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Piazzale Aldo Moro, 2, 00185 Roma, Italy

16.1 Introduction

Since it is difficult to simulate the quantum dynamics of large, complex many-
body systems, one is led to construct a statistical mechanical description of
matter based on a mixture of quantum and classical dynamics. Many phys-
ically interesting systems may be partitioned into subsystems where certain
degrees of freedom must necessarily be treated quantum mechanically, while
others behave classically to a high degree of accuracy. Examples of systems
with these characteristics are familiar and include proton and electron trans-
fer processes and systems with electronic degrees of freedom coupled to heavy
nuclei. In these cases it is useful to construct a quantum-classical dynamics
that not only accounts for the quantum and classical dynamics of the two iso-
lated subsystems but also describes their interaction. [1,2,3] The most widely
used approaches are based on surface-hopping schemes where the coupling
between the two subsystems induces quantum transitions. [4,5,6,7]
The primary interest is in the computation of quantities such as expecta-

tion values of dynamical variables or transport coefficients usually determined
from integrals of time correlation functions. Consequently it is not sufficient
to simply focus on the development of quantum-classical dynamics; instead
one must formulate the statistical mechanics of such systems in order to
provide a route to the computation of these observables. In this chapter we
develop a scheme for carrying out quantum-classical evolution of many-body
systems and, having established the nature of this dynamics, formulate a sta-
tistical mechanics for such systems and devise schemes for the computation
of expectation values in this quantum-classical world.
We begin the presentation with a brief overview of quantum statistical

mechanics in Sect. 16.2 where the response function and autocorrelation func-
tion expressions for transport properties are given. This section also intro-
duces the partial Wigner representation and formulates quantum statisti-
cal mechanics in this form. The passage to quantum-classical dynamics is
considered in Sect. 16.3 and the forms of the quantum-classical Liouville
equation for the density matrix and dynamical variables are presented. Since
quantum-classical dynamics has some unusual features, its nature is discussed
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in Sect. 16.4. The evolution equation for the density matrix is expressed in
an adiabatic basis and the evolution of the density matrix is determined
in terms of an ensemble of surface-hopping trajectories. Section 16.5 carries
out an analogous analysis for the evolution of a dynamical variable. The
quantum-classical form of the canonical equilibrium density matrix is the
topic of Sect. 16.6. A knowledge of this quantity is necessary for the compu-
tation of equilibrium statistical mechanical properties. Nonequilibrium sta-
tistical mechanics in the quantum-classical world is formulated in Sect. 16.7.
This section gives the expressions for quantum-classical transport properties
and time correlation functions. Properties of the correlation functions are dis-
cussed and comparisons with full quantum mechanics are made. Section 16.8
gives an example of the calculation of the expectation value of an observ-
able for a many-body system: the spin-boson model. The conclusions of the
chapter are given in Sect. 16.9.

16.2 Quantum Dynamics and Statistical Mechanics

The time evolution of the quantum mechanical density matrix ρ̂ is given by
the von Neumann equation,

∂ρ̂(t)
∂t

= − i

h̄
[Ĥ, ρ̂(t)] , (16.1)

where Ĥ is the hamiltonian of the system. Its formal solution is

ρ̂(t) = e−iL̂tρ̂(0) = e−iĤt/h̄ρ̂(0)eiĤt/h̄ , (16.2)

with iL̂ = (i/h̄)[Ĥ, ] the quantum Liouville operator. In the Heisenberg
picture of quantum mechanics, the time evolution of a dynamical variable B̂
is given by

dB̂(t)
dt

=
i

h̄
[Ĥ, B̂(t)] , (16.3)

whose formal solution is

B̂(t) = eiL̂tB̂ = eiĤt/h̄B̂e−iĤt/h̄ . (16.4)

Usually, one is not simply interested in the time evolution of such quanti-
ties but rather in statistical mechanical quantities like the average values of
observables, dynamical properties or transport coefficients defined in terms
of time integrals of correlation functions. The average value of a dynamical
variable is given by

B(t) = TrB̂ρ̂(t) = TrB̂(t)ρ̂(0) , (16.5)

where we have used the fact that the time dependence can be transferred
from the density matrix to the operator using cyclic permutations under the
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trace. Thus, as is well known, one may either evolve a given initial density
matrix backward in time and compute the average of B̂ using the time evolved
density matrix to find B(t) or evolve the operator forward in time and average
over the initial value of the density matrix.
In quantum mechanical systems in thermal equilibrium, we are often in-

terested in the calculation of transport properties such as diffusion coefficients
or rate constants. The microscopic forms for such transport coefficients can
be obtained by applying linear response theory to a system in equilibrium
subjected to an external force or by monitoring the decay of fluctuations
about the equilibrium state. In linear response theory, it is assumed that
a time dependent external force F (t) couples to an operator Â†. Then the
system hamiltonian takes the form

Ĥ(t) = Ĥ − Â†F (t) , (16.6)

and the evolution equation for the density matrix reads

∂ρ̂(t)
∂t

= (ih̄)−1[Ĥ(t), ρ̂(t)] ,

= −(iL̂− iL̂AF (t))ρ̂(t) , (16.7)

where iL̂A ≡ (i/h̄)[Â†, ]. The adjoint of Â is denoted by Â†.
Assuming the system was in thermal equilibrium in the distant past, the

solution of this equation to linear order in the external force is [8]

ρ̂(t) = ρ̂Qe +
∫ t

−∞
dt′ e−iL̂(t−t

′)iL̂Aρ̂
Q
e F (t

′) . (16.8)

Here ρ̂Qe = Z−1Q exp(−βĤ) is the canonical equilibrium density matrix and
ZQ = Tr exp(−βĤ) is the partition function. The response of the system to
the external force may be determined by computing the average value of an
operator B̂ using the density matrix at time t,

B(t) = TrB̂ρ̂(t) =
∫ t

−∞
dt′ TrB̂e−iL̂(t−t

′)iL̂Aρ̂
Q
e F (t

′)

=
i

h̄

∫ t

−∞
dt′ TrB̂(t− t′)[Â†, ρ̂Qe ]F (t

′)

=
i

h̄

∫ t

−∞
dt′ Tr[B̂(t− t′), Â†]ρ̂Qe F (t

′) ≡
∫ t

−∞
dt′ φBA(t− t′)F (t′) . (16.9)

For simplicity, the operator B̂ was assumed to have zero average value in
equilibrium. The last line in (16.9) defines the response function

φBA(t) = 〈 i
h̄
[B̂(t), Â†]〉Q , (16.10)
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where the angle brackets denote a quantum canonical equilibrium average,
〈· · · 〉Q = Tr · · · ρ̂Qe .
The response function may be written in a equivalent form by using the

quantum mechanical operator identity, [8]

i

h̄
[Â†, ρ̂Qe ] =

∫ β

0
dλ ρ̂Qe

˙̂ †
A(−ih̄λ) , (16.11)

in the second line of (16.9) to obtain

φBA(t) =
∫ β

0
dλ Tr

˙̂ †
A(−ih̄λ)B̂(t)ρ̂Qe . (16.12)

If we choose B̂ = ˙̂
A ≡ f̂A, the flux corresponding to the operator Â,

the response has the form of a macroscopic law and the response function is
proportional to the flux autocorrelation function

φȦA(t) = 〈 i
h̄
[f̂A(t), Â†]〉Q =

∫ β

0
dλ Trf̂†A(−ih̄λ)f̂A(t)ρ̂Qe ≡ β〈f̂†A; f̂A(t)〉Q .

(16.13)
The last equality defines the Kubo transformed correlation function. A simple
transport property λA in quantum mechanics is proportional to the time
integral of the flux autocorrelation function,

λA ∝
∫ ∞
0

dt 〈 i
h̄
[f̂A(t), Â†]〉Q ∝

∫ ∞
0

dt 〈f̂A; f̂A(t)〉Q . (16.14)

The quantum mechanical correlation functions satisfy time translation
symmetry,

〈f̂A; f̂A(t)〉Q = 〈f̂A(τ); f̂A(t+ τ)〉Q , (16.15)

as can be verified by using the explicit form of the canonical equilibrium
density matrix and cyclic permutations under the trace.

16.2.1 Mixed Representation of Quantum Statistical Mechanics

To obtain an alternative description of the quantum statistical mechanics of
the system, we partition it into two subsystems: the first subsystem contains
n particles with masses m and coordinate operators q̂; the second subsystem
comprises N particles with masses M and coordinate operators Q̂.
The hamiltonian operator may be written as

Ĥ =
P̂ 2

2M
+

p̂2

2m
+ V̂ (q̂, Q̂) , (16.16)

where p̂ and P̂ are momentum operators and V̂ (q̂, Q̂) is the total potential
energy. We employ a condensed notation such that q̂ = (q̂1, q̂2, . . . q̂3n) and
Q̂ = (Q̂1, Q̂2, . . . Q̂3N ), with an analogous notation for p̂ and P̂ .
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The alternative description we wish to consider is based on a partial
Wigner transformation [9] of the density matrix with respect to the subset
of Q coordinates, [10]

ρ̂W (R,P ) = (2πh̄)−3N
∫

dzeiP ·z/h̄〈R − z

2
|ρ̂|R+ z

2
〉 . (16.17)

In this representation the quantum Liouville equation is,

∂ρ̂W (R,P, t)
∂t

= − i

h̄

(
(Ĥρ̂)W − (ρ̂Ĥ)W

)

= − i

h̄

(
ĤW eh̄Λ/2iρ̂W (t)− ρ̂W (t)eh̄Λ/2iĤW

)
, (16.18)

where the partially Wigner transformed Hamiltonian is

ĤW (R,P ) =
P 2

2M
+

p̂2

2m
+ V̂W (q̂, R) , (16.19)

and Λ is the negative of the Poisson bracket operator,

Λ =
←
∇P · →∇R − ←∇R · →∇P . (16.20)

The direction of an arrow indicates the direction in which the operator acts.
To obtain this equation we used the definition of the partial Wigner transform
of an observable,

ÂW (R,P ) =
∫

dze−iP ·z/h̄〈R+ z

2
|Â|R − z

2
〉 , (16.21)

and the fact that the partial Wigner transform of a product of operators is
[11]

(ÂB̂)W (R,P ) = ÂW (R,P )eh̄Λ/2iB̂W (R,P ) . (16.22)

We may rewrite the quantum Liouville equation in a more compact form [12]

∂ρ̂W (R,P, t)
∂t

= − i

h̄

( →
HΛρ̂W (t)− ρ̂W (t)

←
HΛ

)
,

≡ −iL̂W ρ̂W (t) ≡ −(HW , ρ̂W (t))Q . (16.23)

by defining the quantum Liouville operator and quantum Lie bracket. In these

equations we have defined the right (
→
HΛ) and left (

←
HΛ) acting operators,

→
HΛ = ĤW (R,P )eh̄Λ/2i ,

←
HΛ = eh̄Λ/2iĤW (R,P ) . (16.24)
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The second equality in (16.23) defines the quantum Liouville operator
iL̂W in the partial Wigner representation while the third defines the associ-
ated Lie bracket (HW , )Q. More generally the Lie bracket of two partially
Wigner transformed operators is defined as

(ÂW , B̂W )Q =
i

h̄

( →
AΛB̂W − B̂W

←
AΛ

)

=
i

h̄

(
ÂW eh̄Λ/2iB̂W − B̂W eh̄Λ/2iÂW

)
. (16.25)

Here the
→
AΛ and

←
AΛ operators are defined as in (16.24) with the replacement

ĤW → ÂW .
The formal solution of (16.23) is

ρ̂W (R,P, t) = e−i
→
HΛt/h̄ρ̂W (R,P, 0)ei

←
HΛt/h̄ ,

= e−iL̂W tρ̂W (R,P, 0) . (16.26)

A similar set of equations may be written for the evolution of any quantum
operator Â. In the Wigner representation these equations and their solutions,
respectively, take the form,

dÂW (R,P, t)
dt

= iL̂W ÂW (R,P, t) = (HW (R,P ), ÂW (R,P, t))Q , (16.27)

and

ÂW (R,P, t) = eiL̂W tÂW (R,P ) = ei
→
HΛt/h̄ÂW (R,P )e−i

←
HΛt/h̄ . (16.28)

We shall drop the dependence of quantities like ÂW (R,P ) on the bath phase
space coordinates when confusion is unlikely to arise. However, we stress
that the time dependence of the observables cannot be expressed as, e.g.,
ÂW (R(t), P (t))
We now consider some important properties of products of partially

Wigner transformed operators. The Wigner transform of a product of op-
erators satisfies the associative product rule,

(ÂB̂Ĉ)W =
((

ÂW eh̄Λ/2iB̂W

)
eh̄Λ/2iĈW

)

=
(
ÂW eh̄Λ/2i

(
B̂W eh̄Λ/2iĈW

))
, (16.29)

which may be generalized to products of n operators.
Next, consider a quantum operator Ĉ = ÂB̂ which is the product of two

operators. Since the time evolution of Ĉ may be written as Ĉ(t) = Â(t)B̂(t),
its partial Wigner transform is

ĈW (t) = ÂW (t)eh̄Λ/2iB̂W (t) . (16.30)
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The quantum mechanical Lie bracket, either in its original form as
(i/h̄)[Â, B̂] or in its partially Wigner transformed form (ÂW , B̂W )Q, satisfies
the Jacobi identity,

(ÂW , (B̂W , ĈW )Q)Q + (ĈW , (ÂW , B̂W )Q)Q + (B̂W , (ĈW , ÂW )Q)Q = 0,

(16.31)

so that it has the Lie algebraic structure of any true dynamics, quantum or
classical.
This general formulation of quantum dynamics reduces to standard de-

scriptions in certain limiting cases. If the Q subsystem is absent, the system
comprises only q degrees of freedom and we recover the usual quantum dy-
namical description in terms of the von Neumann equation (16.1). If one
considers the Q dynamics alone without any q subsystem, one has the ordi-
nary Wigner representation of quantum mechanics and all partially Wigner
transformed operators become simple phase space functions: ÂW (R,P ) →
AW (R,P ). The classical limit of the quantum Q dynamics, which consists in
keeping only terms of order h̄0 in the evolution operator, is obtained by trun-
cating the power series expression of the exponential operator: exp(h̄Λ/2i) =
1 + h̄Λ/2i. In this limit the bracket (HW , )Q reduces to the Poisson bracket
{HW , }, and the Wigner representation of the quantum Liouville equation
becomes the classical Liouville equation, ∂ρC/∂t = {HW , ρC} = −iLCρC(t),
whose solution may be written as,

ρC(R,P, t) = e−iLCtρC(R,P, 0) = ρC(R(−t), P (−t), 0) . (16.32)

Having given this brief overview of quantum statistical mechanics, we
turn to the central problem of this chapter: the construction of the analogs
of these results for quantum-classical systems.

16.3 Quantum-Classical World

As discussed above, we consider a quantum mechanical system partitioned
into two subsystems. Now, however, the second subsystem, comprising N
particles with massesM and coordinate operators Q̂, is taken to represent an
environment or bath withM � m. We wish to study the limit where the bath
degrees of freedom may be treated classically but the quantum character of
the first subsystem (hereafter referred to as the quantum subsystem) cannot
be neglected. The approximation to the full quantum dynamics we want to
consider is depicted schematically in Fig. 16.1.
The passage to quantum-classical dynamics is made by first scaling dis-

tances in terms of the wavelength appropriate for the mass m particles,
λm = (h̄2/mε0)1/2, where ε0 is a suitable energy unit, scaling the mo-
menta of the light and heavy particles by pm = (mλm/t0) = (mε0)1/2
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Fig. 16.1. Schematic representation of a quantum system partitioned into two sub-
systems and its approximation as a quantum subsystem in a classical bath.

and PM = (Mε0)1/2, respectively, and time by t0 = h̄/ε0. [10] The evolu-
tion operator in the quantum Liouville equation may then be expanded in
µ = (m/M)1/2 and retaining terms to first order in this quantity we find (in
the original unscaled variables), [10]

∂ρ̂W (R,P, t)
∂t

= − i

h̄
[ĤW , ρ̂W (t)] +

1
2

({
ĤW , ρ̂W (t)

}
−
{
ρ̂W (t), ĤW

})

= − i

h̄

( →
HΛρ̂W (t)− ρ̂W (t)

←
HΛ

)

≡ −iL̂ρ̂W (t) ≡ −(ĤW , ρ̂W (t)) , (16.33)

where we have defined the right and left acting operators, respectively, as

→
HΛ = ĤW

(
1 +

h̄Λ

2i

)
,

←
HΛ =

(
1 +

h̄Λ

2i

)
ĤW , (16.34)

the quantum-classical Liouville operator L̂ and the quantum-classical bracket
as

(ÂW , B̂W ) =
i

h̄

( →
AΛB̂W − B̂W

←
AΛ

)
, (16.35)

where
→
AΛ is defined as

→
HΛ in (16.34) with ĤW → ÂW . Equation (16.33) is

the quantum-classical Liouville equation [10,13,14,15,16,17,18,19,20] whose
solution will be discussed later in this chapter. The quantum-classical Liou-
ville equation describes the coupled evolution of these two subsystems. We
shall see that as a result of this coupling a purely Newtonian description of
the bath dynamics is no longer possible. The quantum-classical equation of
motion for a dynamical variable B̂W can be written in a similar form as

dB̂W (t)
dt

= (ĤW , B̂W (t)) . (16.36)
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The formal solutions of (16.33) and (16.36) are [12]

ρ̂W (t) = e−iL̂tρ̂W (0) = S
(
e−i

→
HΛtρ̂W (0)ei

←
HΛt
)
, (16.37)

and

B̂W (t) = eiL̂tB̂W = S
(
ei
→
HΛt/h̄B̂W e−i

←
HΛt/h̄

)
, (16.38)

where the operator S is needed to prescribe how the left and right acting op-
erators are to be evaluated to yield the evolution determined by the quantum-
classical Liouville operator. The presence of the S operator signals the exis-
tence of differences in the formal structures of quantum-classical and quan-
tum dynamics. Quantum-classical dynamics does not possess a Lie algebraic
structure like quantum mechanics since the properties in (16.29), (16.30) and
(16.31) are violated to some order in h̄. In particular, the Jacobi identity
[18,12]

(ÂW , (B̂W , ĈW )) + (ĈW , (ÂW , B̂W )) + (B̂W , (ĈW , ÂW )) = O(h̄), (16.39)

is valid only to terms O(h̄).

16.4 Nature of Quantum-Classical Dynamics

In order to gain insight into the nature of quantum-classical dynamics, in this
section we show how the evolution of the density matrix can be expressed
in terms of an ensemble of trajectories. Equation (16.33) is independent of
the basis used to represent the quantum subsystem, and any convenient basis
may be chosen to study the evolution. Here, however, we use an adiabatic
basis since it provides a fruitful way to analyze the dynamics and carry out
simulations. As we shall see below, we are forced to adopt an Eulerian descrip-
tion of the density matrix evolution since the evolution operator cannot be
reduced to a streaming operator acting on the “classical” (R,P ) coordinates.
At each coordinate point R of the classical bath we define the Hamiltonian

ĥW (R) =
p̂2

2m
+ V̂W (q̂, R) , (16.40)

whose eigenvalue problem

ĥW (R)|α;R〉 = Eα(R)|α;R〉 , (16.41)

yields the adiabatic states and energies. In this adiabatic basis the density ma-
trix has matrix elements ραα

′
W (R,P, t) = 〈α;R|ρ̂W (R,P, t)|α′;R〉. The density

matrix may be written as a vector function with components ρsW by associ-
ating an index s = αN + α′ with the pair (αα′), where 0 ≤ α, α′ < N for an
N -state quantum subsystem.
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Using this notation and introducing a subscript to label different values
of s, e.g. sk = αkN + α′k, the quantum-classical Liouville equation has the
form [21,22,23]

∂ρ
sj

W (R,P, t)
∂t

=
∑
sk

−iLsjsk
ρsk

W (R,P, t) . (16.42)

After some algebra, the matrix elements of the quantum-classical Liouville
operator are found to be [10,21]

− iLsjsk
= −(iωsj

+ iLsj
)δsjsk

+ Jsjsk

≡ −iL0
sjsk

+ Jsjsk
. (16.43)

The diagonal term iL0
sjsk

= iL0
sj
δsjsk

= (iωsj
+ iLsj

)δsjsk
contains the fre-

quency ωsj (R) = (Eαj (R) − Eα′j (R))/h̄ and the classical Liouville operator
Lsj

iLsj =
P

M
· ∂

∂R
+
1
2

(
F
αj

W + F
α′j
W

)
· ∂

∂P
, (16.44)

where Fαj

W = −〈αj ;R|∂V̂W (r̂,R)
∂R |αj ;R〉 = −∂Eαj

(R)/∂R is the Hellmann-
Feynman force that governs the motion on the adiabatic surface correspond-
ing to the state |αj ;R〉 of the q̂ subsystem. The term Jsjsk

is responsible for
non-adiabatic transitions and has the form [10]

Jsjsk
= − P

M
· dαjαk

(
1 +

1
2
Sαjαk

· ∂

∂P

)
δα′jα′k

− P

M
· d∗α′jα′k

(
1 +

1
2
S∗α′jα′k · ∂

∂P

)
δαjαk

, (16.45)

where Sαjαk
= (Eαj −Eαk

)dαjαk
( PM ·dαjαk

)−1 and dαjαk
= 〈αj ;R| ∂

∂R |αk;R〉
is the non-adiabatic coupling matrix element which determines the non-
adiabaticity of the system. Henceforth, we choose a real-valued adiabatic
basis so that dαα = 0 and Jsjsk

is off-diagonal. Moreover, when the first term
on the right hand side of (16.45) is non-zero, the second term is zero, and
vice versa. Specifically, the first term is non-zero for values of sj and sk such
that sj − sk = ±.N , while the second term is non-zero only if sj − sk = ±.,
where 1 ≤ . < N . These two conditions restrict the sequences of transitions
that can occur. [23]
We can solve the equation for the density matrix formally to give

ρ
sj

W (R,P, t) =
∑
sk

(
e−iLt

)
sj ,sk

ρsk
0 (R,P ) , (16.46)

where ρsk
0 (R,P ) ≡ ρsk

W (R,P, 0). Using the form of the Liouville operator
iLsj ,sk

in (16.43), we may use the Dyson identity to write the evolution
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operator as

(
e−iLt

)
sj ,sk

= e
−iL0

sj
t
δsjsk

+
∑
sl

∫ t

0
dt′e−iL

0
sj
(t−t′)

Jsjsl

(
e−iLt

′)
sl,sk

.

(16.47)
Equation (16.47) may be substituted into (16.46) and iterated to yield

ρs0W (R,P, t) = e−iL
0
s0
tρs00 (R,P ) +

∞∑
n=1

∑
s1...sn

∫ t0

0
dt1

∫ t1

0
dt2...

∫ tn−1

0
dtn

×
n∏

k=1

[
e
−iL0

sk−1
(tk−1−tk)Jsk−1sk

]
e−iL

0
sn

tnρsn
0 (R,P ) , (16.48)

where t0 ≡ t. In this representation of the dynamics, the evolution op-
erator exp(−iL0

sj
t) determines the evolution between the quantum tran-

sitions governed by Jsjsk
. For a diagonal contribution with sj ∼ (αjαj),

exp(−iL0
sj
t) = exp(−iLαj t) is the ordinary classical evolution operator gov-

erned by the potential Eαj
(R),

e−iLsj
tfsj (R,P ) = fsj (R

t
0,sj

, P t
0,sj
) , (16.49)

where fsj (R,P ) is a function of the phase space point (R,P ). Here
(Rt

0,sj
, P t

0,sj
) is the result of backward evolution to time zero of the phase

point (R,P ) at time t. For an off-diagonal contribution with sj ∼ (αjα′j), the
phase factor comes into play and in Ref. [10] we have shown that

e−(iωsj
+iLsj

)tfsj (R,P ) = e
−i ∫ t

0 dτωsj
(Rτ

0,sj
,P τ

0,sj
)
e−iLsj

tfsj (R,P )

≡ Wsj (t, 0)fsj (R
t
0,sj

, P t
0,sj
) . (16.50)

In this case the classical evolution is determined by the mean potential
(Eαj (R)− Eα′j (R))/2 of the two coherently coupled adiabatic states.
Figure 16.2 shows one of the trajectory segments contributing to the sec-

ond order term in the density matrix. In this figure we are interested in the
value of the (αα) component of the density matrix at phase point (R,P ) at
time t. The phase point (R,P ) is evolved backward in time on the Eα po-
tential energy surface until time t′′ where a quantum transition to adiabatic
state β occurs. At this time the operator Jαα,αβ acts, for example, to change
the state of the second index of the density matrix, (αα) → (αβ); a corre-
sponding continuous change occurs in the bath momentum determined by the
momentum derivative in the J operator. States α and β are now coherently
coupled. The phase point evolves backward in time on the mean of the Eα

and Eβ potential energy surfaces between time t′′ where the quantum tran-
sition occurred and time t′ where another quantum transition takes place.
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P

R

t 0t’t

αβ

’’

(R,P)

(R’,P’)
αα ββ

Fig. 16.2. Schematic picture of a trajectory that enters into the computation of
the density matrix.

During this time interval the phase factor (using an obvious generalization
of the definition in (16.50))

Wαβ(t′, t′′) = e−i
∫ t′

t′′ dτ ωαβ(Rτ
t′′,αβ

) , (16.51)

accumulates its value reflecting the coherent evolution of the off-diagonal
element of the density matrix. At time t′ a second quantum transition, e.g.,
(αβ) → (ββ), occurs. As before the operator Jαβ,ββ determines the nature
of this transition and specifies the momentum change in the bath. Due to
this second quantum transition the system is once again in a diagonal state
(ββ). As a result of this transition back to the diagonal state, no phase factor
enters the evolution to time zero on the single adiabatic surface Eβ to yield
the phase point (R′, P ′).
The density matrix element at time t can be constructed from an en-

semble of such “surface-hopping” trajectories where all possible numbers of
quantum transitions to all possible intermediate quantum states at all possi-
ble intermediate times are considered. This ensemble of trajectories provides
an exact solution of the density matrix in the quantum-classical limit.
In order to illustrate the nature of this ensemble we consider a simple

example where a two-level quantum subsystem is coupled to a single classical
one-dimensional harmonic oscillator. [21,22] Since the classical phase space
is two dimensional, we may easily visualize the classical trajectories that
contribute to the density matrix evaluation. The hamiltonian ĥW (R) can be
written in terms of the quantum subsystem hamiltonian (ĥs) plus the bath
(Vb) and coupling (V̂c) potentials as ĥW (R) = ĥs+Vb(R)+V̂c(q̂, R), with ĥs =
p̂2/2m+ V̂s. The eigenvalue problem for ĥs is ĥs|i〉 = ε̃i|i〉, where the space is
spanned by the two eigenstates |1〉 and |2〉. We take the matrix elements of
the coupling potential in this basis to be 〈i|V̂c(q̂, R)|j〉 = h̄γ(R)(1−δij) where
we have assumed that Vii = 0. In terms of the diabatic or spin up and spin
down states, | ↑>= 2−1/2(|1〉+ |2〉) and | ↓>= 2−1/2(|1〉 − |2〉), respectively,
and taking the energy constant at zero, the hamiltoniam matrix of ĥW (R) is
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hW = −h̄Ωσ̂x + Vb(R)I+ h̄γ(R)σ̂z , (16.52)

where 2h̄Ω = ε̃2 − ε̃1, I is the unit matrix and the Pauli matrices are

σ̂x =
(
0 1
1 0

)
, σ̂z =

(
1 0
0 −1

)
. (16.53)

The solution of the eigenvalue problem for hW yields the adiabatic energies
and eigenstates. The adiabatic energies are

E1,2(R) = Vb(R)∓ h̄(Ω2 + γ(R)2)1/2 . (16.54)

The adiabatic eigenstates are

|1;R〉 = (2(1 +G2)
)−1/2

((1 +G)| ↑〉+ (1−G)| ↓〉) ,

|2;R〉 = (2(1 +G2)
)−1/2

((G− 1)| ↑〉+ (1 +G)| ↓〉) , (16.55)

with G(R) = (γ(R))−1(−Ω + (Ω2 + γ(R)2)1/2). The non-adiabatic coupling
matrix element is d12 = −d21 = −(1 +G2)−1G′.
An example of the ensemble of trajectories, with up to four non-adiabatic

transitions, contributing to the 11 element of the density matrix at phase
point (R,P ) at a specific time t = 4.4 is shown in Fig. 16.3 for this system.
[21] In this figure the three solid curves represent deterministic classical evo-
lution on the three potential energy surfaces that enter into the description
of the dynamics: the ground state adiabatic surface, E1(R), (outermost curve

Fig. 16.3. The ensemble of trajectories containing up to four non-adiabatic tran-
sitions contributing to the 11-element of the density matrix at phase point (−1, 1)
at time t.
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labeled 11), the excited state adiabatic surface, E2(R), (innermost curve la-
beled 22) and the mean of these two surfaces, (E1(R) + E2(R))/2 = Vb(R),
which is the same as the bare bath potential energy for this model system
with two quantum states (middle curve labeled 12). All members of the en-
semble start at phase point (−1, 1) at time t indicated by a heavy dot. As
an illustration of how the features of the trajectories can be understood,
consider, for example, those trajectories that involve a single non-adiabatic
transition between times t and 0. If the non-adiabatic transition 1→ 2 takes
place at t = 0+, the system will evolve on the ground adiabatic state (out-
ermost curve) for entire trajectory ending at the heavy dot on the E1(R)
surface. If the non-adiabatic transition takes place at t = t+, the system will
evolve on the bath potential (middle curve) for its entire history ending at
the heavy dot on the Vb(R) curve. If the transition occurs at any time inter-
mediate between these two limits, (t = 4.4 and t = 0), the trajectory will end
at a point on an arc that lies at the end of the high density region between
the 12 and 11 curves and connects the two heavy dots on these curves. For
these trajectories it is ρ120 (Rt,12, Pt,12) (and a similar quantity with (1↔ 2))
that determines the ρ11W (R,P, t). A similar analysis can be carried out for
trajectories with a larger number of non-adiabatic transitions.

16.5 Time Evolution of Dynamical Variables

In most statistical mechanical applications one is not interested in the evo-
lution of a particular element of the density matrix at a particular phase
point but, rather, in expectations of dynamical variables or time correla-
tion functions. It is therefore often more useful to consider the evolution of
a dynamical variable instead of the density matrix. Although the methods
used to carry out this evolution are similar to those for the density matrix,
it is convenient to show how the quantum-classical evolution equation for a
dynamical variable can be analyzed.
The equation of motion for the dynamical variable was given in (16.36)

and its formal solution, which was given in (16.38) can be written more
explicitly as

B
sj

W (R,P, t) =
∑
sk

(
eiLt

)
sjsk

Bsk
0 (R,P ) , (16.56)

where Bsj

W (R,P, 0) = B
sj

0 (R,P ). Using the form of the Liouville operator
iLsjsk

in (16.43), we may use a variant of the identity in (16.47) to write the
evolution operator as

(
eiLt

)
sjsk

= e
iL0

sj
t
δsjsk

−
∑
sl

∫ t

0
dt′eiL

0
sj
t′
Jsjsl

(
eiL(t−t

′)
)
slsk

. (16.57)

Substitution of this expression into (16.36), followed by iteration of the re-
sulting equation and the change of variables τ1 = t1 and τi = ti + τi−1,
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(i > 1), yields the result,

Bs0
W (R,P, t) = eL

0
s0
tBs0

0 (R,P ) +
∞∑
n=1

(−1)n
∑

s1...sn

∫ t

0
dτ1

∫ t

τ1

dτ2 . . .

∫ t

τn−1

dτn

×
n∏

k=1

[
e
iL0

sk−1
(τk−τk−1)Jsk−1sk

]
eiL

0
sn

(t−τn)Bsn
0 (R,P ) . (16.58)

The forward-evolved classical trajectory segments are defined in a manner
that parallels the earlier discussion for the backward-evolved trajectories.
We let

(R̄sj ,t, P̄sj ,t) = eiLsj
t(R,P ) , (16.59)

be the trajectory that starts at (R,P ) at time 0 and ends at (R̄sj ,t, P̄sj ,t) at

time t. The action of the evolution operator eiL
0
sj
t on any phase function is

e
iL0

sj
t
fsj (R,P ) = ei

∫ t
0 dτωsj

(R̄sj,τ )eiLsj
tfsj (R,P )

≡ Wsj
(t, 0)fsj (R̄sj ,t, P̄sj ,t) . (16.60)

We may write the form of the dynamical variable at time t more explicitly
by using the forms of the phase points evolved under quantum-classical dy-
namics. In (16.45) we saw that J could be written as the sum of two contribu-
tions that determine which of the two indices in sj changes in a non-adiabatic
transition. We use a symbol κ = 0, 1 to denote these two contributions and
label the S and d factors with the same symbol. While the dynamics may be
carried out using the explicit expression for J as discussed in the previous
section, in many instances it is sufficient to write J in the momentum-jump
approximation [10]. To present the evolution results in their simplest form,
we utilize this approximation in the remainder of this section.
The momentum-jump approximation to J may be constructed in the

following way. The operator J involves differential operators of the form(
1 + 1

2Sαβ · ∂
∂P

)
acting on functions of the classical phase space coordinates.

It is possible to write this operator approximately as a “momentum jump”
operator whose effect on the momentum is to shift it by some value. In or-
der to carry out this calculation one must account for the fact that Sαβ
depends on the momenta. In spite of this dependence, one may introduce a
translation operator in a new variable to complete the demonstration. Since
Sαβ = ∆Eαβ d̂αβ( PM · d̂αβ)−1, with ∆Eαβ = Eα − Eβ , we may write(

1 +
1
2
Sαβ · ∂

∂P

)
= 1 +

1
2
∆EαβM

1

(P · d̂αβ)
∂

∂(P · d̂αβ)

= 1 +∆EαβM
∂

∂(P · d̂αβ)2
(16.61)



460 Raymond Kapral and Giovanni Ciccotti

If we now consider the action of the operator on any function f(P ) of the
momentum, we have(

1 +∆EαβM
∂

∂(P · d̂αβ)2

)
f(P ) ≈ e∆EαβM∂/∂(P ·d̂αβ)2f(P )

= e∆EαβM∂/∂(P ·d̂αβ)2f
(
d̂⊥αβ(P · d̂⊥αβ) + d̂αβsgn(P · d̂αβ)

√
(P · d̂αβ)2

)

= f
(
d̂⊥αβ(P · d̂⊥αβ) + d̂αβsgn(P · d̂αβ)

√
(P · d̂αβ)2 +∆EαβM

)
. (16.62)

In the second line of this equation we have written the momentum vector
as a sum of its components along d̂αβ and perpendicular to d̂⊥αβ , and in the
last line we have used the fact that the exponential operator is a translation
operator in the variable (P · d̂αβ)2. If the energy difference times the mass
∆EαβM is small, we may expand the square root in the argument of f to
obtain,

f
(
d̂⊥αβ(P · d̂⊥αβ) + d̂αβsgn(P · d̂αβ)

√
(P · d̂αβ)2 +∆EαβM

)

≈ f
(
d̂⊥αβ(P · d̂⊥αβ) + d̂αβ(P · d̂αβ) + 12(P · d̂αβ)−1∆EαβM

)

= f
(
P +

1
2
Sαβ

)
. (16.63)

Collecting these results we may write,(
1 +

1
2
Sαβ · ∂

∂P

)
f(P ) ≈ e∆EαβM∂/∂(P ·d̂αβ)2f(P ) = f(P +

1
2
Sαβ) . (16.64)

Thus, to lowest order in the small parameter ∆EαβM we may write the
operators in J as momentum translation (jump) operators.
This approximation may yield useful results beyond its strict domain of

validity. Non-adiabatic transitions are likely to occur when adiabatic poten-
tial energy surfaces lie close in energy so that ∆Eαβ is small. In such circum-
stances the non-adiabatic coupling matrix element dαβ is typically large. The
momentum jump approximation will be valid in such cases provided P · dαβ
is not too small. If ∆Eαβ is large, i.e. when the approximation fails, the pref-
actor of (1 + 1

2Sαβ · ∂
∂P ), P · dαβ/M , is typically small and the contributions

to the evolution coming from the J factors carry a small weight.
If we then consider the evolution of a phase point using the first-order

momentum jump approximation, we can label the evolved phase point with
state and κ labels to specify its history. Using this notation, the sequence of
bath phase space coordinates at times τ1, τ2, . . . τn, supposing that one of the
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components of J acts at each of these times, is

(R̄s0,τ1 , P̄s0,τ1) = eiLs0 (τ1)(R,P )

(R̄τ1,κ1
s1,τ2 , P̄

τ1,κ1
s1,τ2 ) = eiLs1 (τ2−τ1)(R̄s0,τ1 , P̄s0,τ1 +

Sκ1
1

2
)

· · ·

(R̄{τi,κi}
si,τi+1

, P̄ {τi,κi}
si,τi+1

) = eiLsi
(τi+1−τi)(R̄{τi−1,κi−1}

si−1,τi
, P̄ {τi−1,κi−1}

si−1,τi
+
Sκi
i

2
) . (16.65)

Here {τi, κi} = ((τ1, κ1), (τ2, κ2), . . . , (τi, κi)) labels the history of the choice
of the two terms in J .
Using this form we may write the solution in terms of surface-hopping

trajectories as

Bs0
W (R,P, t) = Ws0(t, 0)B

s0
0 (R̄s0,t, P̄s0,t)

+
∞∑
n=1

(−1)n
∑

s1κ1,...,snκn

∫ t

0
dτ1

∫ t

τ1

dτ2 . . .

∫ t

τn−1

dτn

×
n∏

k=1

[
Wsk−1(τk, τk−1)

P̄
{τk,κk}
sk−1,τk )
M

· dκk
sk−1→sk

(R̄{τk,κk}
sk−1,τk

)

]

×Wsn(t, τn)B
sn
0 (R̄

{τn,κn}
sn−1,τn

, P̄ {τn,κn}
sn−1,τn

) . (16.66)

16.5.1 Equations for Canonical Variables

To gain some appreciation for the nature of quantum-classical evolution of
a dynamical variable, we consider the equations of motion for the “classi-
cal” canonical variables. Letting Bαα′

0 = Rδαα′ or Bαα′
0 = Pδαα′ , and using

(16.36) we find

dRαα′
W (t)
dt

=
∑
ββ′

iLαα′,ββ′R
ββ′
W (t)=

∑
ββ′

(
eiLt

)
αα′,ββ′

P

M
δββ′≡ Pαα′

W (t)
M

(16.67)

dPαα′
W (t)
dt

=
∑
ββ′

iLαα′,ββ′P
ββ′
W (t)=

∑
ββ′

(
eiLt

)
αα′,ββ′ F

β
W δββ′≡Fαα′

W (t) ,(16.68)

where we have used the fact that iLαα′,ββ′R = (P/M)δαβδα′β′ and iLαα′,ββ′P

= F β
W δαβδα′β′ . While the first equation for the time evolution of the position

has the same form as Newton’s equations of motion, the second equation of
motion for the momentum does not. The “force” Fαα′

W (t) cannot be expressed
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simply as function of Rαα′
W (t) as may be verified by repeated application of

iL to its initial value. Consequently, to evaluate the canonical variables one
must use the techniques described above for a general dynamical variable.

16.6 Quantum-Classical Equilibrium Density

The form of the canonical equilibrium density that appears in the quantum
mechanical expressions for transport coefficients is ρ̂Qe = Z−1Q exp(−βĤ) and
expressed in terms of the partial Wigner transform it can be written as

ρ̂QWe(R,P ) = (2πh̄)
−3N

∫
dzeiP ·z/h̄〈R − z

2
|ρ̂Qe |R+ z

2
〉 . (16.69)

The equilibrium density is stationary under full quantum dynamics, either
in its original or partial Wigner transformed forms. It is not stationary un-
der quantum-classical dynamics and in this section we discuss the quantum-
classical analog of this equilibrium density which satisfies, [12]

iL̂ρ̂We =
i

h̄
(
→
HΛρ̂We − ρ̂We

←
HΛ) = 0 . (16.70)

One way to find a solution of this equation is in terms of a power series
expansion in h̄. Letting

ρ̂We =
∞∑
n=0

h̄nρ̂
(n)
We , (16.71)

substituting this expression in (16.70) and grouping by powers of h̄, we obtain
the following recursion relations: for n = 0,

i
[
ĤW , ρ̂

(0)
We

]
= 0 , (16.72)

and for n ≥ 0,

i
[
ĤW , ρ̂

(n+1)
We

]
=
1
2

{
ĤW , ρ̂

(n)
We

}
− 1
2

{
ρ̂
(n)
We, ĤW

}
. (16.73)

If a similar set of recursion relations is written for the partial Wigner
transform of the full quantum mechanical canonical equilibrium density ma-
trix, one finds that the two set of recursion relations are identical to O(h̄).
Since the recursion relations permit us to obtain the terms higher order in
h̄ from those with lower orders, we have sufficient information to construct
the quantum-classical stationary density that is consistent with the quantum
mechanical equilibrium density to order h̄.
To compute the equilibrium density, it is convenient for our purposes to

consider these recursion relations in an adiabatic basis where they take the
form,

iEαα′ρ
(0)αα′

We = 0 , (16.74)
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iEαα′ρ
(n+1)αα′

We = −iLαα′ρ
(n)αα′

We +
∑
νν′

Jαα′,νν′ρ
(n)νν′

We . (16.75)

One may prove that these equations can be solved to any order in h̄ to obtain
the equilibrium density. While it is difficult to find the full solution to any
order in h̄, it is not difficult to find the solution analytically to order h̄. It is
given by [12]

ραα
′

We = ρ
(0)α
We

(
δαα′ − i

P

M
· dαα′

(β
2
(1 + e−βEα′α)

+
1

Eαα′
(1− e−βEα′α)

)
(1− δαα′)

)
+O(h̄2) . (16.76)

The utility of this expression for the equilibrium density matrix to O(h̄) for
the calculation of time correlation functions can be subjected to numerical
test.

16.7 Quantum-Classical Time Correlation Functions

We are now in a position to address the problem posed at the begining
of this chapter in Sect. 16.2: the nature of the quantum-classical forms for
equilibrium time correlation functions and their associated transport coeffi-
cients. The more general issue we address is the construction of a nonequi-
librium statistical mechanics in a world obeying quantum-classical dynamics.
To carry out this program we begin by constructing a linear response theory
for quantum-classical dynamics. [12] The formalism parallels that for quan-
tum (or classical) systems. We suppose the quantum-classical system with
hamiltonian ĤW is subjected to a time dependent external force that couples
to the observable ÂW , so that the total hamiltonian is

ĤW (t) = ĤW − Â†WF (t) . (16.77)

The evolution equation for the density matrix takes the form

∂ρ̂W (t)
∂t

= (ih̄)−1
(→
HΛ(t)ρ̂W (t)− ρ̂W (t)

←
HΛ(t)

)
,

= −(iL̂ − iL̂AF (t))ρ̂W (t) , (16.78)

where
→
HΛ(t) =

→
HΛ −

→
A†ΛF (t) and iL̂A has a form analogous to iL̂ with Â†W

replacing ĤW , iL̂A = (Â
†
W , ). The formal solution of this equation is found

by integrating from t0 to t,

ρ̂W (t) = e−iL̂(t−t0)ρ̂W (t0)

+
∫ t

t0

dt′ e−iL̂(t−t
′)iL̂Aρ̂W (t′)F (t′) . (16.79)
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In parallel with the derivation for quantum mechanical systems outlined
in Sect. 16.2, we choose ρ̂W (t0) to be the equilibrium density matrix, ρ̂We.
As discussed in Sect. 16.6, ρ̂We is defined to be invariant under quantum-
classical dynamics, iL̂ρ̂We = 0. In this case the first term on the right hand
side of (16.79) reduces to ρ̂We and is independent of t0. We may assume that
the system with hamiltonian ĤW is in thermal equilibrium at t0 = −∞, and
with this boundary condition, to first order in the external force, (16.79) is

ρ̂W (t) = ρ̂We +
∫ t

−∞
dt′ e−iL̂(t−t

′)iL̂Aρ̂WeF (t′) . (16.80)

Then, computing BW (t) = Tr′
∫
dRdP B̂W ρ̂W (t) to obtain the response

function, we find

BW (t) =
∫ t

−∞
dt′ Tr′

∫
dRdP B̂W e−iL̂(t−t

′)iL̂Aρ̂WeF (t′)

=
∫ t

−∞
dt′ 〈(B̂W (t− t′), Â†W )〉F (t′) ≡

∫ t

−∞
dt′ φQC

BA(t− t′)F (t′) .

(16.81)

Thus, the quantum-classical form of the response function is

φQC
BA(t) = 〈(B̂W (t), Â

†
W )〉 . (16.82)

The derivation of linear response theory in the quantum-classical world is
completely analogous to that in quantum mechanics. The response function
in (16.82) is structurally similar to that in (16.10) with the quantum-classical
bracket replacing the quantum Lie bracket, (i/h̄)[ , ] → ( , ), the dynami-
cal variable B̂W (t) evolves under quantum-classical dynamics instead of full
quantum mechanics and the trace over the quantum canonical density ma-
trix is replaced by an average over ρ̂We. One may regard these replacements
as correspondence rule to transform a quantum response function to the
quantum-classical response function.
Knowing the response function, we may derive an expression for a trans-

port property by taking B̂W =
˙̂
AW = iLÂW ≡ f̂AW . The quantum-classical

analog of the expression for a quantum mechanical transport coefficient in
(16.14) is given by

λA ∝
∫ ∞
0

dt 〈(f̂AW (t), Â†W )〉 =
∫ ∞
0

dt Tr′
∫

dRdP f̂AW (t)(Â
†
W , ρ̂We) .

(16.83)
In writing the second line of (16.83) we have used cyclic permutations un-
der the trace and integrations by parts. In addition to this direct derivation
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via linear response theory, this form can also be obtained by applying the
correspondence rule to the first expression on the right hand side of (16.14).
At this point we have all the ingredients for the computation of trans-

port properties and expectation values of dynamical variables in a quantum-
classical world. The equilibrium time correlation function in (16.83) entails
evolution of f̂W (t) under quantum-classical classical dynamics as discussed
in Sect. 16.5, evaluation of the quantum-classical bracket of Â†W and ρ̂We,
and an integration over the classical phase space coordinates and trace over
the quantum states. In this formulation of quantum-classical nonequilibrium
statistical mechanics, correlation functions should be computed by ensemble
averages of dynamical quantities, as specified by (16.83), rather than by time
averages. In addition, we observe that while ρ̂We is not a probability den-
sity, ρ̂(0)W provides a weight function for sampling the phase space points and
quantum states for the evaluation of the average.
While this statistical mechanical formulation is complete it is worth re-

marking that some aspects of the quantum mechanical calculation do not
carry over to the quantum-classical world. These concern time translation
invariance and alternate forms for the time correlation function expressions
for transport coefficients.
The first issue we examine is time translation invariance of the equilib-

rium time correlation functions. Consider the quantum mechanical response
function in (16.10). This function may also be written as

φBA(t) = 〈 i
h̄
[B̂(t), Â†]〉Q = 〈 i

h̄
[B̂(t+ τ), Â†(τ)]〉Q , (16.84)

using the form of the canonical equilibrium density matrix and cyclic permu-
tations under the trace. This property is not exactly satisfied by the correla-
tion function in quantum-classical response function (16.82). To see this we
may write (16.82) more explicitly as

φQC
BA(t) = 〈(B̂W (t), Â

†
W )〉

=
i

h̄

(
〈B̂W (t) (1 + h̄Λ/2i) Â†W 〉 − 〈Â†W (1 + h̄Λ/2i) B̂W (t)〉

)
, (16.85)

Using cyclic permutations under the trace, integration by parts and the fact
that ρ̂We is invariant under quantum classical dynamics, one may show that

〈B̂W (t) (1 + h̄Λ/2i) Â†W 〉 = 〈eiLτ (B̂W (t) (1 + h̄Λ/2i) Â†W )〉 . (16.86)

However, the evolution of a composite operator in quantum-classical dynam-
ics cannot be written exactly in terms of the quantum-classical evolution of
its constituent operators, but only to terms O(h̄). To see this consider the
action of the quantum-classical Liouville operator on the composite operator
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ĈW = B̂W (1 + h̄Λ/2i)Â†W . We have

iL̂ĈW =
i

h̄

( →
HΛ

(
B̂W

(
1 +

h̄Λ

2i

)
Â†W

))

− i

h̄

((
B̂W

(
1 +

h̄Λ

2i

)
Â†W

) ←
HΛ

)
,

= (iL̂B̂W )
(
1 +

h̄Λ

2i

)
Â†W + B̂W

(
1 +

h̄Λ

2i

)
(iL̂Â†W ) +O(h̄) . (16.87)

It follows that

ĈW (τ) = eiL̂τ ĈW =
(
eiL̂τ B̂W

)(
1 +

h̄Λ

2i

)(
eiL̂τ Â†W

)
+O(h̄)

= B̂W (τ)
(
1 +

h̄Λ

2i

)
Â†W (τ) +O(h̄) . (16.88)

Therefore, the quantum-classical correlation function satisfies standard time
translation invariance only to O(h̄),

φQC
BA(t) = 〈(B̂W (t), Â

†
W )〉 = 〈(B̂W (t+ τ), Â†W (τ))〉+O(h̄) , (16.89)

although its most strict form, (16.86), is surely satisfied. Consequently, trans-
port properties should be computed using ensemble averages as in (16.83),
rather than through time averages assuming ergodicity.
Next, we consider alternate forms for correlations that are commonly

used in computations. We saw that the quantum mechanical response func-
tion (16.10) could be written in the equivalent form (16.12) using the Kubo
identity (16.11). However, the quantum-classical version of the Kubo identity
holds only to O(h̄), [12]

(Â†W , ρ̂We) =
∫ β

0
dλρ̂We(1 +

h̄Λ

2i
) ˙̂A†W (−ih̄λ) +O(h̄) . (16.90)

If we then write the quantum-classical transport coefficient (16.83) as

λA ∝
∫ ∞
0

dt Tr′
∫

dRdP f̂AW (t)(Â
†
W , ρ̂We) , (16.91)

and use (16.90), we find another expression for the transport coeficient in
Kubo transformed form,

λA ∝
∫ ∞
0

dt

∫ β

0
dλTr′

∫
dRdP

(
f̂†AW (−ih̄λ)(1 +

h̄Λ

2i
)f̂AW (t)

)
ρ̂We+O(h̄),

(16.92)
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Since the quantum-classical form of the Kubo identity is valid only to O(h̄),
the two forms of the autocorrelation function expressions for the transport
coefficient are no longer equivalent. The results of comparisons of compu-
tations of both forms of the correlation functions can provide information
about the reduction to the quantum-classical limit.

16.8 Simulation Schemes

In this section we give a few technical details concerning the implementation
of the development presented above needed to simulate quantum-classical
dynamics and evaluate expectation values and time correlation functions.
To simulate quantum-classical evolution one must evaluate the action

of the time evolution operator exp (iLt) on a dynamical variable. There are
many ways to do this. While we have stressed the use of an adiabatic basis, the
choice of basis is often determined by the physical application under consider-
ation. One may implement schemes that treat the operator J responsible for
non-adiabatic transitions and bath momentum changes either exactly [21,23]
or approximately by momentum jump approximations [10,21,22,23]. Finally,
a variety of schemes may be devised for the computation of the evolution
operator. [10,21,22,19,23,24,25]
To illustrate the application of the formalism and techniques described

here to a many-body system, we consider the calculation of the average value
of an observable B̂W at time t for the spin-boson system [23],

BW (t) =
∑
αα′

∫
dRdP Bαα′

W (t)ρα
′α

W (R,P, 0) , (16.93)

where ρ̂W (R,P, 0) is the initial value of the density matrix. We have expressed
the expectation value in an adiabatic basis. In order to compute such average
values, one must sample initial phase space points and quantum states from a
weight determined by ρα

′α
W (R,P, 0) and evolve Bαα′

W (t) according to quantum-
classical dynamics. We have already shown in (16.66) how to express the time
evolution of Bαα′

W (t) in terms of a sequence of surface-hopping trajectories.
Consequently, a solution for BW (t) in terms of surface-hopping trajectories
may be found using a hybrid Monte Carlo-Molecular Dynamics scheme that
combines a numerical implementation of (16.66) with sampling according to
ρα
′α

W (R,P, 0). [21,22,23]
In order to complete the calculation of the nth order term in (16.66) we

must carry out the sums over the discrete sk indices and perform the multiple
time integrals. Not all the sequences {s0, . . . , sn} contribute since only a
subset S of the sequences is physically permissible. The allowed sequences
have sk−sk+1 = ±.N or sk−sk+1 = ±. for 1 ≤ . < N . One can either count
all the elements of S contributing to (16.66) or estimate the sum through a
Monte Carlo sampling of the summand over S. [23]
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The time integrals that must be computed are of the type

I =
∫ t0

0
dt1

∫ t1

0
dt2...

∫ tn−1

0
dtnf(t1, t2, ..., tn), (16.94)

and simplest Monte Carlo method that can be used for their evaluation in-
volves uniform sampling. Alternatively, sampling based on least-discrepancy
sequences or other more sophisticated sampling schemes may be used. [23]

16.8.1 Spin–Boson Model

The spin-boson model is one of the most widely studied model systems be-
cause it provides a simple description of many physical phenomena and is
amenable to analysis. [26,27,28,29] It has served as testing ground for many
simulation methods [30,31] and it in this spirit which we study it here. The
spin-boson model describes a two-level system, with states {| ↑>, | ↓>}, bi-
linearly coupled to a harmonic bath of N oscillators with masses Mj and
frequencies ωj , and has hamiltonian

Ĥ = −h̄Ωσ̂x +
N∑
j=1

(
P̂ 2
j

2Mj
+
1
2
Mjωj

2R̂2
j − cjR̂j σ̂z

)
. (16.95)

The energy gap of the isolated two-state system is 2h̄Ω and σ̂x and σ̂z are
Pauli matrices. The coupling constants cj and frequencies ωj in this hamil-
tonian have been taken from Makri and Thompson [31],

cj =
√
ξh̄ω0Mjωj , ωj = −ωc ln

(
1− j

ω0
ωc

)
, (16.96)

where ω0 = (ωc/N) (1− exp(−ωmax/ωc)). The spectral density is character-
ized by the Kondo parameter ξ and frequency ωc. The parameter ωmax is a
cut-off frequency. With this parameter choice we have a model of an infinite
bath with Ohmic spectral density in terms of a finite number of oscillators.
Taking the partial Wigner transform[9] over the bath degrees of freedom,

the hamiltonian becomes

ĤW = −h̄Ωσ̂x +
N∑
j=1

(
Pj

2

2Mj
+
1
2
Mjωj

2Rj
2 − cjRj σ̂z

)
,

=
N∑
j=1

Pj
2

2Mj
− h̄Ωσ̂x + Vb(R) + h̄γ(R)σ̂z . (16.97)

which depends on the classical phase space coordinates (R,P ) and the spin
degrees of freedom. The last three terms in the second line of (16.97) have
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the same form (16.52) with

Vb(R) =
N∑
j=1

1
2
Mjωj

2R̂2
j , (16.98)

and γ(R) = −∑N
j=1 cjRj . The adiabatic energies Eα(R), (α = 1, 2) and

corresponding eigenvectors have the same forms as (16.54) and (16.55).
The results will be presented in dimensionless variables,R′j = (Mjωc/h̄)

1/2
Rj

and P ′j = (h̄Mjωc)
−1/2

Pj , and we henceforth drop the primes on the vari-
ables and assume that these dimensionless variables are used.
We have assumed that the density matrix at t = 0 is uncorrelated so that

the subsystem is in state | ↑〉 and bath is in thermal equilibrium,

ρ̂(0) = ρ̂s(0)Z−1b e−βĤb , ρ̂s(0) =
(
1 0
0 0

)
, (16.99)

where Zb is the bath partition function. The partial Wigner transform of this
initial density operator is [9]

ρ̂W (R,P, 0) = ρ̂s(0)ρbW (R,P ), (16.100)

where

ρbW (R,P )=
N∏
i=1

tanh(βωi/2)
π

exp
[
−2 tanh(βωi/2)

ωi

(
P 2
i

2
+
ω2
iR

2
i

2

)]
.(16.101)

The time evolution of the difference in population between the ground
and excited states (expectation value of σ̂z)

σ̂z(t) = Tr′
∫

dRdP σ̂z(t)ρ̂W (R,P, 0) =
∑
αα′

∫
dRdP σαα

′
z (t)ρα

′α
W (R,P, 0) ,

(16.102)
was computed for this ten-oscillator spin-boson model using the surface-
hopping scheme discussed in Sects. 16.4 and 16.5. The calculations were
carried out using both the exact form of the J operator as well as its repre-
sentation in terms of the momentum jump approximation. [23]
The results obtained using the quantum-classical surface-hopping scheme

[23] are compared below with the known numerically exact results [31] for this
model. Figure 16.4 (left panel) is a plot of σz(t) versus time computed using
the surface-hopping algorithm including up to four (n = 4) non-adiabatic
transitions along with the influence functional results for a Kondo parameter
of ξ = 0.007. One can see that for the time interval shown our results for
n = 4 are in complete accord with those of Makri and Thompson. [31]
It is instructive to examine the individual adiabatic and non-adiabatic

contributions to the surface-hopping solution as a function of time. These
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Fig. 16.4. Left panel: σz(t) versus time for ξ = 0.007. Influence functional results
(filled circle) (see text), surface-hopping results for n up to 4 (down triangle). Right
panel: Contributions to σz(t) versus time for ξ = 0.007. Individual contributions
are: adiabatic dynamics, n = 0, (square); non-adiabatic contributions, n = 1, (dia-
mond); n = 2, (up triangle); n = 3, (left triangle); n = 4, (right triangle).

results are shown in Fig. 16.4 (right panel). While the coupling to the bath is
quite weak and adiabatic dynamics dominates the structure for this value of
the Kondo parameter, the dynamics has non-negligible non-adiabatic com-
ponents. The convergence of the surface-hopping results may also be gauged
from an examination of this figure: the third and fourth order contribu-
tions are small over the entire time interval studied. Additional details of
the simulation method as well as results for stronger coupling may be found
in Ref. [23].

16.9 Conclusion

Quantum-classical dynamics leads to viable methods for studying many-
body systems where the quantum character of certain degrees of freedom
must be taken into account. In this chapter we have presented a formulation
of quantum-classical dynamics that accounts for the coupled evolution of
quantum and classical subsystems and have given a description of quantum-
classical dynamics in terms of an ensemble of “surface-hopping” trajectories.
In addition, the nonequilibrium statistical mechanics of such systems was
constructed and expressions for expectation values of dynamical variables
and transport properties were derived. The statistical mechanical formula-
tion provides formulas for time correlation functions and specifies how they
must be evaluated in simulations. Consequently, the results presented here
provide one with all the theoretical tools needed to evaluate observables in a
quantum-classical world. Further developments of the topics presented here
will likely center on extensions of the theory of quantum-classical dynamics,
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the construction of efficient simulation schemes for quantum-classical evolu-
tion and applications to realistic systems with physical interest.
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