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Mixed quantum-classical equations of motion are derived for a quantum subsystem dfagg

m) particles coupled to a classical bath of masdinmssM) particles. The equation of motion
follows from a partial Wigner transform over the bath degrees of freedom of the Liouville equation
for the full quantum system, followed by an expansion in the small parametefm/M)*? in
analogy with the theory of Brownian motion. The resulting mixed guantum-classical Liouville
equation accounts for the coupled evolution of the subsystem and bath. The quantum subsystem is
represented in an adiabafmr othepy basis and the series solution of the Liouville equation leads to

a representation of the dynamics in an ensemble of surface-hopping trajectories. A generalized Pauli
master equation for the evolution of the diagonal elements of the density matrix is derived by
projection operator methods and its structure is analyzed in terms of surface-hopping trajectories.
© 1999 American Institute of Physids$0021-96009)51117-3

I. INTRODUCTION semiclassical limit have been used to explore mixed
guantum-classical dynamics in terms of classical
One is often interested in the dynamics of a light quan-trajectories’ Also, multistate quantum Fokker—Planck equa-
tum particle or set of quantum degrees of freedom interactingions have formed the basis of investigations of nonadiabatic
with more massive particlésExamples include electron and dynamics:®
proton transfer or diffusion processes in condensed phase In this article we present a formulation of this problem
systems, or vibrational motions of molecules in liquids. Inthat yields a set of evolution equations for the mixed
such circumstances it is not feasible to attempt a full quanguantum-classical system. The method utilizes a partial
tum solution of the Schdinger equation for the thousands Wigner representatidhof the bath degrees of freedom while
of degrees of freedom of the system. Consequently one is legtaining the operator character of the quantum subsystem.
to consider the dynamics of a quantum subsystem coupled fbhe mixed quantum-classical limit is obtained by an expan-
a classical bath. sion in a small parametgr=(m/M)¥?<1, wherem andM
The nature of the equations of motion describing such are the masses of the quantum and ‘“classical” particles,
mixed quantum-classical system is unclear since the couespectively. This expansion of the equations of motion is
pling to the quantum subsystem endows the classical batanalogous to that utilized in the classical theory of Brownian
with unusual properties. For example, by a stationary phasmotion. The derivation of the equation of motion for the
analysis of the equations of motion Pechukas demonstratedknsity matrix is presented in Sec. Il. The representation of
that the variational principle leading to the evolution equa-the evolution equation in an adiabatic basis is given in Sec.
tions is not Lagrangian in character and the equations offil. Section IV shows how the time evolution of the density
motion do not possess unique solutions as a consequence roftrix may be computed in terms of an ensemble of surface-
the coupling to the quantum degrees of freedom. hopping trajectories. Both exact and approximate representa-
The most common methods for treating these mixedions in such trajectories are described. Section V presents a
guantum-classical systems utilize surface-hopping schemeterivation of the Pauli master equation for a mixed quantum-
involving various approximations to the dynamics. Once onelassical system. The equation for the density matrix is cast
goes beyond a description based on adiabatic dynamida the form of a generalized master equation for the diagonal
where the evolution takes place on a single potential energglements. An analysis of this master equation yields further
surface, a number of different methods have been suggestéusight into the dynamics in terms of surface-hopping trajec-
for devising trajectories of the classical bath that account fotories. The conclusions of the study are given in Sec. VI.
transitions among the quantum states of the subsy$tem.
These methods are based on assumptions concerning the na-
ture of the mixed quantum-classical dynamics. Approximate
schemes based on the evolution of the quantum density m&: EVOLUTION EQUATION FOR DENSITY MATRIX
trix coupled to a classical batland on the use of generalized
Hellmann—Feynman forcBsiave been constructed. Studies Consider a quantum system composed ofngparticle
of the density matrix evolution for two-level systems in a subsystem and aN-particle bath with coordinate operators
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g and® and particle masses aof andM, respectively. The Wwhere the Poisson bracket operatois defined as
evolution of the density matrip(t) for this system is given

by the quantum Liouville equation A=Vp Vr=Vgr Ve, (8)
ap i and the direction of an arrow indicates the direction in which
rinie g[H,f)], (1)  the operator acts.
Taking the partial Wigner transform of the evolution
where the Hamiltonian operator is equation[Eq. (3)] we find
N ﬁ)2 pz A A aﬁW(R,P,t) I ~ A A
H=Sut o5 TV(@.Q). 2 — 7 ((HDw=(pH)w)

The momentum operators apeand P while the total poten-

tial energy V(§,0) may be written asV(g,Q)=V(d)

+V(Q) +V(8,0), where the subscripts, b, andc refer

to the(quantum subsystem, bath and coupling, respectively,

but we shall rarely need this decomposition. The hats refer Qo
abstract operators; when the hat is omitted the symbols will
refer to the coordinate representation of these quantities. In | Pz p%2 .

addition, symbols such a§ or Q will stand for vectors of HWRP) =5+ 5, FVwla.R). (10

ill stand l 2M  2m

Operatorsiq:(ql!QZv L 1d3n)1 or Q:(Ql!QZ! LR 1Q3N)1 3 . R
corresponding to the different particles in the system under We are interested in the limit where the masses of the
consideration. bath particles are much larger than those of the subsystem,

Since we are interested in the limit where the bath deM>m. In order to take this limit of the equations of motion
grees of freedom are treated classically in a sense describédS useful to follow a procedure familiar from the classical
below, it is convenient to first perform a partial Wigner theory of Brownian motiof? and first scale the variables so
transformation with respect to ti@ bath coordinates, retain- that the the momenta of the heavy particles are of the same
ing the operator character that exists because ofjtheor- ~ Order of magnitude as those of the light particle®, where
dinate operators. So we consider the quantum Liouvillex=(M/M)¥2 In order to cast the equation of motion into a

=(Q|p(1)|Q’). We have nient to also measure all distances in length units appropriate

for the quantum subsystem. Letting energy be measured in

i .
=~ = (HW(R,P)" 5 (R,P,1)

—pw(R,P,0E"™2H (R,P)). 9)

p(Q,Q",t) i J‘ R terms of the arbitrary energy unédy, time in units oft,
ot =—z) 9@ (QIFIQ"P(Q".Q"Y) =1ley and length in units of ,= (A%/mey) Y, the momen-
A . S tum units are selected to h&,=(m\,/ty) = (Mey) Y and
—p(Q,Q",1)(Q"[H|Q")), @) Py=(Mey)*2 Using these units we introduce the dimen-
where sionless variables
A _p2 g2 q'=8/Am, R =R/\p, 11
(QIRIQ)= 537 5g28(Q-Q")
p'=p/pm, P'=P/Py. (12
P> . ,
+ ﬁJrV(q,Q)) o(Q—Q"). (49 In terms of these scaled variables, the scaled
time t'=t/(hlep), and scaled Hamiltonian,
The partial Wigner transforms are defined as folldws: H=e,A’(p',P’,d’,R'), we may rewrite the equation of
‘ 7 7 motion in a dimensionless form that makes thdependence
f)W(R,P)=(27-rh)‘3Nj dzéP'Z’ﬁ<R— 5| PR+ §>, explicit.
) Carrying out this scaling, the density matrix equation
[Eg. (9)] in dimensionlesvariables is
and for an operatoA R P
A | 2| |z e = —i(A(R! P 2 (R P 1)
AW(R,P)=J dzdP-#% R-5|A[R+ 3 at
, , _f)\/N(R/'P/’t/)e,u/\'/Ziﬂ\/N(R/'P/))_
- ~iP-2/h A
_fdze Pz <R+EAR—§>. (6) (13
We shall need the partial Wigner transform of a product ofNote A=A '/A. To obtain a description of a quantum sub-
operators. It i¥ system composed of light particles coupled to a heavy bath
. A - we expand inw and keep only linear terms. The evolution
(AB)w(R,P)=Ay(R,P)e"*2B,(R,P), (7)  equation becomes
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pw(R',P' 1)) R Ill. REPRESENTATION IN ADIABATIC BASIS
f:_i[H\IN(R,!P,)vﬁ\,/v(R’!PI!tl)] 3 . )
J A convenient basis in which to represent the quantum
& evolution is the basis of adiabatic states defined by
+ = ({HW(R",P"),pu(R",P’,t") -
2 (Hul Put s Aw(R)|a;R)=E(R)|:R), (17
—{pW(R",P".t"),H(R",P)}), (14  where the Hamiltonian for the system with fixed values of
the bath coordinates is
where the Poisson bracket is p2
o hw(R) =5~ +Vw(Q.R). (18
dA B JA B

{ARP).B(R,P)}= IR IP 9P IR’ 15 Note that the Wigner transformed Hamiltonian is just the
sum of the classical kinetic energy of the bath piyg(R),
and the order of the quantum operator is preserved. p2
Returning tounscaledvariables we finally obtain |:|w(R.P) =51 + F\w( R). (19)
wz_ I_[|:|W(R,p)7i‘)W(R,p,t)] Taking matrix elements of Eq16) and Iettingp\‘,“v“'(R,P)
at h =(a;R|pw(R,P)|a’;R), we obtain
1 . '
+ = ({AW(R,P),pw(R,P,t dpw' (R,P,t) o’
2({ W( pW( )} ot :_Iwaa’(R)pW (Rrpat)
—{Pw(R,P,1), HW(R,P)}). (16)

1 N
. . o . + 5(@RI{AWR.P).pw(R,P.D}|a’R)
We shall refer to this equation as the Liouville equation for
the mixed quantum-classical system. It will form the basis of 1
the subsequent calculations in this paper. - E(a;R|{ﬁW(R,P,t),I:IW(R,P)}|a’;R).
The heavy mass limit considered above may be inter-

preted in the following fashion: Suppose the characteristic (20
energye is taken to be the thermal energyT as is appro- Making use of the fact that

priate for condensed phase systems. Thgns the thermal 95

wavelength of the mass particles. The thermal wavelength (4R ﬂ’|a';R>

of the heavy particles is shorter byn(M)¥2. Since, in IR

scaled units, the dimensionless velocities of the light and wer

heavy particles are comparable, in a fixed scaled time inter- _ “Pw _z ( ad’q 4 a"a') (21)
val the scaled distances for light and heavy particles are the gR < WPw et HaaPw

same. Thus, the scaling focuses on the length scale deter- . . . . .
mined by the light particles and on this scale the heavy parWIth the nonadiabatic coupling matrix element given by
ticles exhibit many de Broglie oscillations. Formally, one 9

may arrive at the same result by simply expanding dear=(a;R|Zg|a’;R), (22)
expfA/2i) in powers offi, but while this type of expansion

may have meaning for the entire system its application to th&e obtain the adiabatic representation of the equation of mo-
bath alone requires additional justification. The mass expartion for the mixed quantum-classical system

sion makes the precise nature of our mixed quantum- _ .

classical limit clear. We note that if one assumes there is n§Pw_(R.P.t)

subsystem then the resulting bath evolution equation is ex- dt

actly that for a classical system of particles with méés

justifying the terminology.

The terms on the right hand side of this equation reflect = —i®@.a/(R)py" (R,P,t)
both the quantum and “classical” aspects of the density ma- wa!
trix: The first term is the commutator ¢f, with Hy, analo- +> E . (p\(;lva"da”a’ _daa”p\v;\;’a’)_ E Ipw
gous to that in the evolution of a pure quantum system, while « M M dR
the second term contains Poisson brackets involving these oo wa
quantities, maintaining the fact that, does not commute _ EE Faa” Ipw Ipw pa'a’ 23)
with Hyy . 24 P oPp W)

The density matrix is still an abstract quantity in the

subsystem degrees of freedom and in order to analyze itd€"® @aa’(R)=(E4(R)~E./(R))/ and the “force” Fy”

structure in more detail it is useful to consider its represenhas the deﬁnitioanvarz —(a;R[[0Vw(8,R)/9R] |a";R)
tation in some basis. =—(a;R|[dHW(R)/dR] |a’;R).
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Equation (23) shows that the density matrix evolution dAW(t)
consists of two types of contribution: The first two terms on ~ —5— =1 LAWU), (28
the right-hand-sidér.h.s) of Eq. (23) account for the quan-
tum evolution of the density matrix, while the third and WhereiL is defined in Eq(25). A similar expression applies
fourth terms account for the evolution of the “classical” for the representation in the subsystem basis. If the operator
degrees of freedom of the density matrix. Assuming that thé is taken to be the Hamiltonian, the commutator and Pois-
trajectory{R(t)} is given one may consider the evolution of son bracket form of the evolution equatifiq. (16)] from
the quantum subsystem described by the state vectavhich Eq.(28) was obtained makes the conservation of the
|P[t;R(t)]) which is a functional of R(t)} and a regular total energy manifest. We now return to the discussion of the
function of t. Expanding the state vectd®[t;R(t)]) in  formal properties of thel operator.

terms of the instantaneous adiabatic states as We may rewrite the mixed quantum-classical Liouville
operator in a form that makes its structure more apparent.
IP[t:R(1)])= D c (D]a;R(D), (24) The classical evolution part can be cast in_to a form involving
@ Hellmann—Feynman evolution and off-diagonal force ele-
ments as

one finds the well-known evolution equations for the coeffi-
cientsc,(t). The time evolution of the density matrix ele- E i
ments in this basisp®® (t)=c*(t)c,(t), is given by the M dJR
first two terms on the r.h.s. of E§R3); however, the evolu- 1
tion prescribed by Eq(23) is different in character: It de- =il 0 8y50., g1+ = (8, g FEB+ 8, 4FE

. . . . X i aa'Yapa’p 2 a'B'TW aB™ W
scribes the density matrix evolution at the fixed time-

d

! ap pla’
5aﬁ§a'ﬁ’+ E((sa/ﬁ/FW + 5‘1BFW : ﬁ

independent phase pointR(P) due both to quantum

, J
transitions and bath evolution. The adiabatic states used to —(FWtFW)0,50ap)" P (29
express the density matrix in ER3) are determined at this
phase point. The first term on the r.h.s. is a classical evolution operator
In order to write these equations in compact form we carcontaining the mean of the Hellmann—Feynman forces for
introduce the(supeyoperatorL,,, g5 defined as statesa and o'
Ly . P o 1 yo 0
aa’ BB f=— . —+ —(E&+EY). —
. iL 4o 7 aR+2(FW+FW) P (30)
=—i waa'(R) aaﬁéa’ﬁ’ + M : (5aﬁd,8’a’ - daﬂaa’ﬂ’) We note that ifa=«a' then
P iL,,= P2 +Fy =iL 31
CaaT R TTW gp T e 3

a 1 op pary 9
_M&_R5a55alﬁl_§(5arﬁr|:w +5QBFW &_P
(250 is the standard classical evolution operator with the
) i i i i . Hellmann—Feynman force for state The second term on
Using this expression for the mixed quantum-classical LioUipa 1 s. of Eq(29) contributes only ife+ 8 or «' # 8’ and

ville operator, the equation of motion for the density matrix;,,,oves only off-diagonal Hellmann—Feynman forces.

becomes Using Eq.(29), collecting terms in Eq(25) proportional
902 (R Pt to the unit operatos, ;4,5 and combining the classical
M: E —i BB’ off-diagonal force terms with the terms involving the nona-
lﬁaa' Bﬁ’pW (R,P,t), (26) . A R . . .
ot 8B ’ diabatic coupling matrix elements, we may write the mixed

. . guantum-classical Liouville operator as
or, using a formal notation

_iﬁaa’ = _iwaa’_iLaa’ 501 5a’ ’+‘]aa’ ]
Ipw(R,P,Y) o= )Oeidat o (32)
TZ—IﬁpW(R,P,t), (27
where
wherep,y is understood to be a matrix antia superopera-
tor. ‘Jaa’,ﬁﬁ’:_
Of course, one may use any convenient basis to repre-
sent the quantum degrees of freedom in Edp). The ex- . "
pression for the mixed quantum-classical Liouville operator h M’da’ﬂ’( 1+ Esa’ﬂ" (9_p) Oup (33)
in the quantum subsystem basis is given in the Appendix.
Starting with the Heisenberg equation of motion for an
operator and repeating the analysis described above one may -1
obtain the evolution equation for the partial Wigner trans- Saﬁz(F&/B—F&/5aﬁ)<m'daﬁ)
form of an operatoA given in Eq.(6). Again, using a formal
notation analogous to that in E7), in the adiabatic basis
the result takes the expected form

1+1S i 0
E aﬁ‘a_P a',B’

de

and the quantitys,; is defined as

=] -1
:(Ea_ Eﬁ)daﬁ(mdaﬁ) ' (34)
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where we have used the fact that

i e pat (RPD) =2 (679 pur parp? (R,P), (36)
Fa =FiSapt (E,—Ep)d,p. (39 BB’ pe

In the discussion that follows we shall show that the secong\lhere pgﬁ”(R P):pgvﬁ’(R P,0). Using the form of the

term in Eq.(32) is responsible for Fhe momentum tra_qsfer 10 iouville OPEratori Lo, 44 in Eq. (32, we may write the
and from the bath that accompanies quantum transitions. W, ’

&volution operator as
note that the quantit$, ; has appeared in Tully’s thectpf P

nonadiabatic surface-hopping dynamics as the momentum (e 'Yy, BB,:ef<iwaa'+itaaf>t5w5a/ﬁ,

jump that the bath particles experience when a quantum tran- '

sition occurs. We shall make this interpretation explicit be- n 2 Jtdt'e—<iwaa'+iLaa'><t—t’)

low. g 0

IV. TRAJECTORY DESCRIPTION OF THE DENSITY X Joar uu (€Y s g (37
MATRIX

. . . _ Substitution of this expression into E@6) yields the result
The evolution equation for the density matrix can form

the basis for an unders}andmg of t_he nature qf mlxgd p\c/zva’(R,P,t):e—(iwaa/Jril_aa;)tpga’(R’P)
guantum-classical dynamics and provide the starting point
for approximations to the complete evolution. In this section
we consider the structure of the time-dependent mixed
guantum-classical density matrix and show how its evolution
may be determined from an ensemble of surface-hopping XJaa,ﬁB,pgf’(R,p,t/)_ (39)
trajectories.

SinceR andP are independent of time we may formally Iterating this formula we obtain the following expression for
solve Eq.(27) to obtain the density matrix at time:

t
_,_2 dt/e_(iwaa’+iLaa’)(t_t/)
g’ 70

’ . . ’ t . . ’ f . ' ’
p\z;rva (R,P,t)ze_(lw‘w'HL““’)tpga (R,P)‘f'z odt/e—(lwaarﬂLaar)(t—t )Jaa,ﬁﬁ,e—(mﬁﬁﬁ—mﬁﬁr)t pgﬁ (R,P)
BB’

t t’ : : ’ B f r_4m f B ” ’
+2 E Odt/fo dt//ef(lo)aaﬂrle’r}(t*t )\]aa'ﬂ'u,ef(Iw”M/JrlL#ur)(t —t )J'u’u"ﬁﬁref(lwﬁBIJrlLBﬁ/)t pgﬁ (R,P)
BB uu'

oo (39)

This equation expresse&® (R,P,t) in terms of a sequence e (@e *ilea )" (R P)
of trajectory segments whose evolution is determined by
exfd —(iw,o tiLk ,)t] involving the frequencies and mean
Hellmann—Feynman forces of the two adiabatic statesd ~ ~
a'. These trajectory segments are interspersed with quantum = Waa'(4.1) faar (Rt aar 1Pty aar)- (41
transition and bath momentum change events described bphis general expression can be used in the computations be-

Jaar ppr - _ . _ low to simplify the evolution in terms of trajectory segments.
The action of exp—(iw,, +iL,,)(t—t;)] on any func-

tion f . (R,P) may be computed explicitly in terms of time-

—i tl ’ R r . ~
=e |ft 70,44 (Ry g0 )faa’(Rtl,aa’ ,ptl’aa,)

A. Approximate surface-hopping trajectories

reversed trajectories starting at the phase pdPj at time The actions of the operatodg, g4 that determine both
t and terminating at another phase point at titset; (t; the quantum transitions and changes in the bath momentum
<t). In particular we let are difficult to compute in general since one must calculate
momentum derivatives of the functions appearing to their
ﬁt =g iLaa’(t-tDR right. However, if one assumes that tBg; are sufficiently
1aa '

small then the operators specifying the momentum changes

. ) (40 in the bath may be approximated by momentum translation
Ptl,aa’:eilLda,(titl)Py operators
. . . 1+ ES . i me(l/Z) SLYB' aloP (42)
be the time-reversed trajectory that startsRtR) at timet 2 B 5p '

and ends at Ry, aar:Pt,aa’) at time t=t;. Making re-  yhose effect on any function of the momentigP) is to
peated use of the analog of the identity in E8j7) we find increment the momentum @Saﬁ
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e1/2 Sap d(IPIE (DY =f(P+ %Sag)- (43) obtained. from time—revgrsed evolution under [exhl_.ﬁa,(tl
—t,)], given the position and momenta at timg,
In this momentum-jump approximation we may write (~Rt1,aar ,|5t1,aar+3a3/2), be denoted by
Jaar ppr™~ = 5 g €2 S P 5y — 5 ~:;;Z =e TRy g
* ] _ , _ 5 (45
dX, e V28 WP (44 P:;ZZ, =e e (WP 0 +S,402).

Using this form forJ,, g4 the series solution for the den- e . . .

sity matrix can be represented as sequence of surface- Smilary, th? secrond term in E¢44) is responsible for

hopping trajectories. We shall now make the trajectory deil'® {ransitiona’—p" and a bath momentum jump of

Scription exp||c|t Ptl’aarﬂptlvwnLSZ,B,/Z. The state at tlmez after time-
Since each action of the approximate formJof,: g/ reversed evolution under expilL .z (t;—ty)] is

induces a quantum transition and a corresponding momen- S

tum jump in the bath, we also need a trajectory notation that R e*‘Laﬂ’“ftz)RlM, ,

. ty.ap’
accounts for these changes. Suppose we have arrived at the z (46)
phase point TRth/ ,TDHM,) at time t; by the evolution Pl il 4g* 1))
specified by Eq.(40). At time t; a quantum transitionx t2.af v *8

— B occurs, accompanied by a momentum jumiSg/2 "_1 Making use of the trajectory notation in Eqg.0)—(46),
the bath,P o' — Pt aar+Sapl2, as a result of the action along with Egq. (41), we may write Eq.(38) in the
of the first term in Eq.(44). Let the phase point at time  momentum-jump approximation as

’

2 S 'daﬁ(ﬁt’,aa/)peva,<§t’,aa’ 1AF')t',aa’
B M

r !~ ~ t
p\cllva (R1P,t):Waa/(t:0)Pga (RO,aa' 1P0,aa’)_ fodtrwaa’(tvt,)

1 Aptl,aa’ ~ 1 o~ ~ 1
+§sa,3,t/ +§ N .dz,ﬁ,(Rt,w,)p\‘;ﬁ(Rt,w,,Pt,w,+ESZB,,V)]_ (47)

The solution of this equation may be obtained by iteration and the first two terms of the series are given in terms of trajectory
segments as

P a' ~ ’
N (R aar) Wi, (1',0)

’ !~ ~ t
P\7va (R,P,t):Waar(t,O)pga (RO.aa' 1P0,aa’)_ fodt,waa’(tlt,)[%

~ Ptl,aa’ ~

’ ~t/,D( ' t’, o ~ ' , ~t/,ll ' trY '
Xp6" (Rojar +Pojar )+ M 'dZ/B’(Rt’,W’)WZZ’(t,’O)pgﬁ (Ro.gr +Pogr)
'B,

T (48)

Here phase factors liK&/“% (t,,t,) have a definition analo- @S an expected value over a series of Bernouilli extractions

gous to Eq.(41) except that the coordinate at ting is (fixing the order of the iteration to be considere@ihen one
obtained from evolution under thea@’) Hellmann— samples by an ad hoc probabilistic procedure the quantum

Feynman force transitions and the times at which they occur while the tra-
jectory segments appearing in E¢8) are simply computed
’ A 8 ~t ,aa’ H H 141 H
szl(tl,tz)zeﬂfédmw(Rflﬁﬁ, ). (49) by using standard MD techniques. The quantities appearing

in the integral equation are in general not positive definite;
_ _ o however, Filinov* has shown how to extract positive defi-
Subject to the momentum-jump approximati@d), Eq. jte expressions from those kernels. For example, in the case
(48) provides a full description of the time-evolved density uf the quantum transitions, the probabilistic weights are pro-

matrix in terms of an integral equation containing eaS“yportional to | (P/M) 'da,B(R)|- The entire procedure has
computed classical trajectories. Integral equations like EQyeen clearly reconstructed in Bone#iaal1®

(48) which involve the sum over an infinite number of itera-
tions can be conveniently solved by hybrid molecular dy-
namics(MD)—"grand canonical” Monte CarldgMC) meth-
ods. The first step in such a solution is to rewrite E{) as At the cost of introducing singular kernels in the integral
a probabilistic expression giving the density matrix at time equation one may give an exact representation of the solution

B. Exact surface-hopping trajectories
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of the density matrix in terms of surface-hopping trajectorieswheref . (P) is an arbitrary function. If we let
To do this we make use of the following identity for the

transition terms .+ g5/ (R,P):

P 1 J
% Jaa ppr(RP)fggr(P) Gap(R,P,S)=— M-da,;(R)( 1+ 5Sup: a_s) aS), (51
P 1 0
-] ‘“{‘% [ 14 35 7 ; 1
* - .d* I <
P . garﬁr(Rypas)_ M dalﬁl(R) 1+ zsalﬁl 0—,5 5(8)1
xé(S)fBa/(P—S)—%; Ao (R) (52)
X 1+1S* a)ﬁSf P S} (50

550 p 55 O ap( at we may write Eq{(38) for the density matrix elements as

’ !~ ~ t ~ ~
p\oll\/a (R,P,t):Waar(t,O)pga (RO.aa' 1P0,aa’)+ fodt,waa’(tlt,)j d%% gaﬁ(Rt’ﬂa’ !Pt’,aa’ ’S)

Xp\llgva/(ﬁt’,aa’ !Tjt’,aa’_sit,)_l—E gZ’ﬁ’(ﬁt’,aa’ !~Pt’,aa’ !S)p\clyvﬁ/(ﬁt’,aa’ !ﬁt’,aa’_sit,) . (53)
’8/

This equation may be solved by iteration and expressedlements from the mixed quantum-classical Liouville equa-
in terms of surface-hopping trajectories without approxima-ion [Eqg. (27)]. This derivation will illustrate several other
tion. To do this one introduces a trajectory definition analo-aspects of surface-hopping dynamics.
gous to that in Eq(45)

=t ,aa’ L () A. General formulation
R ,(S)=e - pa (1 tz)RI aa’ s
2.8 . The Liouville equation for the mixed quantum-classical
(54) system describes the evolution of both the diagonal and off-
(S)=e“Lﬁa'(tl“z)(ﬁtl,w, -9), diagonal elements of the density matrix. By making use of a

projection operator that projects the dynamics onto the diag-

which differs only in the nature of the momentum jump. The©n@l elementspopulations of the density matrix, we may
analog of Eq.(46) follows from an obvious change in nota- Qerlve a closed equation for the_ evolution of_ these popula-
tion. The iterated solution can be expressed again in thedinS at the expense of introducing memory into the evolu-
trajectory segments following the procedure outlined abovet.'f)n equation. The resulting equation for the_evolutlon of the
In this exact representation in surface-hopping trajectoriediagonal elements has the form of a generalized master equa-

the probabilities of quantum transitions and magnitudes ofion where the transition matrix elements are replaced by a
the momentum jumps must be sampled from suitable distri"e€mory kernel. _ _ o
butions determined by the kemndg,(R,P,S), analogous to To carry out this analysis we define the projection op-
that discussed earlier for the approximate surface-hoppin§fator

trajectories. The main difference is that the momentum jump
S must also be sampled using a weight that depends;, gf2
rather than being precisely prescribéd.

""tl,aa’

Pt2 ,Ba'

Paa’,ﬁﬁ” = 50101’ 5a[36a’/3' ’ (55)
and its complement

V. PAULI MASTER EQUATION Quar ppr = (1= aar) Oupur g - (56)

We now present a derivation of a generalized version o
the Pauli master equatibit*®for a mixed quantum-classical
system. The generalized master equation provides a meansR
study the time evolution of the populations of the quantum (PF )= 8,001 57
states which is of interest in many applications. Thus, we aa’ ™ Caa’ taa:
focus our attention on the diagonal elements of the density Now one is in a position to carry out the projection op-
matrix and derive an evolution equation for these diagonakrator algebrd needed to reduce the mixed quantum-

tI'he superoperatdP projects any operator onto its diagonal
grt
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classical Liouville equation fopy, to a generalized master
equation. Acting with? and Q on Eq. (27) and formally

solving for Ppy,, we obtain

IPpw(t)
at

We may integrate the generalized master equdtitm
(59)] formally to obtain

: pe(R,P,t)=e"LatpS(R,P)
=—i7>£73pw(t)+f dt'ipLe 1 2cAt-tY
0

+> ftdtlftldt’e*”-a(t*tl)
. 0 0
XiQLPpw(t')—iPLe %42 Qp(0). (58) g

XM p(ti—t)pf(R,P,L). (61)

The last term is an initial condition term which will vanish if
the initial distribution is diagonal. For simplicity we shall
assume that this is the case but if nondiagonal initial states
are of interest it is a simple matter to retain these contribu-
tions in the development given below.

Here our focus will be on the evolution of the diagonal
elements of the density matrix given a diagonal initial distri-
bution. Of course, nonadiabatic coupling among the differenB. Trajectory description
guantum states will not preserve the initial diagonal distribu- The evolution of M
tion and it is the nature of the subsequent dynamics that WRtion operator
shall investigate.

Using the explicit expressions f@ and £ this equation
may be written in the form of a generalized Pauli master

Equation(61) may now form the starting point for exact or
approxmate representations in terms of surface-hopping tra-
jectories.

«p(1) is given by the projected evo-

UP

vy/”uﬂ/(t):(eiigﬂgt)vv/”u‘y,/ ) (62)

equation which acts only on off-diagonal operators with# »' and
ap%(t) u# ' and thus determines the coherent evolution of the
Pw : J’t coupled quantum states. Sinc@LQ contains the transition
=—iL o)+ | dt' > M a(t—t")pft"), >
at Pu(t) 0 2/;‘ p(t=t)pwl(t) operators,, -, again withv# v’ and u+# ', the evo-
(59 lution specified by Eq(62) includes all possible infinite se-
wherepl=p& are the diagonal elements of the density ma- _quences of quantum transitions starting with the coupled pair

of states ') and ending with the coupled paiv¢').
Although the computation of such evolution is compli-
cated and requires the methods described in the previous
section, we may give a compact form for the evolution in
terms of trajectory segments assuming such evolution can be
carried out. We now give an explicit representation in terms

trix. The operatotM is defined by

Ma,B(t) = E 2 ‘]a,vv’(e7

’ ’
vv' pp

iQﬁQt)w,,WJW’B. (60)

In this equationd, ,, =Jaq,, ANA 0 =3, 5 -

The generalized master equatipfg. (59)] makes ex-

of surface-hopping trajectories using the momentum-jump

plicit the evolution through the standard Hamilton's equa-approximation, Eq(44). An exact representation in surface-

tions of motion with the Hellmann—Feynman fordg,
throughiL ,. Changes in the quantum state are governed
the time-dependent transition operatdt,;(t) whose evo-

hopping trajectories can also be given using the results in
bypec. IVB.
Substituting the explicit expression for the memory ker-

lution is determined by the projected part of the Liouville nel (60) (using the momentum-jump approximation for the
operator. Thus, all of the off-diagonal evolution terms arepartial derivatives inJ) into the integrated form of the gen-
separated from the diagonal evolution terms. eralized master equatiditq. (61)] yields the result

. t t .
PARPH=e Leps(RP)+ J dt, f 1dt’e"La(‘_t1){2 (
£ Jo "o o

R)e(l/Z) SarVp ) va Mﬁ(tl t,)

* P *
R)e*? SaV"VP)UZV,,BM,(tl—t’)(m d¥, J(R)eM2Sup¥e

")

P
) UZV',Mﬁ(tl_t/)(m -d,p(R)eM? SI-L,B'VP)

P
> M'dﬂﬁ(R)e(l’z) S, Vp

P
2 [w
v
P
+E (_ d,,(R)e(Y2 Sa Ve )Umﬁ# (t,—t’ )(_ d* B(R)eu/z)s

d* ,(R)e¥2S,, Ve pE(R,P,L). (63)

P
*Z(m
v

The action of the projected mixed quantum-classical evolution operator on any fumgtiofR,P) may be evaluated
using the analog of the identity in E¢37)
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E, UL, (DF o (RP)=F0 L (RPD=W,, (t0)f 1 (Ro, ,Posu)
M

t
’ ’ = D P = D ’
+E, fodt W, (683,07 e (Rer o P ) (Rer P ).

(64)

Substitution of Eq(64) into Eq.(63) followed by iteration will generate the ensemble of surface-hopping trajectories that
yield the solution for the diagonal elements of the density matrix in this approximation. The surface-hopping trajectories
consist of a concatenation of segments involving classical evolution on single adiabatic potential energy surfaces, and ‘“co-
herent” evolution segments in the off-diagonal subspace.

Although the evolution equations for the density matrix conserve the total energy of the system by construction, it is
interesting to examine energy conservation for the realizations of the mixed quantum-classical dynamics that are used to
construct the full solution. As an illustration we consider the structure of the first-order terms obtained by iteratio(66f.Eq.

The first two terms in the iterated solution are

~ =i,
R PO = p8(Ron Pow [t [ar| 3 (25 g, R0 |w g (RE) | pa(RE e Bl
Pw( ’ vt)_pO( 0,a 1 O,a)+ 0 tl 0 t M : av( tl,oz) v( t) ' Va( ) Po( O, "0, )
~t =t ,«a
1a . = , t' av’ * i t' av’ t/ av'
2 | g o (Rey o) |Way (=) ==, ((RE) [ p3(Ro™ Poi™)
“F‘) =t =
Ry, o) | Wity —t) | =SB ar (R ) | B BY )+ (R )
M ap\y,a Ba afB Po ap\"My,a
=t,a
t'a t1,a ,a ,a
XW,g(ty—t") B AR aﬁ)) BRY ;2 Py #) | + (65)
|
Considering the integrand of the double integral on(p Py, L (12)S 2 4
the right of Eq.(65), the first two terms in the square bra- o 4 E(Ev(ﬁtl,a)—'—E (Ry,.0)
cket represent processes where the system is in the diagonal
statewa at timet and makes a transition to some intermediate (P 2
statev (or V,.)f the statesy and v (or v’).evolve coherently e +EL(Ry, o) TO(S2)).
until a transition fromv (or v’) to the diagonal stater oc- M !

curs. Focusing on the first such contribution, at titpe e, We see that energy is conserved?6S?,) across the coher-
just prior to the first momentum jump, the adiabatic energyent evolution segment, including the momentum jumps at
is Ea(Rt ») and the bath has phase space coordinateBoth ends, ie., to the same order of validity as the
2 momentum-jump approximation.
(Rtl'“iptl'“) so that the total energy ISP‘l'“/ZM The IastJ twg tgrpms in the square bracket in E65)
+ Ea(Rtl,a)' represent processes where the system is in the diagonal state
At time t’ + e, just after the second momentum jump, « at timet and ends in the diagonal staBs* « at time 0.
the adiabatic energy iEa(ﬁ ) the bath coordinates are Just prior to the first momentum jump fat- € the adiabatic

(Rtl @ p:}'“ +1s,.) and the total energy is energy |sE0((Rt ), the bath has phase space coordinates
' (R,.a:Py,,«) and the total energy i®7 /2M+E, (R ,)
(Ptl "+ (12)S,,)? . as in the first case.
1@ ~t,a
oM +Eu( tr,m) At time t' + e the adiabatic energy iEﬁ(Rt}'ﬁa), the
bath coordinates areﬁ{}'ga, P:} © T3Sk, and the total
@I}ﬂ )2 q _ » energy is
_ va - 1, 1, @
= oM 2( V(R )+Ea(R ))+O(S ) (p:} (1/2)S ) g0
oM +EB(Rt',ﬁa)
where we have used the definition of the momentum jump in :
Eq. (34). The quantity on the right is conserved under action (Pt} ;a b b
of exdiL,.(t;—t")] [cf. Eq.(30)] and its value at=t,+ € is =M T2 (Eﬁ(R 1) TER(RY pa)) T O(S Y2
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(ﬁtl,a)z ~ 2
= oM +Ea(Rt1'a)+(9(SaB). APPENDIX: PROJECTION ONTO SUBSYSTEM BASIS

Once again energy is conserved only@6S2 ). The. adiabatic sta?e.s depend.on the bath_ coordinates. In
If one considers the exact surface-hosging algorithm deSOMe circumstances it is convenient to consider other bases

scribed in Sec. IV B, the ensemble energy is conserved sinctgat do not depend on these coordinates. For example, in-

no approximation to the evolution equation has been madé"::te‘?ld of prOJectmg onto an adiabatic basis, we may a_lso
roject onto the eigenstates of the subsystem Hamiltonian.

however, the structure of the realizations of the dynamict\ijv . . ; . S
riting the potential energy in terms of its contributions

that contribute to the full solution remains to be analyzed. . :
As discussed above, the evolution 8, 4(t) is deter- from the subsystem, bath and interactions between the sub-
' B ;system and bath, the Hamiltonian reads

mined by the projected evolution operator that acts only o

off-diagonal operators that reflect the coherence in the quan- ~~ p2 52 o A

tum system. The motions of the classical degrees of freedom H=-——+ —+V,(§)+Vp(Q)+V.(§,Q). (A1)
" . ) . X 2M  2m

and quantum transitions in this off-diagonal subspace will

tend to damp the coherent quantum evolution of the couple@he eigenstately) of the subsystem Hamiltonian

guantum states. Thus, one may use &) as the starting o
point for decoherence approximations to the full memory ﬁs:p_+\7$(q), (A2)
kernel in order to circumvent the full computation in the 2m

off-diagonal space. Such decoherence in the context of . _
surface-hopping dynamics has been discussed by Bittner and hsla)= €| @), (A3)
Rossky® and may find application in the present context. gre independent dR.

Projecting Eq.(16) onto this basis we obtain

VI. CONCLUSIONS dpw (R,P,1)

ot
The formulation presented here clarifies some aspects of ,
the nature of mixed quantum-classical dynamics. The Liou- =—i®,,py" (R,P,1)
ville equation for the density matrix derived in the limit of i
u<<1 explicitly describes the nature .of the coupling bgt.ween + ﬁz (poa'yda’ _yaa’ palaly
the quantum subsystem and classical bath. It specifies the "
evolution of both the quantum and classical degrees of free- P g P
dom. - - ) ) —(M(?_R_l—Fb(R)ﬁ_P)p\C;va
The representation of the solution for the density matrix
in an ensemble of surface-hopping trajectories provides a aa o @ o'
. ’ . ) 1 VT dpyy Ipyt Ve
precise, and in general exact, method for its computation +_z ' (A4)
using hybrid MD-MC techniques. The calculations also indi- 2°7\ R 9P P IR

cate how existing approximations, such as the momentum- - wal e
jump approximation, may be incorporated into the theory toWhere“_’W'_.(?“_ea’)/h and_\/c ._<“|VC|0‘ ). We may
simplify the computations also write this in terms of a Liouville-type superoperator as

The generalized Pauli master equation specifies the evo-  gp,(R,P,t) ~
lution of the diagonal elements of the density matrix and the  —— 5 = ~I£pw(R,P,1), (AS5)
time dependence of the memory kernel in this equation is
determined by the coherent evolution of the off-diagonalwhere
parts of the density matrix. The series solution of this equa- i
tion yields a description of the dynamics in terms of surface— iZaa,ﬁB, =~ Daq Oapdarpr+ %(%ng’a’ —Vﬁ‘ﬁﬁar/;r)
hopping classical trajectories involving both incoherent and

coherent segments separated by momentum jumps in the P 9
classical subsystem. — |7 75 TFu(R) =5| 8apbarpr
g L . M JR P

The formalism presented in this paper provides a frame-
work for the study of nonadiabatic dynamics in mixed 1 VP (9\/,3':1'
guantum-classical systems and may be extended to directly + > Sorpr R + 64 R | ap° (AB)
compute correlation functions of interest rather than the full
density matrix. andF,(R)=—4dV,/dR is the bath force.
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If these equations are specialized to a two-level systenfp. Bala, B. Lesyng, and J. A. McCammon, Chem. Phys. [, 259
the results are the same as those obtained in Ref. 9 by re{1994.

placing commutators by Poisson brackets and anti-

commutators by products of operators.
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