CHM 1485: Theory of Liquids

Review

1 Classical Mechanics

e 1-Dimensional system with 1 particle of mass m

— Newton’s equations of motion for position z(¢) and momentum p(¢):

. dz .
z(t) = - p=mi
F(t) = ma(t) a(t) = @(t)
F(t) = —%
av

pt) = mi(t)=F(t)=-—

— Define an energy function called the Hamiltonian H(z,p) = % + v(z).
— Introduce terminology
2

2;0_ = kinetic energy V(x) = potential energy
m

— Newton’s laws can then be expressed as:

,_p_oH . dV_ OH
:r_m_(?p P="4 = oz

— These are linear differential equations whose solution is uniquely specified by
specifying two conditions, such as zo = z(0) and py = p(0) at some reference time
to = 0.
e 3-dimensional system of 1 particle
— Notation: r = (z,y,2) and p = (ps, py, p.)- Also, p-p = p2 + p; + p’.
— The Hamiltonian is: 2 + V(r).
— The equations of motion are:
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e 2 particles in 3-dimensions
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Hamiltonian: H = BBt 4 B2B2 4 V/(r) 1,)

— Equations of motion are:

g =00 P OH P
1_3p1_m1 2_3p2_m2
) . 0H
P11 = ry P2 = o1y

— Introduce generalized notation: r® = (ry,ry) and p® = (p1, p2)-
p®-p® =pi-p+p2-po

— Equations of motion in this notation:

OH OH
0 - 91 e 98
T T pe P or®"

e N particle system in 3-D

— Equation of motion in generalized notation:

g — OH oy OH
op™) or(N)

— A total of 6N equations!

— At each point in time, the system is specified by 6N coordinates (r™)(¢), p‘™(t))
x(M(t) called the phase point.

— The set of all phase points is called phase space.
— Classical dynamics describes a path through the 6 N-Dimensional phase space.
— Special properties of path through phase space:

1. Certain quantities remain unchanged during the evolution of system.
* Examples: energy, momentum and angular momentum may be conserved
(constant) along the path or trajectory of the system.
* Path remains on a hyper-surface of constant energy in phase space.
2. Paths never cross in phase space. Each disjoint path, labelled by initial
conditions, forms a closed path in phase space.
* Amount of time for the trajectory of the system from a given initial point
in phase space to pass arbitrarily close to the initial point is called the
recurrence time: Absolutely enormous for large, interacting systems.



e Consider an arbitrary function G of the phase space coordinate xV),

G, p™, 1) = G, ¢1).

Taking the time derivative,

dG(xM.t) 8G(x(N),t)+8G(x(N),t) v, 0GEMY) Ly
dt - ot or) gppm P
0G(xM 1)  o0GxMt) oH  0G(x™Mt) OH
= ot o™ op®™ ap®™  or™)-

— We can define the Liouwville operator L to be:

OH 0 O0H 0

L= op™ or™ ~ or@™)  gp@™)

so that in terms of a general function B

0B OH 0B OH

LB =50 " 3p™ ~ ap™ " BelM-

In terms of the Liouville operator,

7 = 5 + LG(x',1).

Functions of the phase space coordinate G that are not explicit functions of time
t are conserved by the dynamics if LG = 0.

Formal solution of evolution is then

G(xM 1) = £1G(xM, 0).

Note that LH = 0.

Can also define the Poisson bracket operator via

0A 0B 0A OB
or(™) op®  gpM™) " grM)

{A,B} =

— The relationship between the Poisson bracket and Liouville operators is

(V) (V)
LB={B,H} so dG(’;t .Y =aG(’;t ’t)—i-{G(x(N),t),H(x(N))}.




2 Ensembles and Observables

e Consider some arbitrary dynamical variable G (r™ pV)) = G(x™) (function of phase
space coordinates and hence possibly evolving in time).

e An experimental measurement of quantity corresponds to a time average of some (pos-
sibly short) sampling interval 7.

Gops(t) =G(t) = = /daG )t + o), ()(t—i—a)).

— T > T,,. Where 7, is a microscopic time scale. Hence fluctuations on microscopic
time scale a smoothed out.

— For most systems, evolution of G(t) cannot be solved analytically and so must
resort to

1. Numerically solving evolution (computer simulation)

2. Developing a new theoretical framework relating time averages to something
that can be calculated.

e Ensemble Average: Time average of dynamical variable corresponds to an average over
a properly weighted set of points of phase space (called an ensemble). The statistical
average is called an ensemble average.

— Each point in phase space corresponds to a different configuration of the system.

— Ensemble average therefore corresponds to a weighted average over different con-
figurations of the system.

e Define a probability density for phase space (often loosely called the “distribution
function’):

f™ p™ ) = distribution function

and hence

prob. of finding a system in ensemble with
FE®™ p™ 1HdrMdp®™ = coordinates between (r™), r) 4 dr(") and
(™, p™ + dp™) at time ¢.

e The ensemble average is defined as:

(G(t) = / dr™Mdp™ G(x™, pM) (™) p™) 1),

e microcanonical ensemble: All systems in ensemble have the same total energy.

— All dynamical trajectories with same energy compose a set of states in micro-
canonical ensemble.



— Technically, all conserved quantities should also be the same.

What is the connection between the ensemble average and the experimental observation
(time average)?

e Quasi-ergodic theorem: As t — oo, a dynamical trajectory will pass arbitrarily
close to each point in the constant-energy (if only conserved quantity) hypersurface of
phase space.

— Another statement: For all initial states except for a set of zero measure, the
phase space is connected.

— Hypersurfaces of phase space covered by trajectory.

e So in some sense, as t — 00 :, we expect
1 /7 1
Gobs(t) = - [ do G (£™(t+0), Mt +0)) = & [ drMap™ G, p™)

where

Q= /' dr™p™) = / dr®™ gp™)
E<H(x(M)<E+6E

hence
GObS(t) = é(t) = /G(T(N)a p(N))f(r(N)a p(N)a t) dr(N)dp(N) if f(r(N)a p(N)a t) = 1/Q

— In quantum mechanics, the energy H(x(™) is fixed within allowance §FE due to
uncertainty principle, 6 Edt ~ h, where 6t is the observation time.

— All points on hypersurface have the same weight (equally probable).

— Ensemble analogy: each point in restricted phase space corresponds to a configu-
ration of the system with the same macroscopic properties.

e Can utilize an axiomatic approach to find equilibrium distributions: Maximize statis-
tical entropy subject to constraints.

e Alternate method: Asymptotic solution of the Boltzmann equation for distribution
functions - describes collisions of pairs from Newton’s equations an adds an assumption
of statistical behavior.

— System naturally evolves from an initial state to states with static macroscopic
properties corresponding to “equilibrium” properties - Can model this with simple
spin systems like the Kac ring model.

— Measure of disorder, the statistical entropy, increases as the system evolves: max-
imized in equilibrium.



e Idea: Construct an axiomatic approach based on the idea that the disorder, or “en-
tropy”, is maximized in equilbrium.

— According to the quasi-ergodic theorem, the distribution function should be con-
stant on the constant energy hypersurface.

e Following Boltzmann, we define the statistical entropy

S=klnW

where

number of possible states for system of energy E' in the range

W= [E, E + 0E] for a system of N particles in a volume V.

e We wish to obtain the distribution in which all states on energy hypersurface are
equally probable. From the normalization condition this implies

1
FEN,pM) = { Ny | for B <HEY) <E+0F

0 otherwise

— Q is the effective “volume” of the phase space region:

Q(E,6E,N,V) = dr™ gp™)

/E<H(x(N>)<E+5E
N(E")

E+0E  ° A S

- / dE' / dr™dp®™ §(H (™, p™)y — E)

E

E+0E -
= / dE'" N(E') = number of states in energy shell.
B

— N(E') is called the density of states.
— In the limit of small §E, N(E)JE ~ Q(F,5E, N,V).

e Let W(E,dE, N,V) be the number of possible quantum states for the set { £, 6E, N, V'}
for N indistinguishable particles.

— For quantum systems, the statistical entropy is S = kIn(W(E,dE, N,V)).

W(E,0E,N,V)= Y =Q(E,SE,N,V).

E<E;<E+J0E

e What about classical systems? What is the relation between number of unique states
and the volume €2 of phase space?



Considerations:

1. Uncertainty principle: Since dp,dr, ~ h, one cannot differentiate between phase
points with (r,p;) and (rl, pl) if |r, — rl| < dr, and |p), — ps| < 0p.

— Limited resolution of phase space: must coarse grain
— Classically, systems are different: must correct for this overcounting factor.

1
dp.dr, = Edpxdrm

dr™Map™ = MLNdr(N)dpm

2. Quantum statistics

— In QM, state of N-particle system given by ¥(rq,...,1,).
— Consider a 2-particle classical system with phase space coordinates:

Particle 1: (r,p) Particle 1: (¢, p’)
Particle 2: (¢, p’) Particle 2: (r,p)

— These states are different classically and identical in QM (wavefunction obeys
Bose, Fermi-Dirac, ... statistics).

— Permuting labels of N particle system gives different classical and identical

QM system. For correspondance, must divide number of classical states by
NI

e So classically,

1
. dxN) = Q(E,6E,N,V).

W(EB,0E,N,V) = h3NN! /E<H(x(N))<E+6E B3NN

e Since f(xM) =1/Q

S = kIn(W)=kln (Q(E’(SE’N’V)>

h3N N1
= —kn (RNN1F(x™))

= —k [ ™ fx)In (BN (x))

— Provides general definition of statistical entropy as an average over the distribu-
tion.

— Note that the factor of N! also makes the entropy extensive for a classical system,
as it must be.



2.1 Variational Formalism

e Hypothesis: functional form of equilibrium distribution is that which maximizes the
statistical entropy.

— Statistical entropy viewed as a functional of f(x()).

— Form must satisfy basic properties of a probability density: normalized.

2.1.1 Microcanonical Ensemble

e All systems in ensemble have an energy in the energy shell [E, E + §FE].
e Task is to maximize

S=—k dx™) f(xM)In (BN NI (xM)) .

E<H(x(N))<E+6E

subject to the constraint

!
/ dx™) f(xM) = / dx™ f(x(M)) = 1.
E<H(x(N))<E+JE

e Procedure:
5(S+apl) = 5/' dx™) [k f(xM)In (N1BN £(x M) + ag f (xM)] = 0
=/ Tdx ™) [—kIn (N F(xM)) = k + ag) 6 (™)) = 0.
— Since the variation is arbitrary:
—kIn (N1 f(x™)) — k + 0o =0
S0
kin (N1BY f(x ™)) = ag — &
NIEAN f(xMV)) = go/k-1 = ¢
— Hence, as desired, we get:

(V)
Fx™) = C for E < HxW) < E+6E
0 otherwise
where C' is a constant.
— From normalization, C = 1/€.
e It is cumbersome to work with integrals over restricted energy shells. Can we relax

this restriction and obtain ensemble averages that agree with time averages (and each
other)?



2.1.2 Canonical Ensemble

e Remove restriction of defining probability only on constant energy hypersurface.

e Allow total energy of systems in ensemble to vary (hopefully) narrowly around a fixed
average value.

e Task now is to maximize
S=—k / dx™ f(x™)In BV N1 (M) .

subject to the constraints

e Procedure:

) / dx™ [k f(xN)In (NN £(xM)) + agf (xN) + apH (x™) £ (xM)] = 0

o+ apHM) = kIn (NN f(x™)) —k = 0

1 o o
fM)Y = Wexp{?ﬂ -1+ TEH(X(N))}

— What are the Lagrange multipliers?

1. From normalization:

W) rey 1~ ePlao/k—1} 1o QB 0 (N)
/dx fx"Y)y=1 = NN /dx exp kH(X )

1 e}
exp{l — ap/k} = W/dx(m exp{fH(x(N))}

2. From the thermodynamic relation:

(Z) -1
) v,norm T

— Note from above that since kIn(N!A3Y f(x™)) = agH (x™) 4+ ag — k, we have

S = —/dx x(M)) (a H(xM) + oy — k)

= —ap) — agE.



— It is now clear that:

(as) 1 N
] = — = —QFf
OE v,norm T

1

— Thus TS =T(k — ap) + E or E—TS =T(ag — k).
— E — TS = A, the Helmholtz free energy, so

T(Cl{() - ]{I) =A
and exp{ag/k — 1} = exp{BA} where § =1/(kT).
e We conclude that for the canonical ensemble:

FE) = S exp{B(A — H(x)}

e We define the partition function Qn(T,V) by

On(T,V) = N!}fw / dx™) exp{—BH(x™M)} = exp{—BA}

SO
1 1 exp{—BH (™)}
(V) (N)
e Relation A = —kT In Qn(T,V) gives thermodynamic connection: For example

1. The pressure is:

0A 0lnQy
P=—-— = kT .
(ov), - (55),
2. The chemical potential is:
_ (94
"=\on),,
3. The energy is:
— exp{8A
E = N!{W}/d M H (x™) exp{—BH (x™)}
expifA} 0 [ ) axnl— BH(x™
NN 8/5/dx exp{—FH(x"")}

1 BQN _ 8anN
Qn 0B o -




e We can write the canonical partition function as:

QT V) = s [ exp{—GHE™))

- /O VB N!}z?)N / dx™ exp{—BH(x"I6(E — H(x™M))
1

= /Ooo dE exp{—BFE} (W/dx(m OF — H(x(N))>

QV(T.V) = [ dE exp{-BE}N(E)

N!h3N
= density of unique states at energy E (microcanonical partition function).

— Partition function Qy(3,V) is the Laplace transform of density of unique states.

— @ is like a generating function for N(FE).

e Recall the definition of the statistical entropy:

S(E) = klnW =kln <Q(E’5E’N’V)>

NIp3N
~ kln(N(E)0E)=kInN(E)+C
for small 0 E where ) ~ N(E)éE

e Thus
N(E) ~ exp{S(E)/k}  Qu(T,V)~ [ dE exp{-B(E ~TS)}
— Typically, N(F) is a rapidly increasing function of £

N(E) ~ [ (B/N,V/N) exp{Ng(E/n,V/N)}  S(E) ~ Nkg(E/N,V/N).

2.1.3 Relationship between ensemble averages

e How likely are we to observe a system in the canonical ensemble with an energy very
different from the average energy E = (H(x)))? From the Tchebycheff inequality,
we find that

0%

NE

Pr(|Hx™) -E| > AE) <

e Now the variance in the energy is:

ot = (H)) - () = S22 = 9B _ e,



and hence

e For an ideal gas system, F = 3/2NkT and hence C, = 3/2Nk.

e Typically, E ~ N and C, ~ N.

kT?*C, 1

Pr <‘H(X(N)) - E‘ > )\F) < 5T

— As N increases, it becomes less and less likely to observe a system with energy
very different from F,

(B(X(N)»canon = /dE P(E)<B(X(N))>micr() at B~ <B(X(N))>mlcr0 at E (1 + O(l/N))

e P(E) is sharply-peaked around F = E: Can show

-1/2

e Relative spread of energy oy /E ~ N

2.1.4 Grand Canonical Ensemble

The phase-space probability density for the Grand Canonical Ensemble is obtained by ap-
plying the variational approach to the statistical entropy

_— Z /dx P(N,x™) log [N1h*" P(N,x™)],
subject to the constraints

E=Y / dx™ P(N,x™M)H(N,x™),

_ i/ P(N,x™),

8

Ny = 3 [ P,



e This leads to the grand canonical probability density:

1 efrN
(N)y = — —BH(xM))
PWN,x™) = z v
where the grand canonical partition function is
o
B V,T) =3 Qn(T,V)AY  A=e
N=0

e The pressure is given by the relation: PV = kT In=



3

The Equation of State for Fluids

Consider a system of N identical point particles with mass m occupying a volume V.
General Hamiltonian

_p™.p®

H(X(N)) 5
m

+ U(x™),

The canonical partition function is:

1 N) _—BH(xN) 1 N) g (N) B W*‘U(r(m)
Qn(T,V) = N!h3N/dX( ) e AHET) — N!h3N/dr( )dp™ e ( )
o(N) L (N)

_ N';h?’N / dp™) ¢ PP / Jr ) o AU

Integral over the momenta can be done explicitly:

aN 3N/2
/ dp™ e=# = [/ dp e_ﬂ%] N <2m—7r> = (2rmkT)3N/2.

Defining the configurational part of the partition function as
Z, = / drN) e=AUGE™)

we have

1 f2ma\*™ 1 (2mmkT\ MY
YEnwn\ ) AT wmliTe )

3.1 Ideal Gas System: U(r)) =0

Simplest possible system: particles do not interact but are confined to volume.
Iy = / dr) g=Pur™) — / dr™) =y N
v v

SO

3N/2 3/2
1 (27rka> / v _ 1" _ (27rka> / v

Qv =172 - N! B2

— Note that ¢ = )1 is the partition function for a 1-particles system.

Recall that:

3anN
ap

E——

d P=kT
an (%5

8anN>
T.



Now for the ideal gas system,

InQy = Nlng—InN!'~Nlng— NInN+ N —In(27N)"? ~ N1n (%)

2rmkT\* Ve 2rm\*” Ve
Brz) N

Nln T W =NIn

= Nan—gNlnﬂ—FNlnf(m,N)

1. The pressure is therefore:

ol OlnV kT
P = kT ( ;‘?N)T =kTN 81‘1/ = nT Ideal gas equation of state
2. The energy and heat capacity at constant volume are
— 0lnQy 3 0lng 3
EFE = — =-N = —NEKT.
o0p 2 0B 2
oF 3
= g = —N .
= (5), -3

Note that E and C, scale with N as assumed earlier.

3.2 Non-ideal fluids

Must evaluate Zn for each model.

1-particle system: external potential (such as gravitational): U(r™) = ¢(r,) leads to
a non-uniform system where properties depend on location in volume (ex. barometric
pressure formula).

2-particle system in absence of external potential: particles interact via a pair potential:
U(ry,re) =U(|rg —r1|) = U(r12).
— Example: Lennard-Jones potential: U(ryp) = Ariy> + Briy.
3-particle system in absence of external potential:

U(ri,rg,r3) = U(riz) + U(riz) + U(ras) + w(ry, T2, T3)
w(ry,re,r3) = “3” body interaction potential

— Typically, w(ry,ry,r3) is usually small and neglected hence the interactions are
considered to be pairwise-additive:



e For an N-particle system, with pairwise additive potential:

1 X

N
U(ry,ro,...,TN ZZUT,] 522 (rij) = >_U(rij).
SliE

i=1 j=1 1<j
Jj>i

e For non-electrostatic potentials, pair interactions U(r;;) are usually short-ranged so
that U(ry;) — 0 if r;; > &, where typically £ ~ 107% m

— Particles separated by long distances do not interact.

— Define the “Ursell-Mayer” function f(r) = exp{—pU(r)} —1 so that f(r) — 0 for
r> €.

e In terms of the Mayer function, Zy is:

/dr l<] U(rsj) /dr 5El<1 (rij) — 1+ 1 /dr fl] + 1)

<J

where the short hand notation f;; = f(r;;) has been used.

3.2.1 Virial expansion using the grand canonical ensemble

e Goal: write pressure P in a series in density p = (N)/V.

P=kTp |1+ pBjui(T)
j=1

e Using the expression for the pressure:

PV =kTInZ=kTIn (1 + > QN)\N) :

N=1
e Also note that
1 (2amkT\*"? U™
Qv =+ ( h2 ) ZN ZN:/drl"-drNe UG,

e Note that in the absence of an external potential,

ormkT\ 1 /Q\"

Q1=< % > Vv S0 QNZm(Vl> Zn.

e The pressure can now be written as:

PV =kTInE=kTIn (1 + > ZNzN> where 2z = )\% = Aa.
N=1



Formally, we can expand this to get a series expression for P in terms of z:

j=1 by = oL (7, 32,7, +279)

and so on.

Strategy is to express this series in terms of the density by expressing the density in a
power series of z and inverting.

_@_l<5ln5>
PTV TV )y,

o oA o 0

6u BN on

The density is given by

Since A = exp{Su},

and since PV = kT In =,

A(ﬁlnE) _AVoP X oP
V,T

P=v \"ax T VETON kT 0N

Recall that z = a), where a = Q1/V, so

_ A 0P _ OPJKT
'O_kTaz Zaz

= zZybz’ ! Zjbz’

We wish to invert this relationship to write z in terms of p. The procedure is to solve
for the coefficients a; where:

= blz + 2b222 + 3[)32’3 + -
z = aip+ap’ +agp’+-
Inserting expression for z into the expansion of p and collecting like powers of p:
p = p(brar) + p* (b1a2 + 2b2af) +p (b1a3 + 4bsaias + 3b3a§’) +
SO

bija; = 1 — a1:1/b1=1
b1a2 = _QbQG/% — Qo = —2b2 bQ = —a2/2

(2&2 - ag)

oa|.—\

biaz = —4bsajas —3bsa} — a3 = 8b; — 3by by =



e Thus the density expansion for z is:

z:p—2b2p2+(8b§—3b3)p3+...

e Inserting this expression of z is the expansion of P/kT,

P 1 1
k_T = b1z+b222+b323+---=z—§a222+§(Qag—ag)z?’-l—...
a 2 1 |
= (a1p+a2p2+a3p3+...)—§<a1p+agp2+a3p3+...) +§(2a§—a3) (a1p+a2p2+a3p‘
a6 1
= aip+p (@—%)—i—pg’ (ag—a1a§+§(2a§—a3)ai‘)+...
2(8b5 — 3bsg) — 4b2
= p+p2(—bz)+p‘°’<( 2 33) 2>+

= p+p°(=b) +p’ (4173 - 2b3) +

e Comparing this with the virial expansion, we have:

1

By(T) = —by= 97 <Z2 - Z12)
By(T) = 4b? —2b; = % (2,- 27) - % (25 — 32221 + 223

e We must now show that these results are equivalent to the Mayer expansion results
obtained in the canonical ensemble.

Evaluation of Virial Coefficients

e Must express configurational partion functions Z; in terms of Mayer functions.
e If no external potenial, U = 3=, ; U(ry;).
e Now:
Z1 = / dr1 =V
v
Zy = / drdr, e U2 = / dridry (1+ fi2) = V? +/ dridr; f1
v v v
e We introduce the (new) graphical notation:
— Each graph has a factor of 1/V.

— Each line e~~~ represents a factor of f connecting the vertices.

— Each darkened dot indicates the argument is integrated over.



e For example:
1
o NANANNe = —/ drldr2f12
Vv
«J}‘\ !
= V/ dridraodrs fiofo3
1%
1
d{:}lc = V/ dridradrs fiofo3 fi3
1%

e Thus:

Z2 = V2—|—V o NS

e Now Zj3 is given by:

Zy = / dridradrs (14 fi2)(1+ fi3)(1 + fo3)

= / dridraydrs [1+ (fi2 + fis + fo3) + (frofis + fiafos + fisfas) + fizfos frs]

= V313V %~n~e + 3V/}L‘x+vdjl

e The diagram JJ}L\ is reducible since
V A = /dr1dr2d1'3 fiafa3 =/ driodradras fiafo3
1% 1%
= V(/le'm f12) (/le'23f23>

e Thus
Zy = V34+3V?e~n~~e + 3V (en~ne +V‘—'\':§l.

e The virial coefficients are therefore:

BAT) =~ (7= 7) = -

1 - T
== 2V / drler f(’]"lz) = —5 ‘/Vdr12 (e IBU( 12) _ 1) .



1

By(T) = 4By(T)’ — o (%3 + 32,2, +272})
1
= (oev~ne)? — W(vM:sv%mm + 3V’ +Vdil

—3V? — 3V %~ ~n~e + 2V3>

1
= ——/ drydradrs f(r12) f(ra2s) f([r12 + ra3])-
3V v
as obtained with the Mayer expansion method.

e In general, B, (T) are expressed in terms of doubly connected (irreducible) graphs:
n

e

’Yn—i—l

1
Yn+1 = W/Vdrl"'drn+151,2,...,n+1

Si2,..n+1 = Sum of all topologically distinct doubly-connected graphs with n + 1 vertices.

51,2,3,4 = 32::2 + 6% + %

— Coefficients are number of topologically distinct ways of permuting indices on
graph.

e For example:

e Can generalize this to multi-component systems with mole fractions y;:
Zy = Zaa+2Zsp+ ZBsB
1
By(xa,T) = 3 /le‘12 (X?&;féA(I'm) + 2xaxs iy’ (r12) + XQBle;B(I‘u))

_BUAB(p
SB(I'H) = (6 PUAB(r12) _ 1)
Limits of validity of virial expansion

1. Large systems (i.e. N > 1), rigorous in thermodynamic limit N — oo, V — oo with
fixed p = (N)/V.

2. Short-ranged potentials with at least U(r) ~ r~®+¢ for large r.
1 00
- _ - -BU(r) _ 1) = _ 2 (o,—BU(r) _
By(T) = Q/Vdr(e 1) = QW/O dr r? (e 1).

For large r, pU(r) < 1 so exp{—pU(r)} — 1 ~ —pU(r). Now the integral for By(T)
will converge at upper limit in thermodynamic limit only if
2

o0 9 o r
/adTTU(T)N/a dTr3+€

converges (i.e. € > 0).



3. Convergence of power series in p requires p not too big: Not valid for condensed systems
(liquids).

Evaluation of virial coefficients

e Obviously model dependent since depends on interaction potential U(r).
e We will look at specific cases:

1. Hard spheres: No attractive interaction but short-ranged repulsion.

oo r<o
U(r):{(] 7";0

By(T) = %/Vdr (1 - e_ﬂU(T)) =27 /Ooo dr r? (1 — e‘ﬂU(’"))

o 2
= 27r/ dr 2 = 253
0 3

— This gives:

PV LT
NkT — P3O

— Note that no temperature dependence of B;(T’): All isotherms of plot of P
versus p (or V') are identical.

— No condensation or other phase transition for such a system.

2. Square well potential

oo r<o
Ur) = —€ 01 <1 <09
0 r>o0,

By(T) = 2m /000 dr 7‘2((1 — e_ﬂU(’)) =27 [/OUI drr® + /:2 dr r° (1 — eﬂe)]

= 2% [af + (1 — eﬁe) (o3 — 0'%)] :

— Isotherms of P vs. V now differ and condensation possible.

3.3 Perturbation Theory and the Van-der-Waals Equation

e Recall that the configurational partition function is:

ZN = / dI'l ce drN e_ﬂU(n,...,rN)



e Suppose that the potential can be written as the sum of two components:
U™y = Up(r™) + U, (r™)
where U; is small in some sense compared to Uj.
o Let

ZJOV fnd / dI‘1 e e drN e_ﬂUO(rl,---;TN)
_5U0(r(N))
oMy — &
n (r'V) =
At

— Note that n°(r™) is the configurational part of the probability density for a
system with potential Up(r(™).

— Ideally, one would like to be able to evaluate Z% analytically.

e We may express Zy as:

ZO

_ 0 ﬂUl(r(N)) 0 [/ —BUi(xr)
= 2 /dr = 73 (e ).

e Notation (- -- ) means average with respect to probability density for the unperturbed
system.

e Implications: the contribution of the configurational part of the partition function to
the Helmholtz free energy is

1 2rmkT 3N/2 ZN_
A(N,V,T) = _Bln [( 12 > NI
3N/2 0]
i R AY 1y
B h? N! B 0
1. (=B
=1 J

— The coefficients C; are called cumulants and are defined by

exp{fjl i : } = <e—6X>

J]=

= (=B B % 1/(=8) _\?
Z(k') <X> = exp{_ -}—1 2 2<( j!)Cj) +...

k=0

B

where (X') denotes the average of variable X with respect to a probability density
f(X).



— Solving for C; (homework) gives:
C, = (X
Cy = (X7)—(X)”
C; = (X

General properties of cumulants:

1. Typically, if the property X ~ N, then C; ~ N. This makes them much more
useful in expansions than moment expansions.

2. Quite often, C; > C;; so truncations of the expansions are possible.

In terms of the cumulants, we have the perturbation expansion of the Helmholtz free
energy

B B B
A = A+ Ci(B) — 502(5) + 03(@

B

a7 ((U7), = 30U + 2(U o) +

= Ao+ (U5 ((U2), - <U1>3)

Debye-Huckel Theory

Debye-Huckel theory can be derived using expressions for virial coefficients.
Recall that
P

kT ( X_:J+1'%“T)>’

where the v,;(T) = (j + 1)B;(T)/j have a simple graphical representation in terms of
double connected graphs.

Two component, charge-neutral ionic system:

(N4)C4 = total positive charge
(Ng)Cp = total negative charge
XaCa + xBCh 0.

Interaction potential at long-distances for system with Dielectric constant D:

CACB€2

UAB (7'12) — i
12



At large distances where SUAP is small,
CaCp

T12

4B = e BUAP(r2) _ 1 o —BU*B(r3) = &

& = —f3e*/D
Can show that the long-ranged contribution to the first virial coefficient:

1
w(T) ~ &(ACK +2xaxs0aCs + X5C}) [ drio—
12
1

2
= a (XAC,% + XBC%) drlZT_ =0
12
since xaC4 + xgCp = 0.
All subsequent ~;(T") actually diverge (!) in long-range limit.

Idea: resum leading order divergences, which come from the ring diagrams which
diverge as r? as r — o0.

Define the ring diagrams by:

—1)!
) = o8y
1 1 1 1
I, = —dry---dr, —--- -
Vv T12 T(n—1)n Tnl

where a = —fBe*(xaC% + x5C%)/D.

Using Fourier transforms, the integrals can be carried out:

I, — (i)?’/dk(}(k)
Uk) = /dr e

Putting these results together, we get

P % jpiait! j!
el 122 I
KT p( ;(j—i-l)!Q 7+

= o155 () S () )

Moving sum inside of integral and performing the sum

s ra\It! 7ra3/212
Zz( (27r> [ac () = e

Finally, we have the Debye-Huckel result:

£ _ 1— (47T|CV|)3/2P1/2
it~ P 247 '




Derivation of the Van der Waals Equation

We define the pairwise additive reference potential to be

1
Up(x™)) = 5 > uo(rij)
i

with

0 ifr>o
uo(r) = o ifr<eo

where o is the diameter of the spherical particles. The form of the attractive potential
U, is not particularly important

According to the perturbation scheme above,

AN, T,V) = Ao(N, T, V) + (Ur)y + - ..

We define the Van der Waals parameter a so that

AT
Np
N2
AN,V,T) = AO(N,V,T)—QTJr-

— Evaluation of a can be done once the form of U; is specified.
If we take 0 = 0, then Z% = V' is the ideal gas result.

Due to hard core repulsions, particles cannot overlap, so volume is restricted. Excluded
volume per pair of particles is 47/30%, and hence excluded volume per particle is
27 /303 = b. The configurational partition function is therefore

Z% = (V — Nb)N

— Nb is the excluded volume for each particle, V' — Nb is the total free volume for
each particle.

The Helmholtz free energy is therefore:

aN?
Vv

Q

(27rka>3N/2 1

h2 N!

1 [(27rka>3N/2 (V — Np)¥

aN?

= —kTIn — kT'In(V — Nb)N —




e From the thermodynamic relations, the energy and pressure are therefore

611]@]\] 3
EFE = — = —kT +aN

9B 5 +aNp

0A N aN?
J e :kT( )-

<8V>NT V —Nb V2

_ kTp o
1— pb aw

— This is the Van der Waals equation of state.
— In the low density limit, pb << 1 so

1
—— 1+ pb
1—pb
and hence
P a
2
kT P kT
Van der Waals Equation of State
Parameters for Water
400 [VI T T
i
i
it
350 ‘l\ — T/Tc:0.96
g;‘l rrrrrrrrrrrr T/T,=0.98
i - TTAL
i ——- TIT=1.02
300 'g‘n\
£l T =646 K
2 250 l‘a“\\ V_.=91.5 Cm’/mol
1] K
3
a

200 -

150

100 L L L L
50 90 130 170 210
Molar Volume (CmS/MOI)

250 290

Figure 1:
— The second virial coefficient is therefore approximately By(T) ~ b — a/kT.
e Plot of P-V isotherms of Van der Waals gas show interesting behavior:

— At high temperatures, we have 0P/0V < ( as expected of a gas: decreasing the
volume increases the pressure.



— At a particular (called critical temperature T,), there is a region in the curve (at
a critical volume V.) where dP/0V = 0 and there is no curvature, 9>P/0V? = 0.

— For all isotherms below T, there are unphysical regions where dP/0V > 0.

— For these regions, see a volume discontinuity as pressure is lowered: liquid-gas
transition.

— Correct, isotherm curves determined by the equal areas approach that follows
from the equality of chemical potentials of the liquid and gase phases along the
isotherms.

dp = o(P) dP

What are these critical points? Determined by the conditions

oP 0?pP
i Z - =0
ov ov?2
Evaluation of these conditions gives:
_ 8a a

Near the critical point, we can expand the pressure around the critical temperature
and density and find that:

T I e
KT~ KL KL.op|_, " T op | T TekT o, T
_ R vopovl o L [@P(avN' opav]
T KL KLV ap|_, T ok, |avi\ap) T oV o P Ppe
c L P=Pc
1 &P ,
6]€Tca—,03p_pc(p_p6) + ...
P, 1 9°P 5 1 81, 5
- kTC+6cha—p3 :C(p_pC) +'.'_@+Eb(p_p6) +.'.

Thus, we expect that near the critical point,

P
T~ constant + C(p — p.)°

with the critical exponent 6 = 3.
Experimentally, it is found that § ~ 4.2.

Improvements: higher order in perturbation theory or better zeroth order potential



4 Liouville Equation for Hamiltonian Systems

Define small volume element Vj in phase space.

e How does probability of finding the system in this region change in time?

PO) = [ XY F(X,0)

e Allow system to evolve according to dynamics:

X XA

At
Vo E— Vat

— Volume changes shape in mapping:
XV = x¥ ~ XV + XAt
= Xy +0Xy
— Maybe changes volume as well.

— Number of states is V; and Vj; is same since we Change Variables to X (At)
from XY follow all points in original volume.

+ Can only change if some points in V4 aren’t in Va; (flow out of volume).

So P(Vp,0) = P(Vay, At): Conservation of probability (like fluid where particles aren’t
created or destroyed.)

Changing variables from X} to X%,

POG) = [ dXY FXY0)= [ dXE X XR)F(XY — 0X Y, At — A
= Pat(Var) since P(Vp,0) = P(Vas, At).

Recall that XX, — X = 0X]".

Evaluation of the Jacobian is a bit complicated, but gives

J(XY; XX,) = Jacobian for transform X} = X}, — 6 XY
‘aXév 1—Vxn - 0XY
= — N -
0XY, * 0
So
Par(Var) = P() = [ dX, (1= Vigw - 0X™) £ (X, - 6X™, At = At)
At

for small § X7V



e What is 6.X}'?

— For Hamiltonian systems X%, ~ XV + XVAt, or 6 X~ = XN At.
— Will generalize later for stochastic systems.

— Expanding for small displacements § X' and small time intervals At:

(XX, —oxN, At~ At) ~ f (XX, At)

_of

o7 A=V XN+ V 2nfOXM)? +

— Inserting this in previous equation for Pay(Va:) = P(Vh), we get

Pat(Var) = Par(Var) + /V dX]AVt
At

(—% At —Vxn - (XN f)+ %V%wf(éXN)?)

or

) 1
/ dX%, ( 8f At — Vxn - (6XVf) + =Vin f(6XN)2) =0
Vat t 2

— Since this holds arbitrary volume Vj;, the integrand must vanish.

1
% At = Vv - (6XVf) + 5v§(Nf(5XN)2 +

— Now, let us evaluate this for SXV = XV At
* To linear order in At
Vin - (X f) At = (XN Vi f+ Vew - XVF) At
but

e _ ORN aPN_ OH  oH
XN AT = oRN T 9PN T 9RN9PN ~ 9PNoRN

* Note that this implies the volume element does not change with normal
Hamiltonian propagation:

dX) = dxQ, J(XV; X)) = dX}, (1 - Vyn - XVAL) = dX},.
— Also, (6XM)? ~ O(At)? since XV ~ At, so

f o

S A= —XN -V fAL 4 O(A)



4.1

— In the short-time limit,

of

E:_XN'VXNf

Recall

XN VxnG = (RN - Vg~ + PN -VPN) G

OH OH
<W'VRN _W‘VPN> GEEG:{G’H}

So we obtain the Liouville equation:

8f__ _
o= —Lf=—{fH}

The formal solution is:

f(x(N),t) = e_Ltf(x(N),O).

Also note:

oOf  vn _

df (XN 1)

=0.
dt

Interpretation:

FE®(0),p™M(0),0) = ™), p™(¢),1)
FE®™0),p™(0),t) = fE™(=t),p™M(-1),0).

If follow an initial phase point from time 0 to time ¢, probability density doesn’t change
(i.e. you go with the flow).

Probability density near phase point x(™)(0) at time ¢ is the same as the initial prob-
ability density at backward-evolved point x(")(—t).

Equilibrium (stationary) solutions of Liouville equation
Not a function of time, meaning f(RY, PV t) = f(RY, PY) or

Ve rr=—trmy=1H1 =0

Recall that we showed that energy is conserved by the dynamics so ‘Z—If =0.



e Suppose f(RN, PN t) is an arbitrary function of H(RY, PY).

of

af _OH 98f OH of
ot

T 9RN 9PN 9PN QRN

{H, f(H)}

but

of _of OH  af _ of oH
OPN ~ 9H 9PY  9RV ~ 9H ORV

0

of (OH O8H _8H OH\ df _
ot ~ \@RN 9PN ~ 8PN QRN ) 0H

Thus any funct. of H is stationary solution of Liouville equation!

4.2 Time-dependent Correlation Functions

Consider the time-dependent correlation function Cag(t) in the canonical ensemble

(A™, 1) B(x™,0)) = / dx™ Ax™ ) B(x™, 0 f(x™).

From the form of the Liouville operator, for arbitrary functions A and B of the phase
space coordinates

AN, BN, 1) = (“ A, 0)) (7' Bx™,0)) = e (Ax™,0B(x™,0)) .

?

It can be shown by integrating by parts that:
((LAE™M)) BxM)) = = (Ax™M) (LBE™M))).
e Consequence:
(AN, H)B(x™M,0)) = (Ax™) BN, —1)).
— The autocorrelation function C44(t) is therefore an even function of time.

e Also,

/ dx™) (£ 4™, 0)) f(x™,0) = / dxM AN, 0) (e £ (x), 0))

_ / dx™ A(x™ | 0) f(x™, )

— For an equilbrium system where f(x(™,¢) = f(x™),

(A1) = (A0))
(At +7)B(1)) = (A(t)B(0)).



Math Appendices

A Taylor expansion

e Expand function f(z + a) from small a around a = 0.

flx+a) = f(z)+ f'(x)a+ %f”(g;)a2+...

< qf dI

= Y5t
Z0 -7' d I ) a=0
e Since
> )\
Ar
e’ = exp(A\r) g —'
f(a+a) L) o)
x+a) = expla— |f(x).
P dx
B Series expansions
For |z| < 1,
1 2 3
= l-az+2°—2°+---
1+2x
1 2
= l4+z+2"+
1—=x
x> 2
sin(z) = x—§+a+
z?2  xt
cos(z) = 1—5—1—54—---
In(l4+2z) = z— 1:1:2+la:3+
B 2 3
C Probability theory:
C.1 Discrete systems
Suppose have measurable E with n discrete values E, Es, ..., E,. Let
N = number of measurements
N; = number of measurements of F;.

Then

N;
P, = Probability that E; is measured = lim N = P(E;)

N—00



Properties:

.0<P<1
2. 3", P=1
Averages:
E = Y EP
i=1
E?2 = ZEsz
i=1
H(E) = > H(E)P
i=1

Variance of E:

S
Il
&
3

©

-

e 0% measures the dispersion of the probability distribution: how spread out values are.

e In general, 0% # 0 unless P; = d;; for some j. This notation means:
|1 ifi=y C e =
P, = { 0 otherwise which implies ' = FE;.
e Tchebycheff Inequality:
_ _ 0'2
Prob(|E—E|>\E| < —£5.
A2E

Joint probability: Suppose N measurements of two properties £ and G.

n;; = number of measurements of E; and G
1 T —_ —_ oy
P; = ]\}I_Igo ﬁ = P(E;,G;) = joint probability.

Properties:
1. ¥,; P(E;,Gj) = 1.
2. ¥, P(E;,Gj) = P(G)).
3. X P(E;, Gj) = P(Ey).
4. If E; and G; are independent, then P(E;, G;) = P(E;)P(G;).



C.2 Combinatorics

e Fact 1: The number of permutations of N distinguishable objects is V!

e Fact 2: The number of ways of assigning N distinct objects into r distinct containers
is

N!
1M
=1

where NN; is the number of objects in the ith container.

t

e Example: Number of ways of selecting k distinct objects from a larger set of n distinct

objects is:
n _ n!
k) = kl(n-—k)

e Coin Tossing: Let

n = Number of tosses
k = Number of heads

then
P(k,n) = Probability of £ heads in n tosses.
- () (&
- \2 k
— Suppose the probability of winning is p and ¢ is the probability of losing. What

is the probability of winning k£ times in n games? Determined by “Bernoulli” or
“binomial” probability.

n _ . n n—1 n n—2 2 n n
(p+q)" =p"+p q<n_1>+p q<n_2>+ +q

k = np
k2 = np+n(n—1)p°
oy = npq
Ao\ g
Prob (‘k %> Ak) <t

e Note that distribution narrows with n. Typical behavior if k& ~ n.



e Generating Functions We define the generating function of a distribution P(k, n) to be

n

F(z) =Y P(k,n)z".

k=0

Note that F'(1) = 1 since distribution is normalized. If
n

P(k,n) = pFq"*F < k ) then  F(z) = (¢ + pz)".

Useful for calcuating moments of a distribution:

ko= (xF’(x)l)x_l
times
7= () () F

=1

C.3 Continuous Systems

e Probability of measure an observable X with values between z, z + dz is p(z)dz. p(z)
is called the “probability density”.
Properties:
1. Positive definite: p(x) > 0.
2. Normalized: [%_ dzp(z) =1

e Averages:
7 = [ deap(e) T@=[ dof@pla)
o2 = 2?2 :1:2:/700 dx (mQ—TQ p(z)

C.4 Gaussian distributions

1. Distribution specified by first 4+ second moments:

P(:E)z( ! )1/2 e_zafv_22 (zy = 0

2mo?
@) = o

1 1/2 2
P — T 2(2?)
(@) (27r<x2>> ‘

2. Important properties: (z?**1) = 0 and (z*") = f(0?).




1/2 1/2 2
3.1 P, 20) = (5eta) - (o) 0 { -~ (a0
Then
<$Z.7)]> = 26 5]
4. Continuum limit:
PE®) ~ e Jo%
(t) = 0  E)E) =0

— Values of £ are Gaussian distributed at all times

5t —1)

5. Any variable which is a linear combination of GRV is Gaussian distributed.
(a)
" 1 o x2
izzl a; T (X) ( 37 (X7 e
e Can show (X?) =, a;a;(TpTm)
(b) A(t) = [; dq a(7)&(7) is Gaussian for all times 2.
. 1252
6. (e =e 2.

e What happens when o2

— 0?7 Infinitely narrow distribution, called a dirac delta
function. Probability density has all the weight on one value.

e There are other representations of the dirac delta function: basically defined in such a

way that one value receives all the weight.

e Delta functions: defined in a limiting sense.

1 e <€
5(6)(3;) :{ 6 2| —js— 2 / dxée)
2

/ dz 6

70) [~ dz 69(@) = f(0)

1
/ dr— =
—e/2 €

if e 1.

— Function f(x) essentially constant over infinitesimal interval.

— Definition of delta function: §(x) = lim._, 6 (z).
e Representations of delta function in limit € — 0:

1 —lx|/e
1. 5c€



R —

w T2 +e2

*.’132/62

1
eﬁe
1sinz/e
4. =+

— For any continuous function f of x, for all forms above we get

hm da: 89 (z — x0) f(z) = f(x0).

e—0

Some properties of the delta function

3. dlg(@) = ¥
4. g(w)d(a — w0) = 9(20)3(x — o)

5. [, dx d(x —y)d(x — 2) = d(y — 2)

6. [, dz D@20 f(z) = — % du §(z — z0) f'(x) = —f (o)

where g(z;) =0 and ¢'(z;) # 0.

D Fourier and Laplace Transforms

e Fourier Transform:
fw)y = [~ e fia) do
1
@) = 5o [ e ar

o
— Properties:
/ Ttk gy = 2n6(k — ko).
o0 1 00 I
[ re-weaway = o [T e i) ak
2 5 212
f(fE) — (27:02) e ® /20 N f(k) — (;_ﬂ_) e @ k*/2
ef)\:v _ A7
fa) = = F) = o
1 ~ A
f(z) = P f(k) = 72



e Laplace Transform:

foy = [ et a

— Useful properties and transforms:

[ fe-n90) = F@)

fy=c > )=
=5 — f6) =5y

E Calculus

E.1 Integration by parts

/udv:uv—/vdu

[z f@)e@) = F@)o (@)

e Example:

[ @ s

E.2 Change of Variable and Jacobians

Let I = [ Roy dzdy f(x,y) be the integral over a connected region R,,. Change variables to
u, v via the transform g(u,v) = z and h(u,v) = y. It follows that:

h
r= [ dudv (glu,0),h(u,0) 728 v; |
where the Jacobian gg’zg is
99 9y
8(9’ h) _ ou Ov
O(u,v) | on on
ou Ou

e Example: Suppose
1= [ dedy f@)g(z - y).

Let v = x and v = x — y. Under this transformation, range of v is (—o0, 00) at a fixed
value of u (or z). The Jacobian J is

Thus,

o0

I:/O:odudv fwg(w)| — 1| :/O:oduf(u) / dvg(v).

-0



E.3 Relative extrema

Suppose we have a continuous function f(x,y) and f, = % =0 and f, =0 at a point (a, b).

e If the discriminant

f;c;c fwy
fyw fyy

— fze <0 at (a,b) implies a relative mazimum at (a,b).

= foafyy — 3y > 0 at (a,b)

— fzx > 0 at (a,b) implies a relative minimum at (a,b).

o If foofyy — fy < 0 then (a,b) is a saddle point.

E.4 Method of Langrange Multipliers

Maximize function f(z1,...,z,) subject to the constraint g(zi,...,z,) =0

e If no constraints, maximum satisfies

0
8;; =0fore=1,...,n.
Since g(z1,...,2,) = 0, we also have
0
33?1’ =0fore=1,...,n.
e It then follows that:
of +)\ag =0forall Aand fori=1,...,n.
e Equation above plus the condition g(zy,...,z,) = 0 gives n + 1 equations for n + 1
variables (z1,...,Z,, A).

e )\ is called a Lagrange multiplier.

E.5 Functional derivatives

Consider the functional F|G(z)] = [ dz g(z)?.
e Value depends on the functional form of g(z).

e How does this value change if the function g(z) is changed? Define g(z,a) = g(z) +
an(z) = g(z) + dg().



e Change in value of functional due to change in functional form of g(x) is

OF = Flg(z,a)] — Flg(z)] = /dx (9(z) + an(x )) - 9(@2]
dg(z)
= /dx 29(z) an(z) +(an(z))?
= /da: (g %%59(3})2) ,
where f = g%

e What about the general case for Fg(z)] = [dx f(g(x))?

182f ., 10%f 5
OF = /dm (—6 28—925g(ac) +§6—g369(x) +---



