surface
(af) for a time t. In this form, the memory function accounts for all coherent
evolution segments in the dynamics.

Decoherence arising from interaction of the subsystem with an environ-
ment is incorporated into the evolution expression by averaging over an ini-
tial distribution of the environmental phase space coordinates. The resulting
expression prescribes the evolution of the diagonal elements of the subsystem
density matrix and contains the environmental average of the time depen-
dent memory kernel. The environmental average provides a mechanism for
decoherence and leads to decay of the memory kernel. In the absence of an
environmental average, the memory kernel is a purely oscillatory function and
does not decay. However, the environmentally averaged memory kernel does
decay and, depending on the system under investigation, if there is a sufficient
separation of time scales between the decay of the memory function and other
relevant system relaxation times, a Markovian approximation on the memory
term may be used. The resulting equation,

9 : —i0 3 o : (e
ap?(Xo,t) = / dXoiLae "9 latQ p3(X,0) — (iLy)ep(Xo,t) (44)

t . ;.
7/ dt' (iLoe™ " CFot Q. Lo) e p2 (Xo,t — ')
0

+ z maﬁ(XO)jaﬂ,@Pf(XOv t) — maa(Xo)ps (Xo,t)
B

gives the evolution of the subsystem density matrix p¢(Xo,t) = [ dXp*(X, ),
where X is the set of phase space variables of the subsystem. This expression
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is still non-Markovian in character as a result of the projection of the evolu-
tion equation onto the subsystem. The final master equation is obtained by
lifting the equation back into the full phase space to recover a fully Markovian
master equation description:

d . .
TP (X,1) = —iLapF (X, 1) + 3 map(X0)jamppa(X,1) = Maa(Xo)pf (X, 1).
B

(45)

where
maa(Xo) = [ dt (M), (16)
0

and j,—g is a momentum shift operator [57]. Note that the subscripts on
the second memory term in Eq. (45) are the same. This term arises from the
memory function corresponding to (MY5(X,t))e, where the angle brackets
indicate that the average over the environment has been performed. Trajec-
tories accounted for by this term jump to the mean surface and then return
to their original surface. Thus, the net effect is no jump, but a phase factor is
introduced.

The master equation evolves the classical degrees of freedom on single adi-
abatic surfaces with instantaneous hops between them. Each single (fictitious)
trajectory represents an ensemble of trajectories corresponding to different en-
vironment initial conditions. This choice of different environment coordinates
for a given initial subsystem coordinate will result in different trajectories on
the mean surface; the average over this collection of classical evolution seg-
ments results in decoherence. Consequently, this master equation in full phase
space provides a description in terms of fictitious trajectories, each of which
accounts for decoherence. When the approximations that lead to the master
equation are valid, this provides a useful simulation tool since no oscillatory
phase factors appear in the trajectory evolution.

The surface-hopping trajectories obtained in the adiabatic representation
of the QCLE contain nonadiabatic transitions between potential surfaces in-
cluding both single adiabatic potential surfaces and the mean of two adi-
abatic surfaces. This picture is qualitatively different from surface-hopping
schemes [2,56] which make the ansatz that classical coordinates follow some
trajectory, R(t), while the quantum subsystem wavefunction, expanded in
the adiabatic basis, is evolved according to the time dependent Schrodinger
equation. The potential surfaces that the classical trajectories evolve along
correspond to one of the adiabatic surfaces used in the expansion of the sub-
system wavefunction, while the subsystem evolution is carried out coherently
and may develop into linear combinations of these states. In such schemes, the
environment does not experience the force associated with the true quantum
state of the subsystem and decoherence by the environment is not automat-
ically taken into account. Nonetheless, these methods have provided com-
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putationally tractable and, under the conditions outlined above, reasonable
descriptions of nonadiabatic dynamics.

Coherence is created and destroyed in the QCLE through the action of
the momentum-jump operator, J , and phase information is obtained for
off-diagonal evolution segments through the phase term in the propaga-
tor (17). The master equation discussed above incorporates this decoherence
mechanism in the environmental average of the memory kernel. Decoher-
ence in the quantum subsystem of condensed phase systems is a well estab-
lished phenomenon [58,59] and should be accounted for in surface-hopping
schemes. We note that various phenomenologically motivated prescriptions
have been proposed to incorporate decoherence into the dynamics of the sub-
system [56,60-63].

5 Observables and correlation functions

Thus far we have focussed on the dynamics of quantum-classical systems. In
practice, we are primarily interested instead in computing observables that
can be compared eventually to experimentally obtainable quantities. To this
end, consider the general quantum mechanical expression for the expectation
value of an observable,

A = Te(p(t) A) = Te(pA(1) (47)
=W/MMM&WWM@M@M>

=T / dRAP Aw (R, P,t)pw (R, P) = Tt/ / dX Ay (X, ) pw (X X48)

In the above expressions we have introduced the (primed) partial trace over
the Hilbert space of the susbsystem, Tr'pw (R, P) = p.(R, P), and the sym-
bols Tr' and Tr. refer to taking the partial trace over the subsystem and
environment, respectively.

If we expand Eq. (47) in the coordinate {Q}-representation for the en-
vironmental degrees of freedom only we obtain the second line. Taking the
Wigner representation for these degrees of freedom and finally, defining the
general coordinate X = (R, P) gives Eq. (48).

For a quantum mechanical system in thermal equilibrium a transport coef-
ficient A\ 4 p may be determined from the time integral of a flux-flux correlation
function [64].

1 [ i p
wp =5 [ aGIB.A). (49)

where B = (i/h)[H, B] is the flux of B, and § = (kgT)~'. The equilib-
rium quantum canonical average is (---) = ZélTr ---e PH where Zg is the
partition function. The transport coefficient may then be obtained from the
plateau value of Aap(t) [65].
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The quantum mechanical forms of the correlation function expressions for
transport coefficients are well known and may be derived by invoking linear re-
sponse theory [64] or the Mori-Zwanzig projection operator formalism [66,67].
However, we would like to evaluate transport properties for quantum-classical
systems. We thus take the quantum mechanical expression for a transport
coefficient as a starting point and then consider a limit where the dynamics is
approximated by quantum-classical dynamics [68-70]. The advantage of this
approach is that the full quantum equilibrium structure can be retained.

In simulations it is convenient to obtain the transport coefficient from
the plateau value of Aap(t). Writing Eq. (49) in detail, we can express the
time-dependent transport coefficient Aap(t) as,

Aap(t ﬂ/ dt'(

Tr (A hH(m,\)B — L H(ihN)-BH _
5ZQ/ dx ( ¢ (t)e ) (50)

Here we have introduced the notation, (-; -}, to indicate the Kubo transformed-
correlation function. Rewriting the expression in the coordinate representation
for the full system, {Q} = {¢}{@} (calligraphic symbols are used to denote
variables for the entire system, subsystem plus bath),

Aap(t) = HHFIRN)| )

1 / d\ / 4014 Q}dQ>d Q) (Qy|A|Q}) () e
BZq

X(Qa| B|Qp){Qple =AY gy, (51)

Making a change of variables, Q1 = Ry — Z1/2, Q) = Ry + Z1/2, etc., and
then expressing the matrix elements in terms of the Wigner transforms of the
operators, we have [69]

1
Aas( =3 / d\ / dX1dXs(A (Xl)Bw(Xz)m

%H<t+mx))7€2 _ Z2>

x /dzleQe—%“’l‘Zl”’z'Z?) <R1 + % e

X <R2 + % ‘e*ﬁﬁf%ﬁ“““)’Rl - ‘Zl> . (52)

Here we used the fact that the matrix element of an operator A can be ex-
pressed in terms of its Wigner transform Ay (X)) as

Z| - Z 1 _ip.
<R = ]A’R+ 2> = mh)y/dPe AP A (X), (53)

where v is the coordinate space dimension.
If we define the spectral density by,
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1 5
W (X, Xy, t) = 7/112 dZye 7 (Pr214P222)
(%1, A2, 1) 2rh)* Zg e
Z1) ip Z Z i Z
x Ry + =L eﬁHt’Rg——z R2+—2‘6_3H_ﬁm‘7€1——1 , (54)
2 2 2 2
we can write the transport coefficient as
Aan(t) = [ dbdes (A (0) By ()T (20, 20, ), (55)
where
— 1 [P
W (X1, X, t) = B/ ANW (X1, Xo,t + k) . (56)
0

To take the quantum-classical limit of this general expression for the trans-
port coefficient we partition the system into a subsystem and bath and use
the notation R = (r, R), P = (p, P) and X = (r, R, p, P) where the lower case
symbols refer to the subsystem and the upper case symbols refer to the bath.
To make connection with surface-hopping representations of the quantum-
classical Liouville equation [4], we first observe that Ay (&) can be written
as

i 21, % z
Aw(2) = [ daetrsiy = ZAwtln + 3) (61

where Ay (X7) is the partial Wigner transform of A over the bath degrees of
freedom. We may now express the subsystem operators in the adiabatic basis
to obtain,

Lpyzy 2 arah z
AW(Xl) = Z dzl ewP1 <r1 — 51‘041§R1>AM} 1(X1)<0/1;R1|7“1 + E1>7
aja

(58)

where A%}al1 (X1) = (a1; Ri|Aw(X1)|a); Ry). Inserting this expression, and
its analog for By (X3), into Eq. (52) we have

2
Aap(t)=— Y [T dxi AR (x1) B2 (Xs)
o ,af,an,0k =1
0 —a, a1 abaz
Xaw (X17X27t)7
(59)
where the matrix elements of W are given by
= : 11
Worartasoee (Y X, 4) — dZ;e~w(PrZitPaZa) —
( 1,422, ) /H e ZQ (27‘[’ﬁ)2”h
i=1
VAEY VA
x (s Ry|(Ry + 71|€”Ht|32 - 72>|042;Rz>
A i fre Z
x (a3 Ro|(Ry + 72|€_%Ht |R1 — 71>|CY1;R1> ; (60)
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with ¢ =t — iSh.

The quantum-classical limit of the transport coefficient is obtained by eval-
uating the evolution equation for the matrix elements of W in the quantum-
classical limit. This limit was taken in Ref. [68] and the result is

! ’
0 Qo an

= X1, Xo, 1) =
8t ( 1,22 )
1 , .
3 > (Zﬁa;m,ﬁml (X1)0ay8;0a28, — i1Lasas,6)6 (X2)5a’1[315a151)
316155
WP X, 1) (61)

We use the first equality in Eq. (61), insert this into Eq. (59), and move
the evolution operator i£(X7) onto the Ay (X;) dynamical variable. Next, we
use the second equality in Eq. (61) and formally solve the equation to obtain
W (X1, Xo,t) = e £ X2)7(X,, X5,0). Finally we substitute this form for
W (X1, Xa,t) into Eq. (59) and move the evolution operator to the dynamical
variable By (X2). In the adiabatic basis, the action of the propagator e (X2t

on By (Xs) is

B = 3 (o) LB @)
25, azay, B2

The result of these operations is

2
Aap(t) = Y /HdXi (iL(X1)Aw (X7)) ™
o ,af ,an,0d i=1

’ ’
T ¥ 1 Q2 (

K B2 (X, t) W X1, Xa,0). (63)

This equation can serve as the basis for the computation of transport prop-
erties for quantum-classical systems. Note that full quantum effects are de-
scribed by the initial value of W.

6 Example reaction rate calculation

The rate coefficient of a reactive process is a transport coefficient of interest
in chemical physics. It has been shown from linear response theory that this
coefficient can be obtained from the reactive flux correlation function of the
system of interest. This quantity has been computed extensively in the lit-
erature for systems such as proton and electron transfer in solvents as well
as clusters [29,32, 33,56, 71-76], where the use of the QCL formalism has al-
lowed one to consider quantum phenomena such as the kinetic isotope effect
in proton transfer [31]. Here, we will consider the problem of formulating an
expression for a reactive rate coefficient in the framework of the QCL theory.
Results from a model calculation will be presented including a comparison to
the approximate methods described in Sec. 4.
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6.1 Simulation results

Consider a simple reactive process A = B. The quantum mechanical expres-
sion for the time dependent forward rate coefficient for such a process is given

by, .
1 R R
Fas(t) = —— / d (N5 (t'): 6 1), (64)
g Jo

where the §N; are the species operators representing the deviations of each
species from their equilibrium number densities, and the angled brackets de-
note the Kubo transformed correlation function as defined in Eq. (50). This
expression was derived previously by following the projection operator meth-
ods of Mori and Zwanzig in the linear response regime [77]. Following the
discussion of the previous section, the quantum classical limit of this expres-
sion, (63) can be obtained and is given by [70]

k'AB - eq Z Z 2 504(1 (65)

a a'>a
ihg
,—

x / dXRe {Nga'(X,t)WX'a(X 5 )

Here, the integration over X; was performed in Eq. (63) to define W§*' (X, %)
which is the integrated value of the combination of the spectral density func-
tion with the time independent operator. This spectral density function con-
tains the quantum equilibrium structure of the system. Ngo‘/ (X, t) is the time
evolved matrix element of the number operator for the product state B. Thus,
to calculate the rate, one samples initial configurations from the quantum equi-
librium distribution, and then computes the evolution of the number operator
for product state B. The QCL evolution of the species operator is accomplished
using one of the algorithms discussed in Sec. 3.2. Alternative approaches to
the dynamics may also be used such as the further approximations to the
QCLE discussed in Sec. 4.

The sampling of initial configurations from the spectral density function
remains a challenging task as the structure of this function is complicated. By
factoring this quantity into a subsystem and conditional environment distri-
bution, W§ (X, mﬁ) = p% *(X0)pt(Xe; Ro), the problem simplifies. In par-
ticular, if the environment consists of harmonic oscillators, as is the case here,
the exact form of the spectral density is known for the environment. For
the subsystem, one can appeal to the fact that typically the barrier region,
where the largest contribution to the dynamics in this problem take place,
is approximately harmonic. Doing so, one is able to obtain an approximate
analytic form of this function given by [78],
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’ 7:0, _ i ) o a
(00 = gy [ o HE) S A8 By, 0) (66)

(e3¢5

2 2y, 1 -
X {5a1aze—“<4Ro+Zo>“1QaMOZOzﬁ

Zo\2 4 Zo\2 4
_d(nOéQ (0)672a[(R0+70) UI+(R07TO) '“'2] m )

where ) = u;cothu;, @; = u;cschu,, u; = fhw;/2, w; is the barrier region fre-
quency for the state a; which may be real or imaginary, and a = My/(23h2).
By numerically integrating over Z; we obtain the quantum mechanical equi-
librium structure for the subsystem, po(Xp). Sampling from this distribution
is performed from the harmonic part and subsequently reweighted by the
remaining term. With this quantity, in conjunction with that for the environ-
ment and Eq. (65), the quantum mechanical rate-coefficient can be computed
via computer simulation.

We consider the same reaction model used in previous studies as a simple
model for a proton transfer reaction. [31,57,79] The subsystem consists of a
two-level quantum system bilinearly coupled to a quartic oscillator and the
bath consists of ¥ —1 = 300 harmonic oscillators bilinearly coupled to the
non-linear oscillator but not directly to the two-level quantum system. In the
subsystem representation, the partially Wigner transformed Hamiltonian for
this system is,

. Vq(Ro) + RS2 hryoRo
HW - ( h’YoRo V;J(Ro) — h{2 (67)

2
p2 Y=l p2 pfaw? .
| =0 Ly 2 Ry — Ry | | T

2M0 =1 2M] 2 Mjwj

The solution of the eigenvalue problem, hyy (R)|o; Ro) = Eo(R)|; Ro), yields
the adiabatic eigenstates, |a; Ro), and eigenvalues

Ea(R) = Vy(Ro) + Ve(Re; Ro) F 7/ 2% + (90 Ro)?,

where 22 is the adiabatic energy gap. The parameters of this model charac-
terize a harmonic environment with ohmic spectral density, [80] the details
of which can be found elsewhere. [31,68,79] The reaction coordinate Ry un-
dergoes dynamics characteristic of a well defined barrier crossing process and
product species operator Ngo‘,(Ro) = 0(Ro)0no is initially diagonal in the
adiabatic basis. Here 0(Ry) is the Heaviside function.

The plot in Fig. 1 shows the reaction rate computed via adiabatic versus
nonadiabatic dynamics. The rate constant, given by the plateau value of the
correlation function, is lower when nonadiabatic dynamics is considered. This
reduction is due to enhanced barrier crossing as a result of motion on either the
excited state or mean surfaces. This is seen more clearly in Fig. 2. When the
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Fig. 1: Nonadiabatic vs adiabatic reaction rate for 3 = 1.0. The blue (upper) curve
is the adiabatic result while the green (lower) curve is the nonadiabatic rate.

system is propagating on either the mean or excited state surface it is confined
close to the barrier region such that it crosses the barrier more frequently. On
the other hand, once the system jumps down to the ground state, it stabilizes
in one of the wells such that recrossings are less frequent. The increase of
recrossings due to dynamics on these surfaces leads to decay of the correlation
function.

In Fig. 2 one can see the qualitative differences between the dynamics on
the various surfaces. Although both excited state and mean surface evolution
segments oscillate around the barrier, the mean surface segments are able to
explore a wider region due to the broader structure of the mean free energy
surface for this model. In contrast, the excited surface trajectories are nar-
rowly confined to the barrier region where the probability of a transition is
high. Thus, excited state trajectory segments are short lived. The evolution of
trajectories along the mean surface is an important result in QCL dynamics as
it entails the proper treatment of coherence that is lacking in surface-hopping
approaches.

By inserting the form of the spectral density function discussed above into
the rate coefficient expression, the second line of Eq. (65) may be replaced by

/ dXRe {Nga’ (X, WG (X, th)} -
[ axore (V). (o, 05 (0. 50| (69

where the angle brackets indicate an average over the conditional equilibrium
distribution, p¢(Xe; Rp). In this form, the computation of the rate constant
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Fig. 2: A segment taken from the time series of a nonadiabatic trajectory. The blue
curve is the times series for Ry, the red curve indicates the surface on which the
trajectory is evolving, where a value of 2 on the Ry axis corresponds to the ground
state (1,1), 3 corresponds to the mean surface (1,2) or (2,1), and 4 corresponds to
the excited state (2,2). During the evolution on the mean surface and excited state
surface the trajectory is confined to the barrier region where it may cross the barrier.
In contrast, when the trajectory is on the ground state surface the system stabilizes
in one well or the other.

involves the bath averaged observable discussed in Sec. 4.2, allowing us to
apply the master equation formalism discussed above.

In Fig. 3, the simulation results for the same model problem are presented
using the QCLE, the master equation, Tully’s surface-hopping approach, the
mean field approach, and adiabatic dynamics. The algorithmic details of each
approach can be found elsewhere [2,40,79].

From the figure we see that the surface-hopping result using Tully’s algo-
rithm is almost identical to the adiabatic rate for the parameters given here.
By comparison to both the QCLE simulation and the master equation sim-
ulation, one can conclude that for this set of parameters this overestimates
the reaction rate. The primary reason for the discrepancy is the manner in
which coherence and decoherence is treated in the theory. Although the mas-
ter equation also restricts motion to single adiabatic surfaces, the probability
of hopping is obtained from a calculation that accounts for decoherence in a
different manner. The prediction of the rate obtained by the mean-field ap-
proach, shown in the figure, underestimates the rate. This can be attributed to
the neglect of correlations in the equations of motion as discussed in Sec. 4.1.

We remark that the simulation scheme for master equation dynamics has a
number of attractive features when compared to quantum-classical Liouville
dynamics. The solution of the master equation consists of two numerically
simple parts. The first is the computation of the memory function which
involves adiabatic evolution along mean surfaces. Once the transition rates
are known as a function of the subsystem coordinates, the sequential short-
time propagation algorithm may be used to evolve the observable or density.
Since the dynamics is restricted to single adiabatic surfaces, no phase factors
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Fig. 3: Forward rate coefficient kap(¢) as a function of time for 8 = 1.0. The upper
(blue) curve is the adiabatic rate, the purple curve is the result obtained by Tully’s
surface-hopping algorithm, the middle (black) curve is the quantum master equation
result, the green curve is the QCL result, and the lowest dashed line (grey) is the
result using mean-field dynamics.

enter this part of the calculation increasing the stability of the algorithm.
For complicated reaction coordinates which are arbitrary functions of the
environmental coordinates the calculation of the transition rates will be more
difficult and time consuming. Of course, the validity of this scheme rests on
the accuracy of the Markovian approximation to the memory kernel, which
must be determined for the system under consideration.

7 Conclusions

We have presented some of the most recent developments in the computa-
tion and modeling of quantum phenomena in condensed phased systems in
terms of the quantum-classical Liouville equation. In this approach we con-
sider situations where the dynamics of the environment can be treated as
if it were almost classical. This description introduces certain non-classical
features into the dynamics, such as classical evolution on the mean of two
adiabatic surfaces. Decoherence is naturally incorporated into the description
of the dynamics. Although the theory involves several levels of approximation,
QCL dynamics performs extremely well when compared to exact quantum cal-
culations for some important benchmark tests such as the spin-boson system.
Consequently, QCL dynamics is an accurate theory to explore the dynamics
of many quantum condensed phase systems.

In practice, one’s ability to model any realistic system via the QCLE de-
pends on the appropriate choice of representation of the quantum system.
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Each representation brings with it a unique set of challenges and limitations
in the development of efficient algorithms for computing the dynamics as well
as sampling initial configurations. For these reasons it is interesting to con-
sider some of the earlier more approximate schemes such as the mean field and
surface-hopping approaches. We have shown here that there are conditions un-
der which the approximations underlying these methods are reasonable and
thus one can take advantage of the computational simplicity involved in these
schemes to obtain a computationally cheap solution to the problem. One, how-
ever, must keep in mind that the QCLE is already an approximate approach,
and that these schemes involve further, often severe, approximations to the
QCLE. An important outcome of this analysis is that the QCLE emerges
as an analytic tool that one can use as a theoretical basis to evaluate alter-
native approaches to the problem of quantum dynamics in almost classical
environments.

As quantum-classical dynamics is a rapidly emerging field of increasing im-
portance, there are many areas in which further study is needed. For example,
as was discussed in Sec. 4.2, the QCLE provides a useful framework to inves-
tigate the mechanism of decoherence in various scenarios. This fact allows one
to assess the validity of a Markovian approximation to the generalized master
equation. Another important area involves alternate representations of the
QCLE. For example the mapping basis discussed in Sec. 3.4 is one such ex-
ample where the use of harmonic oscillator states leads to dynamics in terms
of classical trajectories involving new forces. The computational simplicity
that this affords is obviously appealing. Although the structure of the higher
order correlation terms in the equation of motion are not easily computed,
in certain cases it has been shown to be negligible. Further research into this
area will prove useful and may yield more stable algorithms allowing for the
study of far more difficult systems. For example, an important problem of
interest that still lacks a satisfactory solution is the simulation of quantum
systems in the condensed phase interacting with a field. Through the use of
appropriate choices of representations leading to improved algorithms, this
type of problem may soon be solvable.
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