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Abstract. In this Chapter we review the core ingredients of a class of mixed
quantum-classical methods that can naturally account for quantum coherence ef-
fects. In general, quantum-classical schemes partition degrees of freedom between
a quantum subsystem and an environment. The various approaches are based on
different approximations to the full quantum dynamics, in particular in the way
they treat the environment. Here we compare and contrast two such methods: the
Quantum Classical Liouville (QCL) approach, and the Iterative Linearized Density
Matrix (ILDM) propagation scheme. These methods are based on evolving ensem-
bles of surface-hopping trajectories in which the ensemble members carry weights
and phases and their contributions to time-dependent quantities must be added co-
herently to approximate interference effects. The side by side comparison we offer
highlights similarities and differences between the two approaches and serves as a
starting point to explore more fundamental connections between such methods. The
methods are applied to compute the evolution of the density matrix of a challenging
condensed phase model system in which coherent dynamics plays a critical role: the
asymmetric spin-boson. Various implementation questions are addressed.

1 Introduction

The difficulty in simulating the full quantum dynamics of large many-body
systems has stimulated the development of mixed quantum-classical dynami-
cal schemes. In such approaches, the quantum system of interest is partitioned
into two subsystems, which we term the quantum subsystem, and quantum
bath. Approximations to the full quantum dynamics are then made such that
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the bath or environmental degrees of freedom are treated classically. The man-
ner in which approximations are made to achieve this limit, and the resulting
nature of the coupling between the quantum and classical subsystems dis-
tinguish the various quantum-classical schemes. While there are fundamental
issues and difficulties that must be addressed when attempting to combine
quantum and classical dynamics, quantum-classical schemes are, at present,
the most useful and practical methods for treating realistic physical systems.
A variety of such methods has been proposed [1,2]. Some of the most popular
quantum-classical methods are based on surface-hopping dynamics, where the
system evolves classically on single adiabatic surfaces, with quantum transi-
tions between these surfaces to account for nonadiabatic effects [3]. An im-
portant issue concerning the validity and implementation of surface-hopping
schemes is the manner in which quantum coherence is treated.

In this chapter we describe two quantum-classical schemes that account
for quantum coherence and involve simulations using ensembles of surface-
hopping trajectories: the Quantum Classical Liouville (QCL) approach, and
the iterative linearized density matrix (ILDM) propagation scheme. These
methods are based on different approximations to the full quantum dynam-
ics, in particular in the way they treat the environment. The QCL approach
starts from an expansion of the quantum Liouville operator and develops
approximate evolution equations for the density, while the ILDM approach
employs a linearized path integral expression for the same quantity. Previous
work has been done that begins to explore the relationship between these ap-
proaches [4] but more theoretical analysis is needed to understand the precise
connection. In this chapter we present a side by side comparison of the two
theoretical approaches, the algorithmic issues needed to implement them, and
explore their performances on a common benchmark problem as a prelude for
the analysis of this connection. Rather than give complete and detailed deriva-
tions of these two approaches, here we summarize the conceptual framework
underlying the different methods and, where appropriate, point the reader to
the original articles for complete details.

A complete and detailed analysis of the formal properties of the QCL ap-
proach [5] has revealed that while this scheme is internally consistent, incon-
sistencies arise in the formulation of a quantum-classical statistical mechanics
within such a framework. In particular, the fact that time translation invari-
ance and the Kubo identity are only valid to O(h) have implications for the
calculation of quantum-classical correlation functions. Such an analysis has
not yet been conducted for the ILDM approach. In this chapter we adopt
an alternative prescription [6,7]. This alternative approach supposes that we
start with the full quantum statistical mechanical structure of time correlation
functions, average values, or, in general, the time dependent density, and de-
velop independent approximations to both the quantum evolution, and to the
equilibrium density. Such an approach has proven particularly useful in many
applications [8,9]. As was pointed out in the earlier publications [6, 7], the
consistency between the quantum equilibrium structure and the approximate
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dynamics is lost with such an approach, though we gain the ability explore
different independent approximations to the evolution and the equilibrium
structure.

The focus of this chapter is exploration of the ability of mixed quantum
classical approaches to capture the effects of interference and coherence in the
approximate dynamics used in these different mixed quantum classical meth-
ods. As outlined below, the expectation values of computed observables are
fundamentally non-equilibrium properties that are not expressible as equilib-
rium time correlation functions. Thus, the chapter explores the relationship
between the approximations to the quantum dynamics made in these different
approaches that attempt to capture quantum coherence.

The main goal in the development of mixed quantum classical methods
has as its focus the treatment of large, complex, many-body quantum sys-
tems. While applications to models with many realistic elements have been
carried out [10,11], here we test the methods and algorithms on the spin-boson
model, which is the standard test case in this field. In particular, we focus on
the asymmetric spin-boson model and the calculation of off-diagonal density
matrix elements, which present difficulties for some simulation schemes. We
show that both of the methods discussed here are able to accurately and
efficiently simulate this model.

The chapter is organized as follows: The quantum-classical Liouville dy-
namics scheme is first outlined and a rigorous surface hopping trajectory al-
gorithm for its implementation is presented. The iterative linearized density
matrix propagation approach is then described and an approach for its im-
plementation is presented. In the Model Simulations section the comparable
performance of the two methods is documented for the generalized spin-boson
model and numerical convergence issues are mentioned. In the Conclusions we
review the perspectives of this study.

2 Quantum-Classical Liouville Dynamics

In quantum-classical Liouville (QCL) dynamics the partition of the system
into bath and subsystem is motivated by the observation that for many con-
densed phase processes it is essential to account for the quantum mechanical
character of only a few light (characteristic mass m) degrees of freedom; the
remaining heavy (characteristic mass M) degrees of freedom may be treated
classically to a high degree of accuracy.

2.1 Evolution equation

In this scheme, for a system with hamiltonian H , the starting point is the
quantum Liouville equation for the density matrix, p(t),

2 plt) = 2[4, 5(0). 1)
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The quantum-classical Liouville equation is obtained from this equation by
introducing scaled variables such that the characteristic momenta of the light
and heavy degrees of freedom are comparable. This scaling introduces a small
parameter y = (m/M)'/? in the equations of motion. Expansion of the quan-
tum Liouville operator to O(u) yields the quantum-classical Liouville equa-
tion [2,4,12-20],

aﬁW(R»-Pvt) _ i ) H
T = —ﬁ |:HW(R7 P)va(R’ P’t)

45U (R, P), pw (R, P00} = {pw (R, P,), Frwy (R, P)})
= —ilpw (R, P,t). (2)

The last line defines the mixed quantum-classical Liouville operator L. The
W subscripts denote a partial Wigner transform of an operator or density
matrix. The phase space variables of the bath are (R, P) and the partial
Wigner transform of the total hamiltonian is given by,

Hyw (R.P) = 3 + 504 Vi (4. R), (3)

where p is the set of momentum operators for the quantum subsystem with
coordinate operators ¢, and VW((j, R) is the partial Wigner transform of the
total potential energy operator of the system. As usual, square brackets denote
quantum commutators and curly brackets denote Poission brackets. Similarly,
the quantum-classical Liouville equation of motion for an operator Bis

dBw (R, P, t)

pr = iLBw (R, P,t). (4)

One noteworthy feature of Egs. (2) and (4) is that they provide an exact
quantum description for an arbitrary quantum subsystem bilinearly coupled to
a quantum harmonic bath. Other aspects of this equation have been discussed
previously in the literature [2,5].

2.2 Simulation of expectation values

The expectation value of an operator B is given by

B(t) = TrBp(t) = TrB(t)p(0) = Tr/ / dRdP Bw (R, P,t)pw(R,P). (5

In the last equality here we have introduced the partial Wigner transforms
of the density matrix and operator. The prime on the trace indicates a trace
over the subsystem degrees of freedom. All information on the quantum initial
distribution is contained in pw (R, P,0). In the evaluation of this expression

we assume that the time evolution of By (R, P,t) is given by Eq. (4). This
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equation may be simulated in a variety of representations, using various al-
gorithms [2,21]. Here we focus on a representation in the adiabatic basis and
a Trotter-based scheme which leads to a simulation algorithm involving an
ensemble of surface-hopping trajectories [22].

Given that the total hamiltonian may be written as Hy = P2/2M +
hw (R), the adiabatic eigenfunctions |«; R) are the solutions of the eigenvalue
problem, Ay (R)|a; R) = Eq(R)|o; R). In this adiabatic basis the quantum-
classical Liouville operator has matrix elements [12],

iﬁaa’,ﬁﬂ’ - (iwaa’ +iLao/)5a55a’ﬂ’ - jao/,ﬁﬂ’
= i‘cga’&aﬁéa’ﬁ’ — jaa’,ﬁﬁ’ . (6)

Here waa'(R) = (Ea(R) — Eo(R))/h and iL,q is the Liouville operator
that describes classical evolution determined by the mean of the Hellmann-
Feynman forces corresponding to adiabatic states o and o/,

P 0 1 0
Loor = 5 (Fv+ 7)) o5
! i ar T2 'wt W) ap Q
where Ffj, = —(a; R|6HW—(q’R)|a; R) is the Hellmann-Feynman force for state

o. The operator Jua 34 is responsible for nonadiabatic transitions and asso-
ciated changes in the bath momentum and can be written as the sum of two
terms,

\7(10/,[3,8’ = Jl aa’,B6’ + JQ aa’,BB" (8)

where

P
Jlaa’yﬁﬁ/ = — (daﬂéa/ﬁ/ + d* ’ﬁ/éaﬁ) M (9)

1 " 9
Jraar 590 = =5 ((Ba = Eg)dagbary + (Bar = Eg)diygdap) - 55, (10)

and dog(R) =< a; R|aiR|ﬁ? R > is the nonadiabatic coupling matrix element.
The matrix elements of the quantum-classical propagator in the adiabatic
basis are (exp (iﬁt))aa,7 PrL The superoperator notation involving pairs of
quantum states can be eliminated by associating an index s = aN + o with
the pair (aa’), where 0 < o, @/ < A for an N -state quantum subsystem [22].
The quantum-classical propagator then takes the form (exp (i£t))_, where
i»css’ - Z'»62553’ - jss"

Since the Liouville operator is time independent and commutes with it-
self we may write the propagator exactly as the product of N short time
propagators as

(eiﬁt)SOSN: 3 ﬂ(ewmnl)) , (11)

S;-18;
. J J
8182...6 N1 j=1
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where t; = j6 and t = N§. The propagator for each of the small time intervals
tj —tj—1 = 6 may be computed by using a Trotter factorization as

(elﬁ(tjftj*1)> ~ 6“:2]'*16/2 (67‘76) ZL ;%72 + 0(53) (12)
Sj—18j ijlsJ

where we have used the fact that £ is diagonal in the adiabatic basis. The
propagator ei£2(ti—ti-1) can be written as the product of a phase factor and
a classical evolution operator as [12]

eiﬁg(tjftj_l) _ ei f:jj—l dr Ws(Rs,T)eiLs(tjftj_l) (13)
= W (tj 1’ ) iLs(tj—tj71)7

where R, . denotes the value of R at time 7 obtained by classical evolution
under the Hellmann-Feynman force with quantum state index s.

The propagator (e*j 5)83/ is responsible for quantum transitions and bath
momentum changes. In order to compute its action, we use the momentum-
jump approximation [12,23] that replaces the small continuous momentum
changes with momentum jumps that accompany each quantum transition. In
this approximation, the matrix elements of e~79 can be written in terms of a

matrix M to O(5?),
(77%) |~ (@)awe P+ 0(8%) = Moy (6) + O(8%).  (14)

The explicit forms of the Q1 and C' matrices may be written for any N -state
quantum system. For a two-level system they have the forms,

' cos?(a) fcos(aQ) sin(a) fcos(.a)Qsin(a) .sin2(a)
SR i o et i p
sin?(a) sin(a) cos(a)  sin(a) cos(a) cos?(a)
where a = £ - dyo(R)§ and
0 Soi So1 2501
C— S0 0 0 Soi (16)

Sio 0 0 So1 |’
2510 S10 S10 0

where So3 = hwagdas/(2(P/M) - dog). The momentum jump operators can
be evaluated as

¢Saw /0P f(P) — wasMO/0(das P)?) 1 <PL + dagsgn(das - P)y/ (dag - P)2>
= f(P + APQB).

where
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AP.5 = dop (Sgn(dag : P)\/(ciaﬁ - P)2 + hwagM — (dgp - P)) (17)

and P has been decomposed into its components along and normal to ciag as
P =(1—dapdag) - P+dap(des-P) = Py +dag(dag - P) = P+ dagsgn(dags -
P)y/(dus - P)2.

Using these expressions in the Trotter expansion (12) we obtain

. A0 - ~0
(ezl:(tjftj—l)> ~ elﬁsjflé/zMsj,lsj (5)6"£sj5/2 (18)
Sj—18j

= W, (o1t = 6/ 0P M ()W, (1 — 6/2, 1) 0502

From left to right, the short-time propagator describes classical propagation
on the s;_1 surface through a time interval §/2, a transition s;_; — s; deter-
mined by the elements of M and classical propagation on the s; surface for a
time interval §/2.

Short time segments may be concatenated to obtain the time evolution for
any time. Using Eq. (18), we may write the expression for B(t) more explicitly
as

Bt) =) / dRAP BY(R, P,t)pi% (R, P)dRdP (19)

DN L S| | RS EE

sSN

¢ My @Vl - 6/27tj>e"L”“/2} By (R.P)

where s, = (af,ap) is obtained from sy = (ap,af) by the interchange
ap = af. The summations on quantum indices and phase space integrals
can be performed through Monte Carlo sampling. The simulation algorithm
consists of three steps based on the structure of Eq. (19). The total time of
the simulation is divided into ¢/§ = N short time segments. Given the form
of the short time propagator in Eq. (18) we can rearrange Eq. (19) into the
form

— N & pséﬁ(R“ Pr) N iLgs  6/2
B(t): ?/{{—7 Wsr]?_l(t*,17t‘—6/2)e Sj—1
K“meﬁn[H( e
2o (@1)sy_ 55 (9)]

5157 iLyxd/2
X M s (0)Wsr (t; — 0/2,t5)e
(@ )]s Ol ’ )]
x By (R*, P®), (20)

that can be evaluated by Monte Carlo sampling. Here the index x refers to
the Monte Carlo sampling of the elementary event (R*, P", s, s5,...,s%),
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and results are averaged over K such events. The N? factor arises from the
uniform sampling for the sum on the initial states so. Phase space is impor-
tance sampled according to |py% (R, P)|, which leaves in the sum the phase
factor, o = pf/{(’,(R, P)/|pv (R, P)|.

Evaluation of Eq. (20) involves a combination of Monte Carlo sampling and
propagation steps. For (j = 1) the phase space point (R, P) is propagated clas-
sically to e'F«0%/2(R, P) = (R, P'). The phase factor W, and all of the matrix
elements and operators, including the observable, at the value of this evolved
phase point, are updated. The value of the index s; in the matrix Mg, ()
is chosen by sampling with probability [(Q1)sgs; (6)]/ 2 [(Q1)sgsp (6)]- This
introduces the factor ZS?:O [(Q1)sss5(0)|/1(Q1)s5s5(0)]. Once the index sy is
selected, the momentum jump (if any) specified by Mg, s, (§) is applied to all
functions and operators to its right so that the new bath phase space point is
(R', P'), where the overline denotes the momentum after the momentum-jump
operation. The phase factor Ws, is then computed and the evolution operator
e*l+19/2 i5 used to propagate the bath phase space coordinates (R’, P’) to time
t1: eL19/2(R' | P') = (R", P"). The procedure is then repeated starting from
the index j = 2 in the product in Eq. (20) with the updated value of the bath
phase space point.

An important additional part of the algorithm is the use of a filter. Es-
timates of averages are dominated by large fluctuations which come from
unusually large values of the summand of Eq. (20) and exacerbate the sign
problem that comes from the phase factors in the evolution. The use of a
filter can eliminate improperly large biasing fluctuations which should not
contribute to the averaged quantity. A simple filter involves putting an upper
bound, Z, on the magnitude of the factor in the square brackets appearing in
the summand in Eq. (20). When, at step j in the calculation of the product
in the summand, the running summand exceeds the bound, the factor in the
updating of the running product is put to unity and the index s; is set to
sj—1. The reader can find details of this approach in reference [10,22].

3 Iterative Linearized Density Matrix Propagation

Rather than starting from the exact quantum Liouville equation for the den-
sity matrix and approximating it by the mixed quantum-classical Liouville
equation as in the QCL scheme outlined above, the iterative linearized den-
sity matrix propagation approach, in contrast, starts from an exact expression
for the evolution of the density operator and then uses the time composi-
tion property of the quantum propagators to write this evolution in terms
of concatenated time segments. In much the same way as with the formal
development of path integral expressions, a short time approximation for the
propagating density matrix in each segment is developed. With in each in-
dividual time segment evolution occurs according to the prescriptions of the
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linearized approximation as outlined in the literature [24-28]. The basic idea
behind this alternative approximate scheme is that, for sufficiently short times,
the forward and backward paths of the environmental degrees of freedom that
are used to represent the evolving density matrix must remain close to one
another. Truncating an expansion in the difference between forward and back-
ward paths for these degrees of freedom at linear order should provide a good
short time approximation. With this approach, contributions from forward
and backward paths of the quantum subsystem degrees of freedom are in-
cluded to all orders. The time segments in the iterative implementation of this
short time approximation are joined by a stochastic mechanism that samples
the relevant contributions to the evolving density matrix at any given time.
Thus, linearization becomes a tool to obtain a satisfactory approximation for
a sequence of propagators in the spirit of a “finite time” path integral expres-
sion for the density operator in which the length of the “time slices” is not
necessarily infinitesimal. Since the approximations underlying the linearized
expression for the propagators are more accurate for short times, the perfor-
mance of the overall dynamics is expected to improve with the number of time
slices. During each individual propagation leg, non adiabaticity is described
through the evolution of quantum amplitudes represented in the mapping for-
mulation [29-33]. At the end of each finite time slice, the quantum subsystem
representation is refreshed by a Monte Carlo selection of the most important
term in the density matrix at that particular time in a similar fashion to that
outlined in the previous section. In the following we summarize the results
needed to derive the approach and present an algorithm that combines evo-
lution of classical trajectories and Monte Carlo sampling to implement the
theory.

3.1 Theory

The time evolution of density operator p(t) in the Heisenberg picture is given
by
plt =nA) =e #HA emwHA[Q)erHA [ enHA (21)

where, to set the stage for the approach to be described, the total time prop-
agation to ¢ has been broken up into n time intervals of finite duration A.

Inserting resolutions of the identity written in terms of tensor product
states |[Rjaa;a) (with 0 < j < (n —1)) in the coordinate and diabatic state
representation, matrix elements of the time dependent density operator are
conveniently written as
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<RnAanA ‘ﬁ(nA) |R;LA O/nA> =

Z / AR(—1)AdR{, 1) Z / dRydR),

F(n—-1)Aa,% (n 1)A @0,

X <Rn4an4|€_%HA|R(n,1)A04(n,1)A> e <R404A‘6_%HA|R00£0>
x(Roao|p(0) | Ryery)
<R0ao|€” HA|R/ A <Rl(n71)Aa£n71)A|eh AR, A0 4)
(22)

In this expression, each individual sum extends over all the N diabatic basis
states.

A convenient expression for the incremental time evolution of the density
matrix in the time interval 0 < 7 < A, for example, can be obtained as de-
scribed in detail in references [34-36]. Briefly, a hybrid coordinate-momentum
path integral representation of the forward and backward propagators for the
environmental degrees of freedom is introduced, together with the mapping
hamiltonian representation of the evolution of the quantum subsystem [29-33].
The latter can be evaluated explicitly and exactly as a parametric function
of the paths of the bath variables by averaging the contributions of a set of
auxiliary classical trajectories for the mapping variables (p; x, ¢-,») obtained
by solving the following equations:

q"r',k:hk/\ p'r/\+zhku pTu
HFEN

ﬁT,k = _h)\ )\ QT AT Z h)x,u QT m
JIE2N
(23)

Here hy ,(R;) is the matrix element of the quantum subsystem hamiltonian in
the diabatic basis, including its interaction with the environment (see reference
[37] for details). These manipulations transform the integrand in Eq. (22) into
an explicit complex function of the bath and mapping variables. A change
of variables is introduced that transforms the integration over forward, R,
and backward, R environmental paths into integration over the mean R, =
(R; + R.)/2 and difference paths Z, = (R, — R.). The total phase of the
new path integral expression is then expanded to linear order in the bath
difference path. This approximation makes it possible to evaluate all difference
integrals analytically to arrive at the following result for the reduced density
matrix elements for the first time increment A which is divided into K discrete
environmental path integral time steps of duration §, i.e. A = K.
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_ Z . _ 4
(Ric + S-aalp(4)|Ric = Zaly) =

Z dl_%odqodpodq{)dpgré’%e 0.0 Gr0.00€" 0 Gy

’
Qp,0

dP, dP a0, i
/ Hde £ Sl (Ro, Pr)et P (24)

—1 K o R L) — ’ R
p— K — — —
Piy1 — Py an,d P, Rp—Rp_
b (b
k=1 k=1

here, the notation 0(-) in the last line of Eq.(24) is the Dirac d-function,
Go = e A TN g 0 ((B) = [ s ((RED) + 20 (R)), and

A
Onan({RE}) = tan™? <M) +/ ATha,,aa(Ry)
0

40,0
p‘raAp‘r)\ + Gran Q‘r)\)
dr |: o >\
/ A;:A B (PPan +2an)
A
= tan~! @;&) + /0 0o\ (R, )dT (25)
;A

The partial Wigner transform of the initial density matrix element (2nd line
of Eq.(24)) is

a0l B 5 _ Zo am Zo . _ip
(952 (Ro, 1) = [ (o + aolplfi — Raple #7150 (20)
and the “force” is

PN 1 = _
FkA :—5 {kahaA,aA(Rk)+kaha/A,a’A(Rk)} (27)
{(paAkp/\k + q(xAkQAk)}

(Pur + k)
{ (Pl kP + Do, k908) }

(P i + o)

1 _
_5 Z VRkhaA/\(Rk)

)\;ﬁOtA

1 _
3 Z Vi o, A(B)

AFal,

A detailed description of the derivation of these results can be found in refer-
ences [34,36].

Using Eq.(24) in Eq.(22) gives the iterative scheme developed in reference
[37].
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3.2 Implementation

In the iterative scheme outlined above, the evolution of all degrees of freedom
has been reduced to classical trajectory propagation that can be efficiently
performed. However, the number of terms included in the multiple sums in
Eq. (22) grows exponentially with the number of time segments. This expo-
nential growth can be controlled using an importance sampled Monte Carlo
approach (see step (3) below). This involves implementing a trajectory surface
hopping -like technique similar to that adopted in Ref. [39] and outlined under
Eq. (20) above. The Monte Carlo induces hops between density matrix ele-
ments, i.e. pairs of state labels, and generates dynamical information about
both populations (diagonal elements of the density matrix) and coherences
(off-diagonal density matrix elements).

To demonstrate the algorithm let us consider two segments. There are five
relevant times or time intervals:

(1) 7 = 0: The sum over initial quantum states g, o, is performed ex-
plicitly. For each pair of initial quantum states selected, initial conditions for
the bath variables are sampled from a probability density derived from the

partial Wigner transform [ﬁ]%’a;’ [25,38]. The initial conditions for the map-
ping variables are specified by focusing on the occupied states for the forward
and backward propagation [33,37]. This initializes the occupied state mapping
variables at the phase space point (pg,,qa,) = (1/4/2,1//2), while the un-
occupied state mapping variables originate from (py , ¢4, ) = (0,0) (a similar
set of conditions, with reversed initial momentum, is used to propagate the
mapping variables in the backward propagator).

(2) 7 € (0,A): The forces that evolve the initial conditions specified in
(1), F“A’O‘/A, depend on the labels of the quantum states at the end of the
first time segment. According to Eq. (22) we must sum over all these labels
as the starting states for the second propagation leg. Our approach thus gen-
erates N' x N' = N, trajectories, each governed by a different force F @a,n
for the first propagation leg. The characteristics of the individual trajectories
depend on the pair of indexes selected as the final quantum states and on the
coupling between the electronic states during the propagation. In particular,
if ap = /4, Eq. (27) induces evolution on a single diabatic surface (first term
on the right hand side) modulated by the coupling matrix elements and the
mapping variables (second and third terms). On the other hand, if an # /4,
the first term in the definition of the force amounts to propagation on a mean
surface, while the second and third terms include modulation from couplings
and mapping evolution as in the previous situation. Along the trajectories,
the polynomial phase weights A o , T/A’Q/A exp[—i fOA AT (0o s (1) = Oar, (7))] e€s-
timate the contributions of the different evolutions to the various density ma-
trix elements. Note that, due to the focusing, initially occupied states start
with weight equal to one, while unoccupied states begin with zero weight.
These weights change, in the presence of couplings between the electronic
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states, due to the amplitude transfer described by the evolution of the map-
ping variables.

(3) 7 = A: At the end of the first segment, the N, trajectories have moved
to different bath and mapping phase space points. In order to propagate the
next leg we should, for each final point, propagate a new set of N, trajectories
that experience different forces F24-%2a If we were to propagate all these
alternatives, the number of trajectories would grow as N , where there are o
trajectory segments. To tame the exponential growth of the number of trajec-
tories we implement a Monte Carlo (MC) procedure that substitutes the brute
force sum over the quantum states at the intermediate time points along the
propagation with an importance sampling of the different terms contributing
to the value of the density matrix at the given time. The approach exploits
the observation that during a given trajectory segment many of the quantum
amplitudes that start out at zero at the beginning of the segment, remain very
small at the end of the segment and this results in small polynomial weights
and therefore small contributions to the integrals in Eq. (22). An MC branch-
ing procedure, whose probability distribution is based on the change in the
quantum amplitudes during the current segment, is then used to decide which
term in the double sum over states at the intermediate time is the most im-
portant. Thus, at the end of the first segment we compute the magnitudes of
the contribution of the particular initial phase space point (Rg, P1, ag, o) to
the density matrix elements for /the new ti/me7 A, when this point has evolved
to the A, final points (R?A’QA),P?A’&A),aA,a’A) under the influence of
the different forces F@4-%a. As described above, the magnitudes of these dif-
ferent contributions are r o, r’Aya,A , so we define the normalized probability
distribution

Moty =TAanT . /1(4) (28)
with n(4) = ZaA,a’A TAanl's o+ We define the cumulative probabilities

Coap, = 252:1 Zgi:l Mo, o, - A uniform random number £ on the inter-
val (0 < ¢ < 1) is then selected. If the cumulative probability first becomes
larger than ¢ for indexes fa = o and 8’y = o/}, the trajectory segment gen-
erated with forces F*4-%4 which evolves the density matrix from (a0, ) to
(%, a’}) over the current segment is used as the MC sampled representative
for the double sum 3 in Eq. (22). Since the Monte Carlo branching
process is normalized by dividing by 1(A) we must multiply out this time de-
pendent normalization to preserve the true weight of the sampled trajectory
segment. The sampled trajectory segment thus carries a weight and phase fac-
tor n(A) exp[—i fOA d7 (0o, (T) = 0o, (7))] which multiplies its contributions to
the ensemble averages. Once the new pair of quantum state labels (o, /%) is
selected, the integrals over the corresponding mapping variables are again per-
formed by focusing and this may introduce discontinuities in the polynomial
weights and in the forces acting on the bath variables.

aa,aly
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(4) 7 € (A,2A): The new propagation segment evolves as in (2) with forces
Fro2a,ana

(5) 7 = 2A: At the final time of the propagation, the “measurement” time,
the overall weight of each contribution to the Monte Carlo in the initial condi-
tions and state labels is computed. In the case of two segments, this is given by
n(A) exp[—i fOA AT (0o, (T) — O, (T))}TQA)OQAT/?A7Q/2A exp|—i fjA AT (O q (T) —
Oay , (7))]. The different elements of the evolved density matrix can be evalu-
ated by averaging these contributions over a set of repetitions of the Monte
Carlo (and molecular dynamics) procedure described in (1)-(4).

The approach outlined above can be immediately generalized to the case
of n propagation segments simply by iterating points (3) and (4). In this case,
the weight at the final time nA becomes

n—1 kA
2, = {H n(kA) exp[—i/ A7 (o, (T) — ea;cA (T))]}

k=1 (k—1)A
nA
X TndnaThar . XDl /( A0 () =0 )] (29)
) n—1)A

The combination of these phase factors and the weights that come from re-
normalizing after implementing the Monte Carlo density matrix element sam-
pling lead to the same sorts of statistical convergence problems observed with
the QCL implementation. Filtering techniques have not been implemented in
these ILDM calculations so far, however, an approach inspired by the method
outlined at the end of section 2 could be used to mitigate these convergence
difficulties that can be particularly serious at longer times.

4 Model Simulations

In this section we present results using the two approaches described in the
previous sections: the Trotter factorized QCL (TQCL), and iterative linearized
density matrix (ILDM) propagation schemes, to study the spin-boson model
consisting of a two level system that is bi-linearly coupled to a bath with Mj,
harmonic modes. This popular model of a quantum system embedded in an
environment is described by the following general hamiltonian:

1 Mh Mh
2 p2 | 252 Ao A . A
o= 5 jEZl(Pj +wiR;) + €6, + 6., JE:l gjR; — 20, (30)

where mass scaled coordinates have been used for the bath. We choose the
couplings, g;, and mode frequencies, w;, to be consistent with the exponen-
tially truncated ohmic spectral density model for which the spectral density is
J(w) = Ewew/“e [34,39], where ¢ is the friction or Kondo parameter and w, is
the peak frequency in the spectral density. All the calculations outlined below
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employ 20 bath modes coupled to the two level spin system. In this model
hamiltonian {2 is the off-diagonal coupling strength between the two diabatic
states of the quantum subsystem, and the parameter e controls the asymme-
try in energy between these states. This term acts like a “driving force” when
the spin-boson model is applied to study charge transfer reactions in solution.

As noted earlier, the fundamental equations of the QCL dynamics ap-
proach are exact for this model, however, in order to implement these equa-
tions in the approach detailed in section 2 the momentum jump approximation
of Eq.(14) is made in addition to the Trotter factorization of Eq.(12). Both
approximations become more accurate as the size of the time step ¢ is reduced.
Consequently, the results presented below primarily serve as tests of the va-
lidity and utility of the momentum-jump approximation. For a discussion
of other simulation schemes for QCL dynamics see Ref. [21] in this volume.
The linearized approximate propagator is not exact for the spin-boson model.
However when used as a short time approximation for iteration as outlined
in section 3 the approach can be made accurate with a sufficient number of
iterations [37].

Figure 1 presents results for the time dependence of the diabatic state pop-
ulation difference, B(t) = (0.)(t), for the symmetric spin-boson model (¢ = 0)
for two interesting sets of conditions corresponding to low temperature-low
friction, and intermediate temperature-high friction cases (see captions for de-
tails). Results from calculations employing the approximate methods outlined
above are compared with exact benchmark results. Generally the agreement
between results from the different approaches is quite reasonable though some
systematic differences are apparent. The results obtained with the TQCL ap-
proach for the low temperature - low friction conditions show coherent pop-
ulation oscillations that have a slightly higher frequency and a slower decay
than those obtained with the ILDM propagation scheme which generally show
very good agreement with the exact results under these conditions. Much
smaller differences between the various results are found at higher temper-
atures and frictions. The results presented here are converged with Trotter
timestep (TQCL), number of attempted hops (ILDM), and ensemble size.
Given that the QCL formulation should be exact for the spin-boson model
the systematic differences observed in the low temperature-low friction results
for TQCL approach can be attributed to the momentum-jump approximation
that is made when implementing the formulation. This approximation seems
to have the most noticeable effect under weak coupling conditions. If simula-
tions of QCL dynamics for these system parameters are carried out using a
mapping hamiltonian basis, the results are indistinguishable from exact quan-
tum dynamics [40]. This again suggests that the small discrepancies are due
to the use of the momentum-jump approximation.

The asymmetric spin boson model presents a significantly more challenging
non-adiabatic condensed phase test problem due to the asymmetry in forces
from the different surfaces. Approximate mean field methods, for example, will
fail to reliably capture the effects of these different forces on the dynamics.
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Fig. 1: Plots of B(t) = population difference = (c.)(t) for the symmetric spin-boson
(e = 0) as functions of time: Exact quantum results from Ref. [41] (solid circles),
TQCL algorithm (squares), ILDM propagation (open circles). Upper panel presents
results for low temperature, weak system-bath coupling case: 8 = 12.5, £ = 0.09 and
£2 = 0.4. Lower panel presents exact quantum results from Ref. [42] (solid circles),
TQCL algorithm (squares), and ILDM propagation (open circles) for intermediate
temperature and strong system-bath coupling: 8 = 3, ¢ = 0.5 and {2 = 0.333.

In Fig. 2 we compare results using ¢ = 0.4 for the two mixed quantum-
classical methods outlined in this chapter with exact results obtained from
MCTDH wavepacket dynamics calculations. To make a reliable comparison
the approximate finite temperature calculations were performed at very low
temperatures (§ = 25), though a product of ground state wave functions for
the independent harmonic oscillator modes could have been used to make the
initial conditions identical to those used in the MCTDH calculations.

From the upper panel in Fig. 2 we see that both the ILDM, and TQCL
results reproduce those obtained from MCTDH wavepacket propagation. The
ILDM calculations were run with 2 attempted hops per time unit and results
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Fig. 2: B(t) = (0.)(t) versus time for the asymmetric spin-boson model with 3 =
25, & = 0.13 and 2 = 04, ¢ = 0.4. (Top) Comparison of exact quantum results
(filled circles), ILDM simulations (small open circles), and QCL dynamics (filled
triangles). Both ILDM and QCL simulations were carried out for an ensemble of
2 x 10° trajectories and no filters are employed. (Bottom) Convergence of TQCL
dynamics with ensemble size: 2 x 10* (filled squares) and 1 x 10° (filled triangles).
Exact quantum results (filled circles). A filter parameter of Z = 500 is used for these
calculations .

are presented for an ensemble of A" = 2 x 10° trajectories. Beyond this time,
without using a filtering approach the statistical noise in the ILDM calcula-
tions becomes overwhelming. Convergence with ensemble size for the TQCL
approach using a small value of the filter cutoff (Z=500) is explored in the
other curves presented in the lower panel.

The nature of the quantum coherent dynamics in the system can be in-
vestigated by computing the off-diagonal elements of the quantum subsys-
tem density matrix obtained by tracing over the bath degrees of freedom,
p12(t) = [ dRdPpio(R, P,t). The time dependence of the real and imaginary
parts of p12(t) are shown in Fig. 3. The off-diagonal elements of the reduced
density matrix computed with the two different mixed quantum classical ap-
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Fig. 3: Real (top) and imaginary (bottom) parts of p12(t) versus time for the same
system parameters as in Fig. 2. Small circles, ILDM simulations; triangles, QCL
dynamics. In both cases 10° trajectories were used to obtain the results.

proaches agree to within the statistical uncertainty of the calculations. One
of the important properties of these methods that distinguishes them from
many other mixed quantum classical approaches is their ability to treat these
coherence terms with out making ad hoc approximations. Traditional surface
hopping trajectory approaches [1, 3], for example, either completely neglect
decoherence, or incorporate its effects by damping out off-diagonal elements
of the reduced density matrix with some phenomenological exponential de-
coherence time. In contrast, both the QCL and ILDM propagation schemes
include decoherence effects in a completely ab initio fashion by accumulating
interfering contributions to the off-diagonal density matrix elements over the
ensemble of phase factor weighted trajectories. In general the reliable compu-
tation of such interference effects is numerically intensive as large ensembles
are required to accurately add the interfering contributions. The results in
Fig. 3 for the asymmetric spin-boson system considered here show long lived
coherent oscillation of the off-diagonal elements for these conditions, with
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no evidence of exponential decay assumed in the phenomenological models
of condensed phase decoherence processes. The dephasing is at least as long
lived as the population relaxation dynamics for this model system.

5 Conclusion

The two quantum-classical dynamical schemes discussed in this Chapter pro-
vide ways to investigate the dynamics of large, many-body systems where
quantum degrees of freedom are coupled to an environment. The results pre-
sented here have shown that both schemes yield good agreement with exact
calculations for the symmetric and asymmetric spin-boson models for a wide
range of system parameters. In particular coherences are accurately described.
Our simulation results have documented the performances of the algorithms
with respect to quantities such as the number of trajectories in the ensem-
ble needed to obtain good results, the use of filters and the utility of the
momentum-jump approximation. The QCL formulation can be shown to be
exact for the spin-boson model so our comparison with numerically exact
results for this model tests only the approximations in the implementation
scheme. Calculations on models for which this formulation is not exact would
offer more challenging tests and may provide a more stringent basis for com-
paring the different methods in future studies.

While the two methods are, at face value, quite different in the ways in
which full quantum dynamics is reduced to quantum-classical dynamics, there
are common elements in the manner in which they are simulated. The Trotter-
based scheme for QCL dynamics makes use of the adiabatic basis and is based
on surface-hopping trajectories where transitions are sampled by a Monte
Carlo scheme that requires reweighting. Similarly, ILDM calculations make
use of the mapping hamiltonian basis and also involve a similar Monte Carlo
sampling with reweighting of trajectories in the ensemble used to obtain the
expectation values of quantum operators.

As noted above, however, the theoretical frameworks of the two approaches
appear quite different. This is a common situation in mixed quantum-classical
simulations: many methods exist, and they may have very different ranges of
applicability. A systematic assessment of differences and similarities, of the
accuracy of various approximations, and in general of their relative merits
presents a significant challenge. Investigating the relationships between dif-
ferent methods, however, can provide a better understanding of the nature,
advantages and limitations of mixed quantum-classical methods in general,
and may lead to a more firm theoretical foundation on which to base the
development of new methods, as well as more efficient algorithms for imple-
mentation.

The two methods described in this Chapter are good candidates for such
comparative investigation. They are both derived employing well-defined ap-
proximations to exact quantum expressions and they can be used to study
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the same set of, general, observables. Furthermore, it has already been shown
that, for some choices of the quantum sub-system basis set, QCL can be ob-
tained via a linearization procedure that shares some similarities with the
linerization used to derive the ILDM propagation [4]. Future work will inves-
tigate the theoretical connections between the methods that, as a first step,
we have compared in their existing formulations in this Chapter.
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