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Spatially distributed, nonequilibrium chemical systems described by a Markov chain model are
considered. The evolution of such systems arises from a combination of local birth-death reactive
events and random walks executed by the particles on a lattice. The parameter v, the ratio of
characteristic time scales of reaction and diffusion, is used to gauge the relative contributions of
these two processes to the overall dynamics. For the case of relatively fast diffusion, i.e., y<1, an
approximate solution to the Markov chain in the form of a perturbation expansion in powers of y
is derived. Kinetic equations for the average concentrations that follow from the solution differ from
the mass-action law and contain memory terms. For a reaction-diffusion system with
Willamowski-Rossler reaction mechanism, we further derive the following two results: (a) in the
limit of y— 0, these memory terms vanish and the mass-action law is recovered; (b) the memory
kernel is found to assume a simple exponential form. A comparison with numerical results from

1 JULY 1998

Perturbation theory for the breakdown of mean-field kinetics in oscillatory
reaction-diffusion systems

lattice gas automaton simulations is also carried out.

[S0021-9606(98)51225-1]

I. INTRODUCTION

The dynamics of chemical reactions in condensed media
is commonly described by a set of reaction-diffusion
equations' of the following general form:

ax(r,t)

o =R(x(r,t))+ DV2x(r,t), (1)

where X(r,t) is vector of concentrations, I' position vector, t
the time; R(Y(r,t)) denotes mass-action law terms, and D is
the matrix of diffusion coefficients.

Such a description, while able to capture some of the
features of the system’s evolution, is not entirely free of
shortcomings. For instance, as can be easily seen from (1),
rescaling the diffusion coefficients by a constant factor is
equivalent to rescaling of length. Contrary to this observa-
tion, the reaction dynamics in spatially distributed systems
varies with diffusion in a much more complex way; thus, it
has been shown that in the limit of slow diffusion, reaction
dynamics has pronounced memory character,>> while in the
case of very fast diffusion it closely follows the mass-action
law. Significant progress has been made in understanding the
dynamics of simple diffusion-limited chemical reactions
(e.g., A+B—0) in low-dimensional systems.4 Also,
Chapman-Enskog methods have been applied to multivariate
master equations to study reactive correlations in simple
reaction-diffusion systems.’ However, to date the dynamics
of more complex reaction-diffusion systems whose mass-
action laws exhibit periodic and chaotic oscillations has re-
ceived much less attention. Recent numerical studies on such
systems using lattice gas automaton models® and master
equations”® have indicated that there are interesting effects
pertaining to modification of the structure of oscillatory and
chaotic attractors with decreasing rate of diffusion.
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The purpose of this paper is to develop a statistical me-
chanical theory that approximately accounts for the influence
of finite diffusion and reactive correlations on the dynamics
of nonequilibrium oscillatory chemical systems. We use a
discrete-space, discrete-time probabilistic model defined on a
set of sites, or nodes of a lattice. Its evolution is due to a
combination of local reactive events and random walks
which are executed by the particles of reactants on the lat-
tice.

Our approach is based on a Chapman-Enskog-like
development’ applied to a Markov chain model. The expan-
sion parameter 7 is the ratio of characteristic time scales of
diffusion and reaction processes, small for the diffusion-
dominated regimes. We show that the corresponding kinetic
equations for spatially averaged concentrations involve
memory terms. As an example, we apply this theory to the
Willamowski-Rossler reaction-diffusion system.!® We find
that the memory kernel for this system assumes simple ex-
ponential form. The memory kernel should have the same
functional form for any reaction-diffusion system whose re-
action mechanism involves mono- and bimolecular steps
only. The dynamics predicted by the kinetic equations indi-
cates that the influence of diffusion essentially amounts to a
backward shift in the bifurcation cascade of the mass-action
law. We compare these theoretical predictions with lattice
gas automaton simulations of the Willamowski-Rossler
model, and find that they are qualitatively in agreement.

The paper is organized as follows. In Sec. II we intro-
duce the Markov chain model and construct its evolution
operator. In Sec. III we present a perturbation expansion for
the probability distribution function around the local bino-
mial form and obtain equations that determine evolution of
the terms of this expansion. The perturbed distribution func-
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tion incorporates the local correlations between different spe-
cies induced by the reactive events and thus cannot be fac-
torized into a product of single-species distributions. The
derivation of kinetic equations for global average concentra-
tions (i.e., local concentrations averaged over the volume of
the system) concludes this section. In Sec. IV we derive the
memory kernel for the Willamowski-Rossler reaction-
diffusion system and compare the predictions of the theory
with the results of lattice gas automaton simulations. Finally,
Sec. V contains discussion of our results.

Il. MARKOV CHAIN DYNAMICS

The system under consideration consists of a number of
chemical species diffusing and reacting in solution. We as-
sume a discrete-space, discrete-time description of the sys-
tem by partitioning the space into cells of volume V and time
into intervals of arbitrary length. In the following, we view
each cell as a node on a lattice and operate within this lattice
representation. The solvent comprises a chemically inert spe-
cies so that its only effect is to maintain the random walk
dynamics of the solute particles. Furthermore, we associate
N distinct ‘‘channels’” with every cell; each channel can be
occupied by no more than one particle of each solute species.
Thus, if the number of solute species is v, the number of
solute particles in each cell cannot exceed vN — this is the
so-called exclusion principle. At any given moment of time,
the state of the system is fully specified by a set of state
variables — the number and chemical nature of the particles
occupying every cell. The system evolves by transition to
one of the accessible states once every time interval with
probability determined by the initial state. From the statisti-
cal point of view the system is described by the probability
distribution function P(S,t) defined on the space of discrete
states of the system, whose time dependence is due to a
Markov chain,11 1.e.,

P(sn+1)— P(s,n)=2 [TeP(s.n)—=TgP(sn)],
) 2)

where Sis a set of state variables, N is the integer time vari-
able, and the summation extends over all possible states.
Clearly, due to discreteness of the state variables, Eq. (2) can
be also written in matrix form,

P{n+1)—Pyn)=2>, Wy Py (n), (3)

where Wy are the matrix elements of the evolution operator,
defined in terms of transition probabilities per unit time as
follows:

Wy =Tg — 0> Tus. (4)
S”

Here 6y is a Kronecker delta.

Henceforth, all vector quantities, such as state variables
or concentrations, are denoted by bold lowercase letters,
while bold uppercase letters stand for matrix quantities.
Components of vectors and matrices are specified where nec-
essary by lower indices. We designate operators by a hat
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over corresponding symbols, and average quantities by an
overbar. Angle brackets will often be used as a shorthand
notation for summing over the ensemble of state variables.
For reaction-diffusion systems, transitions between dif-
ferent states occur due to two competing processes: passive
transport of particles between cells and reactive collisions
which change the nature of the particles within cells accord-
ing to the reaction mechanism. Correspondingly, the evolu-
tion operator for the present model can be written as a sum of
two terms, one for the diffusion process and the other for
reactions. Below we derive the particular form of reaction
and diffusion evolution operators to be used in our study.

A. Diffusion Markov chain

Let the particles at every node be randomly distributed
among N channels. We pose a diffusion rule according to
which the particles that have identical chemical nature and
belong to the same channel propagate synchronously and in
the same direction between neighboring nodes. The choice of
a particular channel, direction of propagation, and species to
be propagated is made at random each time the diffusion
evolution operator is applied. We also impose periodic
boundary conditions which, together with the above, com-
pletely characterize transport of matter within the system.

A similar diffusion model was recently used in simula-
tions of the FitzHugh-Nagumo system.'? It was shown that
the occupancies of individual nodes become statistically in-
dependent of each other after a short period of relaxation.
Hence, for long-time behavior, correlations between nodes
are negligible, and the full probability distribution can be
factorized into a product of single-site distributions. This re-
duction of description is readily extended to the present
model; specifically, one has for nonvanishing reduced tran-
sition probabilities

Xi(r)(

D —
Txi(r)fl,xi(r)_ vN

_ Xi(r7n))
N s

Q)

>

D :Xi(l’,n) l_Xi(r)
X (r)+1.%(r) vN N

where
1 ! !
xirm=— 2 X(r")P(X(r').n)
r'eMr) x(r')
=— 2 x(r'.n,
mr’e./\/(r)

m is the coordination number of the lattice and N(r) is
neighborhood of r. Thus, x;(r,n) is an average of the mean
occupation number of the i-th species over the immediate
neighborhood of node r. The factors in the first expression in
(5) simply reflect the fact that the probability of a diffusive
hop of a particle of the i-th species from the node r to a
neighboring node is given by a product of the probability
that the i-th species is chosen for the hop, 1/v, the probabil-
ity that a chosen channel is occupied at the node r, X;(r)/N,
and the probability that the same channel is empty at the
neighboring node, 1— x;(r,n)/N. A similar interpretation
can be also given to the second expression in (5).
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The reduced probability distribution P(X(r),t) evolves
according to the following equation:

P(x(r),n+1)—P(x(r),n)

=WPP(x(r),n)
:Ei WDi(,l;[i 5Xj,(r)’xj(r)> P(x(r),n), (6)

with matrix elements of Wo' given by [cf. (5) and (4)]

Di _xi(r,n) X; (1)
(X (M N 1= N 5xi’(r),xi(r)—l
Xi(n [ xir.n)
+ IVN ( 1= : N 5xi’(r),xi(r)+1
_pxae (X0} xi(n)
vN N vN
xi(r.n)
X( 1— ! N ) 5Xi’(’)*xi(r) . (7)

Thus, the structure of the diffusion Markov chain (6)
arises naturally from the diffusion rule posed in the begin-
ning, the existence of a maximum occupation number at any
node (i.e., the exclusion principle), and the reduction of de-
scription to the level of single-node distribution functions.

Kinetic equations for average occupancies (concentra-
tions) can be obtained in the standard way, by multiplying
both sides of (6) by X;(r) and summing over all possible
states. One finds, after a few simple transformations,

> Dx(r'.n)
r’ e Mr)
_;i(r,n)]:D A;i(r,n), (8)

where A is the discrete Laplacian operator. This is just a
discretized diffusion equation with diffusion coefficient D
=(vmN) ! (the same for all species).

;i(r,n+1)—7i(r,n)=m—N

B. Reaction Markov chain

The probabilities of reactive transitions are defined simi-
larly to those in lattice gas automaton models. The details of
the derivation for the models with exclusion principle can be
found in Ref. 13; here we only briefly summarize the general
ideas and give the final results.

We consider reactions which are strictly local, i.e., they
involve only particles occupying the same node. Let the
overall reaction mechanism consist of I elementary steps of
the form

n{Xi N Xy ] X+

ki

\:\nir’lxl‘Fnir’zXz‘F' '+n:’JX]+ .,

ki
where the indicesi=1,...r and j=1,...,v label steps and
species, respectively. The transitions due to the i-thh step in

the mechanism are characterized by two sets of stoichio-
metric coefficients {n{,, ...,n{ }and {n{,,...,n{ }. Spe-
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cifically, if we define the vector m®" with elements m}”
zn{,j—nif’j, the forward reaction at node r can be repre-
sented in terms of occupancies by

X(r)—x(r)+mt.
Similarly, for the reverse reaction,
X(r)—x(r)—mt.

The transition probabilities of these birth-death reactive
events can be derived using a simple combinatorial argu-
ment. That is, one expects that the probability of reaction
must be proportional to the number of ways in which the
particles of the reactants can be combined in order for that
reaction to occur, given the present state of the node. Spe-
cifically, we put

v f

T oo =hk || NM.; ’
x(r)+m() x(r) ',1:[] NE () —n))!
] 1o (NZRDE (!

T oo =hk_; ][] NM.; :
x(r)—m( x(r) 'J-:l—[l N! (x;j(r)=ni !

©)

The prefactors in (9) are chosen so that the mean-field kinetic

equations can be written in a neat analytic form. The exclu-

sion principle forbids those reactive events which produce
particles of any species in excess of N. Therefore, we set

R

TX

L= if x; +mt»
(r)+m('),x(r)_0’ le]+m] >N,

(10)
TR

_ : —_m
X(r)_m(i)’x(r)—o, ]ij m] >N,

for any i,j. Substituting the transition probabilities (9),
modified according to (10), into (4) yields the matrix ele-
ments of reaction evolution operator WR.

Let us consider the mean-field dynamics of the reaction
Markov chain. To begin, we note that in the mean-field limit
(i.e., in the limit of a well-stirred system where the rate of
diffusion is infinite), the particles are redistributed among the
nodes of the lattice instantaneously at every moment of time.
Hence, the local correlations between different species are
effectively destroyed at the same moment as the local reac-
tive events create them. This implies that the particles popu-
late every node independently of each other, and the local
probability distribution is the time-dependent multivariate bi-
nomial

P(x(r).n)=Pg(x(r).n)

N )(Yj(m)’%ﬂ( ;j(n))’\‘_xj(r)
xo\ "N TN :

(11)

We have dropped the notation due to spatial coordinates in
the average concentrations in (11) since the system is homo-
geneous in the mean-field picture. It is easy to show that the
kinetic equations in this limit have the following form:

14

=1
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Xj(n+1)_Xj(n)
=2, xWRPg(x,n)
X
r v P
— r f Wi
—hi; (ni,j_ni,j){kil:([.[l X, (n)

kil XP(m) | +Q;(x(m) = K;(x(n)). (12)

One observes that the first term on the second line of (12) is
the mass-action law (in the discrete-time notation) appropri-
ate for the overall reaction mechanism. The additional term
Q(x(n)) describes the deviations of the mean-field dynamics
from the mass-action law due to the exclusion corrections to
the birth-death transition probabilities (9). Equation (12) is
the exact mean-field rate law for our model. In the applica-
tion to the Willamowski-Rossler reaction diffusion system in
Sec. IV we shall consider conditions where Q(Y( n)) is neg-
ligible and Eq. (12) reduces to the mass-action law.

For a finite diffusion rate, neither (11) nor (12) will be
valid. The nature of this breakdown of mean-field description
forms the central point of the present study. Note also that
the binomial distribution (11) depends on time only through
its means X;(n) which evolve according to (12). We will use
this time-dependent binomial distribution as the zeroth-order
approximation to the full distribution in the following sec-
tion.

lll. PERTURBATION THEORY

Suppose that the system is not completely homogeneous,
i.e., diffusion occurs at a finite rate determined by the value
of diffusion coefficient D. Such a regime can be character-
ized by two time scales, 7p and 7R, associated with diffusion
and reaction processes, respectively. We consider finite sys-
tems so that long wavelength diffusion modes are suppressed
and we may insure that 7p<< 7. In the context of our model,
Tp can be the mean time required for a particle to travel the
distance between two neighboring nodes, and 7y the inverse
of the smallest eigenvalue of reaction evolution operator WR.
The deviation from the mean-field limit is measured by the
ratio 7p /7R, which will be denoted as y henceforth; vy is
equal to zero in the mean-field limit, and increases away
from it.

If 7y is small, the local probability distribution P(X(r),t)
obeys

P(X(r),n+1)—P(x(r),n)=(yWR+WP)P(x(r),n),
(13)

where WR and WP are the reaction and diffusion evolution
operators constructed in the previous section. We expect that
the solution of (13) monotonously approaches the local bi-
nomial distribution (11) of the mean-field limit as 7y tends to
zero. For a nonzero vy this mean-field result is not valid, and
corrections to the local binomial distribution must be intro-
duced. In view of this, for small y reactions can be consid-
ered as a small perturbation to the pure diffusion process and
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perturbation theory can be applied to solve Eq. (13). Thus,
we write the local probability distribution in the form of a
perturbation series,

P(x(r),n)=Pg(x(r),n)+ yP(x(r),n)
+ Y2 Py(X(r),n)+---, (14)

with the local binomial distribution as the zeroth-order term.
Substituting (14) into evolution Eq. (13) gives

Pg(x(r),n+1)—Pg(x(r),n)

+k21 YPX(r),n+1)— P (x(r),n)}

= (YWR+WP) PB<x<r>,n>+kE YP(X(r),n) |. (15)
=1

In order to extract the time dependence of each of the
expansion terms from (15), we use a perturbation theoretic
procedure similar to Chapman-Enskog development.”!'* Spe-
cifically, we note that the first two terms in (15) are equiva-
lent to a discrete derivative of the binomial distribution
Pg(X(r),n) with respect to time. Recalling that this distribu-
tion depends on time implicitly, through its means X(r,n),
one can rewrite the derivative as follows:

Pg(x(r),n+1)—Pg(x(r),n)
_ _ J
=[x(r,n+1)—x(r,n)] ﬁPB(x(r),n). (16)

The quantity X(r,n+1)—x(r,n) appearing in (16) is
given by the kinetic equations corresponding to (15). The
latter can be obtained in the standard way, i.e., multiplying
both sides of (15) by x(r) and summing over all possible
combinations of the occupation numbers. Using the proper-

ties of operators WP and WR introduced in Sec. II, we find

x(r,n+1)=x(r,n)=D Ax(r,n)+ yK(x(r,n))

+ kz P X()WRP(X(T),n)),
1

(17)

where K(X(r,n)) stands for mean-field dynamics [cf. Eq.
(12)], and

<x<r>\7vRPk<x<r>,n>>=X%x(r)v‘vRPk<x<r>,n>. (18)

Before we proceed with the development of the solution
to the evolution Eq. (15), one important question must be
addressed: specifically, that of the validity of the regular per-
turbation expansion (14) for the case of far-from-equilibrium
chemical systems. It is well known that the dynamics of such
systems may be of relaxational character, i.e., it exhibits
well-defined fast and slow parts. This is manifested by the
significant jumps in reaction rates, as well as the higher de-
rivatives of concentrations with respect to time which are
observed as the system switches from fast to slow dynamics,
or vice versa. In principle, it is quite possible that such jumps
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can cause a similar singular behavior in the probability dis-
tribution P(X(r),n), thereby making the description in terms
of a regular perturbation series invalid. In order to avoid such
breakdown, we require that y be small enough for the fol-
lowing relations to hold at all r and n:

. <~y 1
Pi(x(r),m<y~, (19)

(X(NWRP(x(),n)<y~!, i=123,... .
With this requirement satisfied, the regular perturbation
method remains valid, at least on the level of description
provided by Egs. (15) and (17).

Now, suppose that we want to determine the probability
distribution up to the k-th order term. For that purpose, it is
sufficient to retain in (17) terms up to the order yk. Then,
with the use of (17) and (16), we can separate (15) into a set
of Kk equations, each describing evolution of one of the ex-
pansion terms P (X(r),n),...,Pk(X(r),n). Thus, the equa-
tion for P;(X(r),n) reads

. o
WP— D Ax(r,n) 5 Pg(x(r),n)

+y

~ — J
WR— K (x(r,n)) a—APB(X(r),n)

+yWPP (x(r).n), (20)
and for P;(x(r),n), 1<i=<k (cancelling out the factor '),
Pi(x(r),n+1)—=P;i(x(r),n)

=WRP,_,(x(r),n)+WPP;(x(r),n)
n J
= (X(NWRP;(X(r).n)) —=Pg(X(r).n). (1)

The solution of this system of inhomogeneous linear equa-
tions will be unique if we require

(Pi(x(r),n))=0, (22)

(x(r)Pi(x(r),n)y=0, i=1,... k.

Together with the solvability conditions (22), (20) and (21)
form a closed hierarchy from which one may evaluate the
terms of the perturbation expansion (14) to any desired or-
der.

In the remainder of this paper our attention will be lim-
ited to the first two terms of the series (14). Therefore, we
need only solve the lowest-order equation of the above hier-
archy, i.e., (20). By direct computation of WDPB(x(r), n) we
may show that the first term on the right-hand-side (rhs) of
(20) is =zero and, consequently, that P;(x(r),n+1)
—P;(x(r),n) does not contain contributions of order unity.
For simplicity, we assume that the system consists of a single
species. Using the definition of the diffusion evolution op-

erator WP [cf. (6) and (7)] we can write this term as
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) -1
X(an) (1_x(r')\| )PB(x(r)—l,n)
—(1—%)P3(x(r),n) + 1—X(:\;n))
x(r)y+1 X(r)
N PB(x(r)+1,n)—WPB(x(r),n)

N ax

Taking advantage of two easily proven results,

x(N=x(n))

N;(n) PB(Xsn)s

x—1
( 1— N~ ) Pg(x—1,n)=
(24)

XPg(x,n)—(x+1)Pg(x+1,n)

J

ax Pe(x.n) x(n)

we can show that (23) vanishes. Generalization of this result
for a many-species system is straightforward due to the prop-
erties of the diffusion evolution operator [cf. (6)].

With the first term on the ths of (20) eliminated, we can
obtain P;(X(r),n) by solving a simple initial-value problem.
Suppose that at n=0 the local probability distribution is
purely binomial, i.e., P;(X(r),0)=0. Then, one finds from
(20)

n—1

XM= 3 T+

n'=0

R _ 9
X WR—K(x(r,n’))&—APB(XU),”’),
(25)

where 1 is the identity operator (l,/y=dyy), and (
+WP)"~"" =1 5 to be understood as a time-ordered product
of n—n’—1 terms (IA + WD), with the leftmost term taken at
the moment of time N—1 and the rightmost at n’'+1. In
Appendix A we prove that (25) does satisfy the solvability
conditions (22).

The quantities whose dynamics will be of interest to us
are the global concentrations Y(t), i.e., the local concentra-
tions X(r,t) averaged over all nodes of the lattice. (Hence-
forth, whenever we omit r in the arguments of the concen-
trations, the global concentrations are meant.) The kinetic
equations for the local concentrations are given by (17); at
the level of present approximation we can truncate the infi-
nite series on the rhs of (17) after the term of order *. To
obtain kinetic equations for the global concentrations we
substitute P;(x(r),n) from (25) into (17), sum both sides
over all r, and divide by the total number of nodes M. Since
diffusion conserves the total number of particles in the sys-
tem, the pure diffusion term in (17) yields zero on summa-
tion and we obtain for the global concentration of the i-th
species
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_ — 0% _
Xi(n+ 1) =x(n)= 172 Ki(x(r.n)

r

2 n—1
I OIPRAGIAL

n'=0
+WPYNN 18P (x(r),n")),  (26)

where S=WR—K (X(r,n")) d/dx, and X(n) is the vector of
global concentrations.
If diffusion is sufficiently fast (y<<1), the system re-

mains nearly homogeneous at all times, i.e., X;(r,n) are
slowly varying functions of r which do not deviate signifi-

cantly from their spatial averages ;i(n). Hence, if we put
Xi(r,n)=x;(n) (27)

for all r and n, the summation over r in (26) becomes trivial,
and we find,

xi(n+1)—x(n)

=yKi(x(n)) + y*
n—1
X 2 (x(NWRI+WP)" " =18pg(x,n")),  (28)
n'=0
where the local concentrations appearing implicitly in WP,
S, and Pg(x,n) in the last term are replaced by global con-
centrations x(n).

The kinetic equations (28) do not readily offer a deeper
insight into dynamics of the model since the memory func-
tion in the last term cannot be easily evaluated for general
reaction mechanisms. However, as we will show in the fol-
lowing section, for specific reaction mechanisms it is pos-
sible to write these equations in a tidy analytic form which
allows clear physical interpretation.

IV. APPLICATION TO WILLAMOWSKI-ROSSLER
MODEL

We now apply the above formalism to a reaction-
diffusion system with the Willamowski-Rossler reaction
mechanism.'” This mechanism consists of the following el-
ementary steps:

ki ks
At X=2x = X+Y=2Y,

K.y K,

k3 ky
AstY=p, X+Z=A,,

k_; K,

ks

k_s

Here A, A4, As are initiators, and A,, Aj are final prod-
ucts; concentrations of all these species are held constant by
external fluxes. The intermediates whose dynamics is fol-
lowed are X, Y, and Z. The mass-action law for this model
has the following form (indices 1,2,3 refer to X, Y, and Z
species, respectively):

M. V. Velikanov and R. Kapral

dx — - —
St = X0 = k- () = X (DX () + 1 X5(1)

— kX (DX3(0) + Ky =Ry (X (), Xx(1),X3(1)),

dx - — )
d_t2 = Kk2X1 (DXa(t) = K XG(1) — KX (1) + K3

=R, (X,(1).Xx(1)), (29)
o
W:_K4X1(t)x3(t)+K5X3(t)_K—5X3(t)+K—4

=Ry(x,(t),x3(1)),

where the concentrations of initiators and products are incor-
porated in the values of rate constants «;, i=1,...,5. Equa-
tions (29) have been considered in earlier studies and are
known to give rise to a period-doubling cascade leading to a
chaotic attractor.®!>16

We begin our analysis by calculating the contributions
that the reactive steps of the Willamowski-Rossler mecha-
nism make to the memory function in (28). Below, the con-
tributions from mono- and bimolecular steps are considered
in turn.

A. Monomolecular steps

All monomolecular steps in the Willamowski-Rossler
model have the following form:

k
Ai—nXi+nXi+npAn,  njL,Nn,NEg=0,1.

The matrix elements of the reaction evolution operator cor-
responding to such steps can be obtained from the general
expression for reactive transition probabilities (9). We find

_hK(l_mjéxj,N)(l—m|5x|,N), if X' =x,
wWh = hk,

xx/

if X'=x—m,
0, for all other X',

where the Kronecker deltas account for the exclusion prin-
ciple, the concentration of species A; is incorporated in the
value of «, and vector m is defined through the stoichio-
metric coefficients as outlined in Sec. II.

At this point, in order to facilitate further calculations,
we neglect the terms in the memory function that arise from
the exclusion principle. Such approximation is justified for
the Willamowski-Rossler model, since those terms can al-
ways be made arbitrarily small by a simple rescaling of con-
centrations. As an example, suppose that N=10 and the con-
centrations are scaled so that they practically never exceed
1.5 particles per node. Given that the reactive transition
probabilities are of the order of 1073-10™*, numerical esti-
mates show that the terms due to the exclusion principle are
2-3 orders of magnitude smaller than all the other terms in
(28). (The concentration scaling and the value of N used in
the lattice gas automaton simulations of the Willamowski-
Rossler model below are the same as considered here.)

The contribution to the memory function can now be
evaluated in a fairly straightforward way. We substitute the
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evolution operator from above in place of the leftmost WR in
the last term of (28), and calculate the average. After a few
transformations, we arrive at
n—1
Yhe > ((T+WP)"""~18pg(x.n’)). (30)
n'=0
One immediately recognizes in (30) one of the two quantities
(to within a constant multiplier) that we have dealt with in a
different context in Appendix A [cf. (A1)]. Using the results
obtained in Appendix A we find that (30) vanishes. There-
fore, we conclude that monomolecular reactive steps in the
Willamowski-Rossler mechanism do not contribute to the
memory function in (28).

B. Bimolecular steps

The bimolecular steps in the Willamowski-Rossler
model fall into three classes; these are listed below, along

with the corresponding matrix elements of the WR operator,

k
(1) 2Xi—>Xi+anj+n|A|, nj,n|:O,1,
4

—mhkxi(x, (1 —m;é. X; ), if X=X,

WR =

N
. N—1 hk(xi—m)(x;i—m;—1), if x"=x—m,

0, for all other X',

\

k

(2) Xi+Xj%niXi+njAj, n|=0,2;nj=0,1,
( mi+1 . ,
_thIXJ 1 Tﬁxi’ s if X =X,
WE, =1 o
XX hk(x;—my)(x;—my), if x'=x—m,
L 0, for all other x’,
k
—thj(l—éxj,N), if X' =X,
W)fo,z he(x;—m;), ifx'=x—m,

0, for all other x’,

where m;=1 and the concentration of A; is incorporated into
the value of «.

We neglect the terms arising from the exclusion prin-
ciple on the basis of the rescaling argument given above, and
calculate the contributions to the memory function due to
these reactive steps. We find

n—1

N
(1) =g Yk (= 1)
n'=0

X (T+WP)"~""~15py(x,n")),
n—1

(2)  Y’hk X (xx;(T+WP)"" 1"~ 18Pg(x,n")).
n"=0

(3) 2hK2 (x(T+WP)"=n"~18py(x,n")). 31)

X (n+1)—
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Note that the last contribution in (31) is identical (to within a
constant multiplier) to one of the quantities considered in
Appendix A [cf. (A9)]. From the results of Appendix A we
infer that this contribution vanishes. Also, using the method
of Appendix A one can show that the first two contributions
in (31) can be reduced to the following memory terms with a
simple exponential kernel:

n—-n"—1
(1) % yzth (1——) (x?SPg(x,n"h)),

1
(32)

n—-n"—1
(2) 2th (1——) (Xix;SPg(x,n"h)).

n'=0

Summarizing the results obtained above, we conclude
that the only reactive steps that contribute to the memory
function in (28) are those involving reactions between the
particles of intermediate species. The contribution is given
by the first term in (32) if the reacting particles are of the
same chemical nature, and by the second term otherwise.

By inspection of the mechanism, we find four contribut-
ing steps for the X species

2X AX,

2y K2 xay,
—

X+y ‘@ 2V,
—

x+z A,
—

two for the Y species

2y * Xy,
x+y oy,
—

and two for the Z species

27 %5 Atz
X+z A,
—

To obtain the kinetic equations for the global concentrations
of each species, one simply adds contributions appropriate
for the steps in each of the three groups above and substitutes
the result in place of the memory term in (28). Proceeding in
this way, we arrive at

X;(n)
n—1

N
= yhR;(x(n))— yzh—E (1—n)n !

n’*O
><[K—ICXI,xl(n/)_K—2Cx2,x2(n,)]
n—1
—¥h 2 (1=0)"" 7 1[k,Cy 4, (N)
n"=0

+K4Cx1,x3(n/)]’ (33)
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Xa(N+1)=Xy(N)
n—1

= yhRy(x(n))—y*h X,
n"=0

(1_)\)n—n’—l

NK*Z
X

+ S R+

N Xl(t)

K2;l(t);2(t) — K—ZXﬁz(t)( 1— leflt)

sz,xz(t) =2h

—_—

K_3—
+ sz(t) ,

Cx3,x3(t) =2h

— X5 (t
KsX3(t)— K_J%(t)( 1— Xil ))

K_,—
+_4X3(t) ,

N (38)
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Cx, ,X.(t)=(xixj§PB(x,n)),
’ (36)
S=WR—hR(x(n)) —
= (x(n) .

and R;(x(n)), i=1,2,3 are the mass-action law terms from

~—Cy x,(N) = #2Cy (N, (34)  (29), A=2/vN = 2/3N for the Willamowski-Rossler model.

N—1 The procedure which we used above to evaluate the memory
terms in (28) by neglecting terms due to the exclusion prin-
ciple can be extended to any reaction mechanism involving

_ — only mono- and bimolecular steps. Note that in the scaling
X3(n+1)=x3(n) limit where the terms due to the exclusion principle can be
n—1 omitted in evaluating all average quantities, the mean-field

= yhRs(x(n))— »*h E (1— )\)n—n’ —1 reaction dynamics is entirely due to the rr.lass-acti'on law, i.e.,

n =0 K(x(n))=hR(x(n)) [cf. (12)]. The continuous-time form of

N Egs. (33)—(35) is derived in Appendix B.

K-s / , In order to evaluate the averages appearing in the Eqs.
X C n')+«,C n|, 35 .

N—1 7 xs (M) 14 Cx () (33) (33)—(35) one needs to know the matrix elements of the full
reaction evolution operator WR. The latter are defined
through the reactive transition probabilities which, for the

where Willamowski-Rossler model, are as follows:
|
R —
TX +lX2 X3X hlel(l 5X1,N)’ TEI_IXZ X3 iX N_lhK_lxl(Xl_l),
R
T 1+ 10 = DX X (1= 05, ). TS 11X N ] o7 Ne-2Xa (X = 1)(1 =64, n)s
R R
Tx Xy — 155X =hksx,, Tx1 Xy + 1.X55X hK73(1_5x2,N)» (37)
Tslfl,xz,x_gf Iix— hkaX; X3, TEI +1Xy X+ 1ix T hr_4(1— 5x1 ,N)(1 - 5x3 ,N)v
R —
X 7x2,x3+1;x_hK5X3(l_5X3,N)5 TE] Xy X3~ 1 X N_lhK_5X3(X3_1).
|
Here x=(X;,X,,X3). Using the transition probabilities (37) 2%,(1) o
to compute Cy xpp We obtain Cy, (=] x_ 2X2(t) 1- — 15X (D)X, (1)

X( {— Xz(t) X1

N
K4—K4Z<t>z<t>(1_xl<t>;_&<t>)}

Cx] ,x3(t) =h

Equations (33)—(35), together with (38), describe the dynam-
ics of the global concentrations within terms of order > for
the Willamowski-Rossler reaction-diffusion system.

We conclude this discussion by proving that the dynam-
ics predicted by Egs. (33)—(35) is consistent with the initial
assumptions of the theory, i.e., that it converges to mass-
action law dynamics in the well-stirred regime (i.e., y
—0). Because h is arbitrary, we observe that assigning a
smaller value to y simply amounts to following the dynam-
ics due to (33)—(35) on a smaller time scale. This implies



J. Chem. Phys., Vol. 109, No. 1, 1 July 1998

A= A=05
A=2.0 A=0.25
5
|<XI
X, A=09 A=0.1

FIG. 1. Phase-space trajectories obtained from Egs. (33)—(35) for different
values of A. Mass-action law trajectory (A=) is period-4. Indices 1, 2,
and 3 in the coordinate labels correspond to X, Y, Z species, respectively.
All trajectories are drawn to the same scale. The values of A are given in
units of 1/h (h=5-10"%).

that under a rescaling of time h'=+yh, the limit y—0 is
formally equivalent to the limit h’ —0 with y fixed. Defining
a new discrete (real-valued) time variable t,=(n/y) h’, we
can recast (33)—(35) in the following form [we put y=1 and
consider only Eq. (34), for simplicity]:

Xa(ta+h')=Xs(ty)
n-1 th—tps—h’

=h'Ry(X(t))—h"2 > (1-N)"w

n"=0

N K—2Cx2,x2(tn’) K2Cx1,x2(tn’)

x N—1 h’ h’

]. (39)
Keeping t,, and t,, constant as we let h’ tend to zero, we

obtain

d;2(t) _ t—h’ _ A(t—=t'=h")
=R,(x(t))— lim e Y
dt 0?0

X

N K—Zsz,xz(t,) K2Cx1,x2(t’) ,
N—1 h' B h' dt
=Ry (x(1)). (40)

The result on the last line follows since the kernel of the
integral term vanishes exponentially for all t—t’. Similar
results hold for Egs. (33) and (35) as well.

C. Numerical results

We have solved numerically the continuous-time form
of the Egs. (33)—(35) (cf. Appendix B) using Euler’s algo-
rithm; the integral terms were evaluated at every time step by
Simpson’s method. In Fig. 1 we present the phase-space tra-
jectories obtained for different values of the diffusion coef-
ficient (as measured by the exponent of the memory kernel
A) as well as for the mean-field regime (A =). The values
of rate constants used in these calculations are as
follows: «k;=31.2,k_,=0.2,k,=1.533,k_,=0.1,k3=10.8,
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k_3k1=312, k_1=02,k,=1.533, k_,=0.1,k3=10.8,k_3
=0.12,k4,=1.02,k_4,=0.01,k5=16.5,k _5=0.5; this choice
corresponds to the period-4 regime in the mass-action dy-
namics. The integration time step h was equal to 5-107%.

It is evident from Fig. 1 that, as the diffusion becomes
slower (i.e., the value of A becomes smaller), the trajectories
are monotonously transformed so that they traverse the
period-doubling cascade of the mass-action law (29) in the
backward direction: the smaller the value of the diffusion
coefficient (with rate constants unchanged), the less the dy-
namics of the global concentrations corresponds to the mass-
action law. Furthermore, this breakdown of mass-action de-
scription can be modeled by a parametric shift in the mass-
action law (along with rescaling of time and, possibly,
concentrations) such that the dynamics proceeds from the
period-4 regime (corresponding to the mean-field regime in
Fig. 1) to period-2, period-1, and finally to stable focus.

We now turn to the comparison of the numerical solu-
tions of Egs. (33)—(35) and the dynamics observed in the
lattice gas automaton simulations of the Willamowski-
Rossler model. The lattice gas automaton used in these simu-
lations was implemented in essentially the same way as in
the earlier studies;>" the only difference is in the nature of
the diffusion rule, which we modify so that it corresponds to
the diffusion evolution operator (7). The simulations were
performed for a triangular lattice of size 200X 200 nodes,
with time step h=5-10"*. The exclusion parameter N was
equal to 10 (i.e., no more than 10 particles of each species
were allowed to occupy any node at any time). All concen-
trations were scaled by a factor of 40 so that they do not
exceed 1.5 particles per node throughout the simulations.

In a lattice gas automaton simulation, the local probabil-
ity distribution evolves in time according to the following
equation:

P(x(r),n+1)=(1+WR™R({+WP)M™P(x(r),n), (41)

where mr, Mp are positive integers, and 1 is the identity
operator. Equation (41) is approximately equivalent to the
reaction-diffusion evolution Eq. (13), with parameter vy
given, to the leading order, by the ratio (mg/mp). This fact,
along with definition of the parameter A [ A= 2/3Nyh for
the Willamowski-Rossler model], allows us to approximately
relate the results of an automaton simulation with a certain
value of (mg/mp) to a solution of the kinetic Egs. (33)—(35)
with an appropriate value of A.

In Fig. 2 we present phase-space trajectories from typi-
cal lattice gas automaton simulations for the parametric re-
gimes where the mass-action law dynamics is period-1 and
period-2. All rate constants except k, are the same as in Fig.
1; K, is equal to 1.4 and 1.5, respectively. For each regime,
A was equal to 0.667, 13.333, and o, the latter correspond-
ing to the limit of a well-stirred system. The simulations of a
well-stirred system were performed by reseeding the nodes
of the lattice according to binomial distribution at every time
step.

We observe that the trajectories from these simulations
exhibit the same general trend as those computed using ki-
netic Egs. (33)-(35) in Fig. 1. Namely, note that for the
regime where the mass-action law dynamics is period-2, the



290 J. Chem. Phys., Vol. 109, No. 1, 1 July 1998

FIG. 2. Phase-space trajectories from lattice gas automaton simulations for
k,=1.5 (left) and k,=1.4 (right). The mass-action law dynamics is
period-2 and period-1, respectively. For each parametric regime, the values
of A (in units of 1/h) are: 0.667 (top panel), 13.333 (middle panel), and oo
(bottom panel). All trajectories are drawn to the same scale. Concentration
scaling parameter is 40.

trajectory is gradually transformed from noisy period-2 (A
=) to noisy period-1 (A=13.333), and finally to the
stable focus (A =0.667). In order to investigate this effect in
more detail, we construct a Poincaré section for the trajecto-
ries from automaton simulation. The half-plane of the section
(denoted by P) is shown in Fig. 2, bottom left panel, and
defined as follows: {P:x;=0.3;x,=0.25;x3=0}.

In Fig. 3 we show the normalized distribution of concen-
tration of X species on Poincaré section P for different val-
ues A. The value of k, is 1.4; corresponding mass-action
law dynamics is period-1. One observes that the peak of the
distribution shifts toward lower concentrations as A de-
creases, indicating that the trajectory shrinks as the rate dif-
fusion is decreased. That this shrinking is due to a parametric
shift and not to simple rescaling of volume can be seen from
the fact that the shift of the peak vanishes as the diffusion
becomes faster and the automaton trajectory approaches that
of the mass-action law. Note that the width of the distribu-
tion does not vanish as the rate of diffusion increases, but
instead approaches a nonzero limiting value. This effect
arises as a result of fluctuations which the global average
concentrations experience due to the finite number of par-
ticles involved in the simulations.

Figure 4 presents similar distributions computed for «,
=1.5 (the mass-action law dynamics is period-2). The values

20 1

12 -

P(x7)

45

0 1 1
0.1 03 _gc 05 0.7
Xy

FIG. 3. Distribution of concentration of X species on Poincaré section P for
different values of A. The mass-action law dynamics is period-1 (k,
=1.4). The graphs are numbered according to the value of A (in units of
1/h) as follows: 1,A=0.667; 2,A=3.333; 3,A=6.667; 4,A=10.0; 5A
=13.333. Each distribution is computed from a set of 2000 data points.
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0.1

FIG. 4. Distribution of concentration of X species on Poincaré section P for
different values of A. The mass-action law dynamics is period-2
(k,=1.5). The graphs are numbered according to the value of A as in Fig.
3. Each distribution is computed from a set of 2000 data points.

of A used in these calculations are the same as in Fig. 3.

Note that for the highest value of A (i.e., the fastest
diffusion) the width of distribution in Fig. 4 is considerably
greater than in Fig. 3. The additional spreading comes from
the fact that the dynamics is already beyond the period-
doubling bifurcation at this value of A. However, the con-
centration fluctuations destroy the bimodality in distribution,
and we are unable to distinguish the loops of period-2 trajec-
tory even for relatively fast diffusion. Larger system sizes are
necessary in order to resolve this structure.

Finally, in Fig. 5 we show the average oscillation ampli-
tude for the concentration of Y species for a series of lattice
gas automaton simulations. The values of the rate constants
correspond to period-1 regime in the mass-action law dy-
namics and are the same for all simulations, while A is var-
ied from 0.667 to 13.333. The results obtained from the ki-
netic Egs. (33)-(35) are shown by the solid line. The
oscillation amplitude X!™ is defined as the difference be-
tween the maximum and the minimum of X; over one full
cycle of trajectory around the unstable focus. Since the
present theory is approximate, our primary aim here is to
present a qualitative, rather than quantitative, comparison of
theoretical data and simulations. Therefore, the exponent A
is given in Fig. 5 in rescaled form, A .= (A=A )/ A .
Here A, is the reference value of A, which is equal to 0.667
for the automaton simulations, and 0.128 for the theoretical

0.1 ] 1 ] ]
0 4 8 12 16 20

AI'ESC

FIG. 5. Oscillation amplitude for the concentration of Y species in period-1

regime for different values of A obtained from the kinetic Egs. (33)—(35)

(solid line) and from lattice gas automaton simulations (open diamonds).
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data; at these values of A the amplitude obtained from simu-
lations and predicted theoretically match exactly. One sees
that, qualitatively, kinetic Egs. (33)—(35) correctly describe
the breakdown of the mass-action law description for the
dynamics of global concentrations as the diffusion coeffi-
cient is decreased.

V. CONCLUSIONS

In this paper, the breakdown of the mean-field dynamics
in nonequilibrium reaction-diffusion systems is studied by
the means of a Chapman-Enskog type expansion using a
probabilistic discrete-space, discrete-time model. It is shown
that this breakdown is related to the memory effects in the
evolution of average concentrations that emerge for finite
values of the diffusion coefficient. The memory kernel, al-
though quite complicated in the general case, was simplified
for the case of the Willamowski-Rossler reaction-diffusion
system to a simple exponential e ) where the expo-
nent A is determined by the diffusion coefficient and t is the
(continuous) time variable.

A numerical analysis of theoretically derived kinetic
equations with memory led to a further insight into the na-
ture of the breakdown of mean-field dynamics. Namely, the
effect of a decreasing diffusion coefficient on the reaction
dynamics can be described by a backward shift in the bifur-
cation cascade of the mass-action law, i.e., the breakdown is
essentially a parametric phenomenon. This conclusion is fur-
ther supported by a comparison to the results of lattice gas
automaton simulations of the Willamowski-Rossler model.

The breakdown of the mean-field description for the dy-
namics of reaction-diffusion systems has been considered in
a number of earlier studies. Thus, simulations of the
reaction-diffusion master equation for the Brusselator model
showed that the deterministic limit cycle is gradually de-
stroyed as the rate of diffusion is decreased and the inhomo-
geneous dynamic modes become excited.” Recently, Busse-
maker and Brito used ring kinetic theory to explain shrinking
of the limit cycle for the Maginu model with attenuation in
the rate of diffusion.!” These authors were able to qualita-
tively reproduce the effect of the breakdown of the mean-
field kinetics observed in lattice gas automaton simulations
by accounting for the reactive correlations in a phenomeno-
logical way. Because the probabilistic model used in these
studies is similar to that which we used here, it may be
interesting to consider the relation among these approaches.

There are a number of important questions which were
not considered in this work. For instance, development of an
analytic means for estimating the effective parametric shift
exhibited by the solutions of kinetic Eqs. (33)—(35) as a
function of diffusion coefficient would be useful. A different,
no less challenging question concerns the extension of this
theory to the level of local concentrations and the incorpora-
tion of long wavelength diffusion modes into the description
of the dynamics. Such an extension would clearly be expe-
dient for studies of stability and evolution of spatio-temporal
structures in reaction-diffusion systems.
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APPENDIX A

Substituting P;(x(r),n) from (25) into the rhs of the
first of the solvability conditions (22) gives
n—1

>—2

WR

(Py(X(r), <(I+WD)“ n-l

_ J
—K(x(r,n’))ﬁ

PB(x(r),n’)>. (A1)

To simplify this expression, note that by definition

E > (WP)P'

p'=1 =(p’)

(T+WP)P=] (A2)

where p is any positive integer and Zﬁ(pr)(\/AVD)p, denotes
sum over all possible time-ordered products of p’ operators
WP selected from the full set of p such operators.
Given (A2), we can write (Al) as
x(r),n") >

(P1(x(r).n))

Al

!

WR—K(x(r,n")) %

n—

n'—1
+ 2

<(WD)| WR
=1 =)

d
—K(x(r,n"))-~ } Pg(x(r).n )>’ (A3)

The first summand in (A3) vanishes, since for all n we have
(WRPg(X(r),n))=0,
(Pa(x(r),n))=1.

The remainder of our analysis is easier to carry out in matrix
form. We define

(Ad)

Br(n) = (WP)'SPg(x(r).n), (A5)
where
A A _ J
S=WR—K(x(r,n))5—,
(A6)
(WP)O=]

and rewrite (A3) in terms of vector elements Bil(),)(n) as

follows:

n—-1 n—n'—1

(Py(x(r),n))= ;0 I; % (WPB;,"(n")). (A7)
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Using the definition of the matrix elements of the diffu-
sion evolution operator given by (6) and (7), we expand the

leftmost WP in (A7), and obtain
n-1 n-n'—1
Prxnmy= 2 Z 3 (W, (nY)=o.
(A8)

Proceeding in the similar manner with the other condition in
(22), we find

(X(N)Py(x(r),n))
n—1

= > (x(n)(T+WP)" " ~18Pg(x(r),n")),
n'=0

n—1
= 2 | {(x(N3Pg(x(r).n"))

n—-n'—1
> E<x<r)<\7vD)'éPB<x<r),n')>]. (A9)
I=1 (1)
The summand on the second line of (A9) again vanishes
because of the following relations:

(r)WR =K. (x(
(Xi(NWPg(x(r),n)) =K;(x(r,n)), (A10)

(X (r)Pg(x(r),n)y=x(r,n).

Hence, one can again expand the leftmost operator WP and
rewrite (A9) as follows:

(X(N)Py(x(r),n))

n-1 n-n'-

= <X(|’)WD x(r) (n )>
— =1 a(l)

!

0

n-1 n-n'-

n —1
Nn'=o I:El =) ([x(r.n) =x(r)]Bjp, (n"),
(A11)

1

where n” is the moment of time at which the leftmost opera-
tor WP was applied (0<n"<n—n’—1), BY),(t) is defined
by (A5).

One can now separate the leftmost operator WP from
vector elements Bf(l()r)(n) where possible, and repeat the cal-
culations in (A11). Taking advantage of the results in (A4)
and (A10), we obtain

(X(r)Py(x(r),n))
n—-1 n—n'—1

=—2 2 2<[x<r n")—x(r)1BY;," (n")).

n =0 =1

1 n—1
_NZ [(n—n’—l)(x(r)Bf(?ﬁ)(n’))
n’'=0

n—

n—1
+ D> 2 (x(nBY, (' )>]

=2 =)
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n—1
=R, [(n—n’—lxx(r )BigH(n")
n—-n’'—1
+ 2 > (X(NWPBY, P (n’ >>]
=2 a(l)

o8 e 1! (0) (R
B =1 ( I ) N (X(r)By(r)(n")),

n'=0
=0. (A12)
APPENDIX B

It is convenient to consider the continuous-time limit of
kinetic Egs. (33)—(35) in rescaled time units, h' = yh. Thus,
we define a discrete, real-valued time variable t,
=(n/y)h’, and recast (33)—(35) in the following form:

h'\ —
xl tht — 5 =X (tp)
. N ! ta—ty—h'/y
=h’R1(X(tn))—h’2mE [(1_)\) h'7y
n'=0
Kflcxl,xl(tn’)_Kfzcxz,xz(tn’)
X - —h'?
h'/y
n-1 th—ty—h'/y
X E [(l_)\) h'/y
n"=0
chxl,xz(tn')+K4Cx|,x3(tn’) B1
o , B1)
;2 tht+— _;z(tn)
n-l th—ty —h'/y
=h'Ry(X(tn)) ~ h'ZE (=N "Wy
N K72Cx2,x2(tn’) K2Cxl,x2(tn’) 5
>< —
N—1 h'/vy h'/vy ’ (B2)
;3 tn+7 _Z(tn)
o n—1 th—ty—h'/y
=h'Ry(x(t)—h"2 X (1-N)"w7y
n'=0
N K—5CX3,X3(tn’) K4Cxl,x3(tn’) B3
X
N—1 h'/vy h'/vy (B3)

We now have to evaluate the limit of (B1)—(B3) as h’
tends to O in such a way that the diffusion coefficient re-
mains unchanged. Formally, we can do so by letting A\
=Ah’=+yAh, and keeping A constant as h’—0. From the
point of view of statistical theory, such an operation is
equivalent to replacing the diffusion transition probabilities
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(5) with appropriate transition rates (such that the resulting
diffusion coefficient is identical in both cases) as the diffu-
sion Markov chain (6) is replaced with a continuous-time
Markov process. Proceeding in this manner, we obtain

sdx; (1) _ N [t v :
T R g e e g )

k3G ()]

t !
_JO e Mt )[KZCxl,xz(t,)+K4Cxl,x3(t,)]dt,’

(B4)
d;(jt(t) =Ry(x(1)) = fot A %cxz,xza')
— K2y, ,xz(t’)}dt’, (B5)
@:Rﬁm)— f;e-A<t—t’>[%cx3,x3<t'>
+K4CX1’X3(t’)}dt', (B6)
where CXi ,Xj(t)= CXi ,Xj(t)/(h’/*y)ICXi ,Xj(t)/h, and

CXi !Xj(t) are defined by (36) and (38). Equations (B4)—(B6)
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represent the continuous-time form of the kinetic Egs. (33)—
(35). The parameter A is defined as A= N/h' = 2/vNvyh,
where h is the time unit of diffusion Markov chain (6).
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