Physica A 196 (1993) 209-240

North-Holland m m

SDI: 0378-4371(93)E0003-A

The hydrodynamics of inelastic granular systems

Jeremy Schofield and Irwin Oppenheim

Department of Chemistry, Massachusetts Institute of Technology, Cambridge, MA 02139,
USA

Received 6 November 1992

The hydrodynamic equations for a system of inelastic granular particles are derived from
first principles of statistical mechanical theory by applying projection operator techniques. An
effective Liouvillian operator for the granular distribution function is derived by exploiting
the fact that each granular particle has many interacting internal degrees of freedom which
remain at equilibrium at a temperature T and provide a sink for the translational relative
momenta of the inelastic granular system. The nonlinear hydrodynamic equations for the
granular system are obtained following projection operator techniques developed by Levine
and Oppenheim. The resulting equations are similar to the ordinary hydrodynamic equations
but contain additional terms due to the fact that translational energy is not conserved in
collisions between the granular particles. The solutions to the linearized equations are also
analyzed in different regimes comparing the additional terms due to the inelasticity of
collisions with the magnitude of the gradients of the system.

1. Introduction

In recent years, there has been an intense study of the transport properties
of granular fluid systems composed of sand or glass beads. Most of these
studies have been semi-phenomenological and involve the concept of the
coefficient of restitution, which is a measure of the inelasticity of collisions
among the granular particles composing the fluid. As examples of these
studies, we mention the analytical treatments of Jenkins et al. [1] and the
simulations by Walton et al. [2]. The inelasticity is essential for the treatment
of these systems and for comparisons with experimental data [3].

The aim of this paper is to derive the nonlinear hydrodynamic equations for
a system of N particles in which the collisions between particles are inelastic.
We expect the equations to apply to granular systems since energy flows
unidirectionally from the translational degrees of freedom into internal modes
of the particles in the collisions between granular particles. Each granular
particle contains many molecules and internal modes which can be modelled as
a bath with an internal temperature, T, which essentially remains in equilib-
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rium throughout collisions. Note that when the translational temperature is 7,
the center of mass velocities of the particles are essentially zero. Using ideas
developed to describe Brownian motion dynamics [4], in section 2 we obtain a
generalized Fokker—Planck equation for the distribution function of the trans-
lational degrees of freedom of the granular system and thereby derive an
effective Liouvillian operator which determines the time evolution of the
distribution function. We also derive a generalized Smoluchowski equation for
the spatial distribution function for the center of mass coordinates of the
particles, R(r", t). From the Smoluchowski equation, the equation of motion
for the radial distribution function R‘*(r, f) is obtained, and the stationary
form of the radial distribution function for the granular flow system is
examined. In section 3, we derive the nonlinear hydrodynamic equations for
the granular system by generalizing a projection operator technique employed
by Levine and Oppenheim [5] in their work on nonlinear transport properties.
The linearized form of these new hydrodynamic equations are presented and
analyzed in section 4 in various regimes reflecting the degree of inelasticity of
each collision between granular particles. The solutions are contrasted with
those for ordinary hydrodynamic systems in which the particles interact
clastically. The final results are summarized in section 5 along with a discussion
of the possibility of generalizing them.

2. The model and generalized Fokker—Planck equations

The granular system consists of N identical spherical particles whose center
of mass coordinates and momenta are denoted by r" and p" respectively,
where r" and p" are 3N-dimensional vectors with components r; and p; with
j=1,..., N. Each of the N granular particles contains many internal modes.
We will denote the internal coordinates of particle j by the vector §;, and the
internal momenta of particle j by ;. We assume that the number of internal
momenta and coordinates of each particle is sufficiently large and the interac-
tions among them sufficiently strong that their distribution function is of
equilibrium form. We denote the phase point for the translational degrees of
freedom by X,=(r", p") and the phase point for the internal degrees of
freedom by X, = (&", n").

The Hamiltonian for the granular flow system can be written as

H(Xt’Xi)=Ht(Xt)+Hi(Xi)+ d’(Xt’Xi) ’ (21)

where H, is the Hamiltonian for the isolated translational degrees of freedom,
H; is the Hamiltonian for the isolated internal degrees of freedom and ¢
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describes the interactions between the translational and internal degrees of
freedom. The Hamiltonian H, has the form

N, N

H(x,)=L + U(rY), (2.2)

where m is the mass of the granular particle and U can be written as a sum of
two body short-ranged potentials,

Uy =2 2 U(r), (2.3)

i=1j>i
where r, = |r, — r;|. The Hamiltonian H; is of the form

N

E(' L W(E)). 2.4)

The interaction term ¢ can be written as a sum of two body terms, each of
which depends on the distance between the center of mass of a pair of particles
and on the internal coordinates of that pair,

X, X)=2 2 ¢(r, £, &) . (2.5)

i=1j>1

We assume that ¢ is short-ranged and decays to zero for r,> o, where o
represents the range of interaction, which we expect to be on the order of the
diameter of a particle.

The Liouvillian operator for the system can be written as

L=L+L+L,, (2.6)

where

N N

P w
Lt == ; .VrN + VrNU.VPN ’ Li == 7 ) &N + V§NV-V‘"’N (27)
and

Ld> =V o 'VPN + V§N¢ V.~ (2.8)

The Liouville operator L determines the dynamics of the total distribution
function p(X,, X,, t) of the granular flow system,

p(8) = Lp(?) . (2.9)
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We shall use a projection operator technique [6] to obtain an equation of

motion for the reduced distribution function of the translational degrees of
freedom W(X,, t), where

W(X,, t) = f dX, p(X,, X, 1) . (2.10)

At total equilibrium, the distribution functions are

~BH, e—BHi e—B¢

e
= 2.11
P p (2.11)
and
-BH, -BH; ,—B¢
t dX i
w, =2 fdXie e , (2.12)
q
where

g= f dX,dX, e Plhe PHie P,

B=(kyT)™', and T is the equilibrium temperature of the overall system. It will
be useful to introduce the equilibrium distribution function for the isolated
internal degrees of freedom,

—BH;
e 1
(X . )= ———— 2.13
pl( i’ ) J‘dXie—BHi ’ ( )
and define the potential of mean force, w(r"), by
e Pt = f dX, p e P*=(eP*),. (2.14)

Finally, we define g to be the conditional distribution function for the internal
degrees of freedom in the presence of fixed translational degrees of freedom,

F ”Wee =pe P ef (2.15)
Note that p is normalized in the sense that [dX, p=1. We define the

projection operator % acting upon an arbitrary dynamical variable of the
system B by the relation
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PB=p f dX, B .
By defining

y(0) = Pp(t) = pW(1)

and

z()) = (1= P)p(1) = 2p(t),
it follows from eqs. (2.9) and (2.10) and the facts that

dei LB=0, dei LtB=LtdeiB

de,. L,B=V, -dei V~dB,
that

W(t) = f dX; L[y(t) + z(T)]

=L W)+ f dX; pV.ne -V W(t) + Vv - J dX, Vadz(1).

The equation of motion for z(¢) is given by

Z(t)=2Lz(t) + 2Ly(?) ,

which has the formal solution

z(t) = e*"2(0) + f dre®*2Ly(t— 7).
0

Since

Ly(t) = (Lp)W(t) + p(L, + Vv -V v )W(2)
and

Lﬁ = —i)“(Lt + V,N¢ 'VPN) In We )

we find that

213

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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~(w =~ pp"
2Ly(t)=p\Vnd Vv + V.~ )W(t) (2.22)
where
—~
Vg =Vvd = (Vn), =V,n(¢d — )
and (B),= [ dX, pB. Substitution of the expressions for z(t) and 2Ly(t) in
egs. (2.21) and (2.22) into eq. (2.19) yields the exact equation

N
WX, )= (— % Von+ V(U + w) -Vpn)W(t)
t
+V,n f dr f dX, Vv e®™p
0

( Vot Vo +Voup - Br" )W(t 7)
+Vn f dX, V.n¢ e*'2(0) .

In order to make the equation of motion for the reduced distribution function
W(t) tractable, it is useful to exploit the difference between the mass of the
granular particle and the effective mass u of the internal modes. We therefore
define

w 1/2
=|— 2.23
€ ( m ) ’ ( )
which we expect to be very small (e <1) since the granular particle is massive.
It is then convenient to define the reduced momentum p*N = epN, which is
assumed to be of order €’ =1. We then find that we can transform the phase
space of the Liouvillain of the system and replace p"/m by e(p*"/u) and V,~ by
€V,.~, to obtain

L= €(L>:< + V. nd 'VP*N) + L, + V§N¢ Vv,

where L* = —(p*"/u)V,x +V~U-V,.v. For times longer than the isolated
internal relaxation time, 74, and to second order in powers of €, we obtain [7,8]

=N
W(X,, t) = [e(— ”“ Vu+ V(U + o) -v,,,N)

+ @) 5o Gyon+ B [ + 06y = oW
H (2.24)
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where the last equality is valid to order €’ In eq. (2.24), I'(r") represents
N r N o~
I'(r )Ej dr (V,vd{exp[(L; + Vivd -V, n)7] Vv }), . (2.25)
0

Since the potential ¢ is short-ranged and V,jd)(r].k) =Vr,-k¢('/k)’ we may write
~ —~
<Vrik¢{exp[(l‘i + V§N¢ 'vnN)T] vr1m¢} >i
Pl ~~
= <vrik¢{exp[(l‘i + V§N¢ .v‘rrN)T] vrjk¢}>i
= 'yjk(rjky T) f'jkfjk » (2.26)
and hence

T (r) :V,n(V,n + Bp*"in)

’

2 * *
€ - B(pr; — pi)
~3 }}) kEﬂ_ ViFiuFic: (Ve —v,;)((vp; V)t )

where vy, = [7d7v,(r,, 7). Eq. (2.24) defines the effective Liouvillian
operator O for the distribution function W(r). It can be shown that any
arbitrary function G(X%,t) of the translational phase space X* =(r", p*")
obeys the generalized Langevin equation to order €°,

G(X*, )= K,(t) + O'G(X*, 1), (2.27)

where

o' = e(”m Vo~V (U + ©) -v,,.N) () (f PV —VP’NVP.N)
(2.28)
and
K ()=—-e "DV - $)LG,
with #B = J dX;pB. Note that due to the terms proportional to I'(*") in O
and O, O # —O". It is important to note that the orders of magnitude of the

various terms in O and O" are not really properly described by the factors of e
multiplying them. There are other parameters which must be taken into



216 J. Schofield, 1. Oppenheim | Hydrodynamics of inelastic granular systems

account such as the radii of the particles and the strengths of the interactions,
U and ¢.

In the instance in which there is a separation in timescales between the
relaxation of the momentum and spatial degrees of freedom, a relatively simple
equation for the time dependence of the distribution for the more slowly
relaxing variable can be obtained. When the momentum relaxation of the
granular particles is faster than the relaxation in coordinate space, the
Smoluchowski equation, which determines the time dependence of the coordi-
nate space distribution function R(r", f), applies for times longer than the
momentum relaxation time 7,, which is proportional to the mean free time of
the granular particles. In general, moments of the distribution function
W(r", p", t) rapidly approach those of the local equilibrium distribution func-
tion o(r", p", t), which corresponds to a system with locally defined chemical
potential and temperature. The local equilibrium averages then relax on a
much longer timescale to their equilibrium values in which the chemical
potential and temperature are uniform. When there is friction in the system,
however, the momentum distribution approaches a Maxwellian more rapidly
since the frictional forces between particles tend to reduce the magnitude of
their relative momenta. We shall represent the situation in which the spatial
distribution remains relatively uniform over the timescale of the momentum
relaxation by assigning a small parameter & to spatial derivatives of the reduced
distribution R(¢).

The equilibrium coordinate space distribution is given by

R(r") = f dp™ w,(r", p") . (2.29)

The equilibrium conditional distribution function for the momenta is given by

- WY, P exp[-B(p" - pV)/2m]
HP )= = ) = Tap® expl-Bp" - p) /2m] (2.30)

€

Following the development of the Smoluchowski equation of Oppenheim and
McBride [9], we define the projection operator & by

PB=1I, f dp" B. (2.31)
Note that

PW(N, p, 1) = ILR(, 1),
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so that [ dp™ #W(¢) = R(t). Following the same procedures we used to obtain
W(z) from p(t), we obtain the exact equation [9]

R(t) = % A f dp™ p" e =91 — P)W(0)

1

2
+ % Ve f dr f dp” p" e P p¥ (V. ~VuIn R)R(t— 1) .
0
(2.32)
From eq. (2.24), we see that
0=80,+ 0, (2.33)
where
o, = “m *Vau+ VAU + w) 'VPN ,
(2.34)

N
0, =TI'(™) ;va(VPN + %) ,

and we have associated a factor of 8 with each spatial derivative. Assuming

that 8 < e, and noting that e°>‘(1 — #)W(0) =0 for ¢ > 7,, W€ can write eq.
(2.32) to order 67 and for ¢> T, as

o

N N
R, 0=V [ ar ([ ap* 2 e, L) [V, + BV, + w)RG).
0

(2.35)

Expanding the exponential ¢°® and calculating term by term, we find that

(11, p")

Ip~- (11 - % re™yr+ % re™y-reVy+-- )

,p" e ®mrens (2.36)

and therefore

. K, T
R(r", )= 2

=~ f dr Vw-e B™IED 19 4 BV (U + 0)]R(t) .
0

(2.37)
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Since the Hamiltonian of the system is both translationally and rotationally
invariant, w(r") depends only on the scalar distance between particles. For
example, the Smoluchowski equation for R®(r,, ry, t)=[dr,---dr, R, 1)
to lowest order in the density is

: KT [ )
ROGY, 1= T2L [[4r, - [(1 = Fafin) + Fafp €070
0

[V

12

+ Bvrlza(rn)]R(Z)(rl’ r12s t) ) (238)
where
a(ry;) = U(r,) + o(ry,) . (2.39)

If we define g(r, t)= [ dr, d# R®(r,, r, t) where we have set r;, = r, then to
lowest order in the density

K,T (
f dr f dP V. -[(1 = #) + Fre 2™
0

§(r, 1) =

[V, + Bra'(n]g(r, 1), (2.40)

where f'(r)=(d/dr)f(r). Carrying out the integrals over the angular part of r
and over 7, yields

gr,t) _
(K, r 27(,) [g'(r, ) + Ba'(r) g(r, D]
d
ar (27( ) [g'(r, 1) + Ba'(r) g(r, t)]) (2.41)
If we set

z(r, )= ( ) [g'(r,0) + Ba'(r) g(r, 1],
then

g(r,)=Q2/nNz(r,t) + z'(r, 1) . (2.42)
The stationary solution of (2.41) occurs when g(r, t) =0, so that

Q2/Nz(n+z'(rn=0. (2.43)
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One solution of (2.43) is z(r) = 0, which implies that g(r) = c ¢ #*". However,
there is another solution for nonzero z(r), which is z(r) = K/r>. If we model the
potentials by

a(r)=U(r) + w(r)=a(alr)", (2.44)

where o is the diameter of the particles, a is a constant, and n> 1 so that

0 fr>ao,
a(r)—>{® ifr<eo, (2.45)
a fr=0o,

then we find that g(r) = c8(r — o), which implies that

_ 8(r— o)

2.46
Amo? ( )

g(r)
Eq. (2.46) is, of course, not the equilibrium form for g(r). Because the friction
coefficient is essentially infinite on contact, the diffusion constant becomes zero
and the system gets caught in a non-equilibrium part of phase space.

3. The nonlinear hydrodynamic equations

In this section, we derive the nomnlinear hydrodynamic equations for the
granular flow system based on projection operator techniques developed by
Levine and Oppenheim [5]. Following their development, we define a special
set of variables A(r, X,(t)) = A(r, t) to be the number density N(r, t), energy
density E(r,t) and momentum density P(r,t) and define a column vector
C(r, t) to be

C(r, £) = <A(:, :)> , (3.1)

where A(r, £) = A(r, t) — (A(r)). Here, the angle brackets ( G(r)) denote the
equilibrium average of an arbitrary function G(r) of the phase point X,

(G(r)) = f dX, W.G(r) . 3.2)
The non-equilibrium average of an arbitrary function G of X, is defined by

8) =0 = | ax, 6x) W, (33)
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where W(t) is the reduced distribution for the translational degrees of freedom
(see ey. (2.10)). We now define the local equilibrium distribution function o (¢)
to be

() = LB D x COIWUX)
~ TaX, W) explé(r, 1)+ CI]

(3.4)

where the * product notation implies an integration over the repeated spatial
argument r as well as a vector product,

(. ) C(N =2 f dr¢,(r,t) C,(r). (3.5)

The ¢, (r, t) are chosen such that
Clr,n)= J' dXx, C(r) W(t)= f dX, C(r) a(t)=(C(r)),, (3.6)

where (---), denotes the average over the local equilibrium distribution
function. It follows from eq. (3.6) that the exact values of the non-equilirium
averages of the special variables in C(r) at any time ¢ can be obtained from
averaging these variables over the local equilibrium distribution function o(¢).
The ¢,(r, t) can be considered as Lagrange multipliers which fix the average of
the densities in C(r) at each point in space r, at time ¢. Note that the ¢
conjugate to C =1 is zero.

We now define the projection operator %(t), which acts on an arbitrary
dynamical variable G(r), by

P(1) G(r) = (G(r) C(r))),* K, ' (ry, 1) ¥ C(ry) , (3.7)

where
K,(ry, 1)) =(C(r)) C(ry)), .

Note that 2(t) G(r) = (G(r)), since {C(r)), = (C(r)1),. We also define the
projection operator 2 '(¢) by

') G =| [ dX, G Cr) | * K. (1o m) =€) 0.

@'(t) projects the distribution W(¢) onto the local equilibrium distribution
function o(t),

P W) =o(t) .
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Furthermore, as was shown in Levine and Oppenheim [5], ?7(¢) is the
Hermitean adjoint of %(¢), so that for arbitrary functions D(r,) and G(r),

[ ax, b 120 601 = [ ax, 1270 DG . (38)
We are interested in obtaining nonlinear equations of motion for the

nonequilibrium averages a(r, t) of the densities of the components in the set
A(r). Since a(r, t) = [ dX, A(r) o(t) by eq. (3.6), we obtain

a(r, t) = f dX, A(r) 6(1) (3.9)
From the definition of o(t), it immediately follows that

5(t) = A% §(1) o(t) (3.10)
where A= A~ (A), and hence

P (1) W(t) = T * K" % Co(t) = d(0) * (AC), x K"+ Cor(t)

= ¢(t) * Aa(t) = 6(1) - (3.11)

If we define x(¢) to be

X(©)=[1— 2 (OIW(e) = 27()) W(e) = W(r) - (1), (3.12)

so that W(t) = P '(t) W(t) + 27(¢) W(t) = o(t) + x(¢), then it follows from sec-
tion 2 and eq. (3.11) that

(1) = 2'(t) OW(t) = 2'(¢) O[o (1) + x(1)]. (3.13)
Now W(t) = OW(t) = P'(r) OW() + 27(r) OW(¢), so

x() = W(t) = 6(1) = 27()) OW(1) = 27(+) Oa(r) + 2'(1) Ox(1) . (3.14)
The formal solution of eq. (3.14) is

«0=[ 7. ([ 402'0) 0) |40

t t

+ f dT[T+ exp( f do 2'(0) 0)]9*(7) Oo(7), (3.15)

0
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where T, is the time ordering operator. If we insert (3.15) in eq. (3.13), we
obtain

a(t)=P(t) Oc(t) + PT(t) O f dr [T+ exp( f do 2%(a) 0)]9*(7) Oo(1)

+ P O[T+ exp(f do 2(0) 0)])((0) , (3.16)
and hence

a(r, t) = f dX, A(r) ?'(t) Oo(t) + f dX, A(r) ?'(1) O f dr

X [T+ exp(f do 2'(0) O)]Q (1) Oa(r) + x(0) term . (3.17)

For simplicity, we will assume that the initial distribution W(0) is of the local
equilibrium form W(0) = o(0) so that xy(0) = 0. In general, this is not the case
but we expect that the correlations due to the initial state of the system persist
only for a microscopic time 7,,, the time between the collisions of the granular
particles. Thus, for time scales longer than this collision time, > 7, , we can
ignore the additional terms due to x(0).

Now since [dX, A?'(¢) B(r)= [ dX, B(r) A, for times longer than 7, we
may rewrite eq. (3.17) as

a(r, t) = f dX, A[Oo(1)]
+ f dX, A(r) O f dr [T+ exp( f do 27(0) 0)]9*(7) Oa(7),
= f dX, (0'A)a(r)

+fdx,(oTA)fd¢ [T+ equt do 27(0) 0)]3*(7) Oo (1),
0 T (3.18)

where O is given by eq. (2.28).
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We may reexpress O and 0" in the form
_aN
0= (% W+ V(U + ) -VPN) +0,+0,,
N
o'= (’-’n7 Va—VuU + ) -va) +Ql+0l=01+9,,
where
.. (B
=33 Z v (& 5, -9, )8 1)
; E ‘Y/kr]kr]k (v Vpk)(vpj —vpk)

N = NI»—-*

0, =
and
QT— ——1 2 2 r oProe E _ V V

17 & e T (PP, — V)

Note that (2, + 2])B =%, £, v,(B/m)B and hence

O=-L-0/+(Q,+0)+ 0,

1 P
=-01+2 > (71k ) t3 2 E Vel iFie: (V, = Vp )V, =V,
] ]

jok#Aj

Inserting (3.22) into eq. (3.18), we obtain

223

(3.19)

(3.20)

(3.21)

(3.22)

a(r,t)=(0'A), + fd7<(o*A)[T equdag*(a) 0)],@*(7) ¢(7)>

where
Oa(t) = (1) o(2)
[(0Mw¢m+22( %)

+ 3 z 2 yjkf]kf/k : [(vp _Vpk)(vp~ —vpk)A * ¢(t)
2 J kA / 4

+ (VP;' =V, )A*é(t) (Vp’_ -V, )Ax* qb(t)]]a(t) .

(3.23)

(3.24)
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Furthermore, since

2'(r) Oa(r) = [¥(r) = (#(r) C), * K. * Clo(r) = [2r) ¥(D)]o(7) ,

where 2(7) D=D — (DC),* K" *C, and

[ ax, D2'() 0w o(n) = [ ax, [0"2x) Dlutr) o)
we may rewrite (3.23) as

a(r, )= (0'A),

+ f dr <{[ T_ exp(f do 2(0) OT)]Q(T) OTA}[Q(‘T) l/f(‘T)]>7

~(0'4), + | dr ((exp[2() 0'r]2() 0'4)2() (1),
0 (3.25)

To obtain (3.25), we have assumed that the set of conserved densities which
compose the set A are slowly varying compared to the time scale of the
relaxation of the other translational variables, 7,,. In ordinary hydrodynamics,
the time derivative of the hydrodynamic variables which compose A are
proportional to the gradients of the system and are therefore small for
relatively uniform systems. For granular flow systems, however, the energy is
not conserved and hence the time derivative of the energy density has terms
which are not proportional to a gradient and not necessarily small, even for
uniform systems. Therefore, we shall restrict our attention to cases when the
energy density is slowly varying over the timescale 7,,. This assumption limits
the magnitude of v, in the system evolution operators {2, and £,.

For simplicity, we will ignore long time tails due to mode coupling terms and
expect the time dependent correlation function in (3.25) to decay quickly since
the slowly varying behavior of O'A and ¢(¢) due to the slowly varying densities
in A are removed by the projection operator 2(t). We shall address the effect
of mode coupling on the granular flow system in a later paper.

The local equilibrium average (---), can be approximated by an average
over a homogeneous distribution function to lowest order in the gradients of
the system by using the fact the thermodynamic quantities which appear in
&(r, 1) vary slowly in space [1,10]. The term A * ¢(¢) which appears in o(f) can
be written as
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Axo(0)= [ dr AK) 6(r, 1)
= f dr' A(r")- &(r) + f dr’ A(r')-[&(r') — d(r)] .- (3.26)

By expanding the second term on the right of (3.26), we may write the local
equilibrium average of an arbitrary dynamical variable B(r) as

Ax¢(t)
(B()), = %

B Aor) B A Ad(r, 1)

< (3.27)

+ -

where A= [ dr A(r) and A()= A(r) — (A(r)),. The correlation function in
the second term of (3.27) is zero for |r — r’| > £ so that the overall term is of
order (£/L)* ~(&k)* <1, where L is the length scale on which ¢(r') varies.
Thus, to a very good approximation, we may write

(B>H(r t) (3.28)

(B(r),=
where the notation { B)4(r, t) indicates the average of B = [ dr' B(r’) over the
homogeneous distribution function in which the thermodynamic forces ¢(r’, t)
are evaluated at point r.

We now turn our attention to the explicit evaluation of the terms which
appear in the Euler part of equation (3.25), which is given by (O'A),. The
equations of motion are for the quantities a(r, t)=(1/V)(A)y(r, t), whose
components are the number density n(r, t), the energy density e(r, t), and the
momentum density p(r,t). It is convenient to introduce the reduced
momentum

p; =p; — mou(r;) (3.29)
and
P (N=2p/s(r—r). (3.30)

We then find that A-¢(r,t)=—E B(r,t) + B(r, t) u(r, ) N, where E is
obtained from E by substituting p; by p}L , and hence
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P(r) = P™(r) + mv(r) N(r)
E(N=E"(r)+v(r)-P*(r)+ imv’(r) N(r) .

Equation (3.25) is the fundamental equation which describes the nonlinear
hydrodynamics of granular flow systems. Tedious but straightforward algebra
yields

O'N() =~ - ¥, [P"() + mu(e) N(P)]

(3.31)

OTP(r) ==V -[77(r) + v(r) PT(r) + P*(r) v(r) + N(r) mo(r) v(r)]
OTE(r) =-V - [jg N+o(r)- 7 () +o(r)ET(r)+ %vz(r) P (r
+o(r) v(r)- P*(r) + 1mv’(r) N(r) v(r)]

S35 (L (o) —p)R) P 1)o7

i kM

+27°7(r) [V, u(n)],

(3.32)

where

+  +
p;p; 1
T+(r)=2< ]m] + 2 E‘rij].k>6(r— ),

() = 2 2 (Wt bty (P = pi)S(r =), (3.33)
TN =71"(r+ 7°+(r) ,
and

1o =2( ’,f,” PR LT

Jo(=-5= 2 2 (r btk (P — P () —pSGr—T,)
Je=Ji(n+ Jg+(,) :
Thus, the Euler part {O'A), yields
n5(r, )= =V, - [n(r, ho(r, D],
pE(r, ty=—=V_P,(r, ) =V, [n(r, ©) mv(r, t) v(r, 1)]
é5(r, )= =V - [v(r, ©) K™ (r, )] = V, - [ mu(r, t) v(r, £) n(r, )]

. (Ej Iy 'ij)H("a 1)
mVT

(3.34)

[T(r, 1) = T1],
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where we have used the facts that
~ 4 t
S’L‘P;(”_) =P (r,)1

where P,(r,t) is the hydrostatic pressure, (Jg)u(r,)=0, and A*(r,¢)=
e’ (r,t)+ P,(r, t) is the internal enthalpy density. Note that unlike ordinary
hydrodynamics in which é(r, t) is proportional to a gradient, é(r, t) has a term
which exists for uniform systems, and reflects the fact that energy flows out of
the system.

We now turn our attention to evaluating the second term in eq. (3.25),
namely the term

i°(r, 1)= f dr 11/ ([G() 2() O'A12(0) $(O)) (. 1) . (3.35)

where
G(r)=e*® 9"

From eqs. (3.7) and (3.32), we see that
2() O'N(r)=0,
2(1) O'P(r)=-2(1) V,-77(r),

2() 0'B()) = 20) | ¥, i () =V, [7* () o) + 27" (7):[V,0(9)]

D Y,k(zm Fufu: (P} = P )P} — )_1>

j ke T
x8(r— r].)]

=2(0) {-V,- Je () =V, [F () v(")]

+20%(1): [V, ()] - X()}
and hence

AP, )=0,

()=, [ dr 3 ([G(0) 200 G5 + () F))20) 6Ol 1)

+ [ ar 3 (16 20) X1 200 ¥ u(r,

+2%,00): [ dr 5 (1G() 20) 120 YD) u(r, 1)
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570,0= -, [ 4 L (166 2071 20) 80t (3.36)
According to eq. (3.24), ¥() is given by
#0)=~01)= 6(r.) + 5. T3 3,16~ B 1)
+ Z gj Vel (%, =V, ) A% o, 0],

and hence to linear order in the gradients of the system we obtain for

2(1) ¥(2):

2(0) W)= 20| (=7 + 7): [V, o) B(r. D)

+JL -V B(r, )+ JY -V B(r, 1) <1 - %)
- Y[B - B(r, t)]] > (3.37)
where
v=23 2 (B s (o7~ 00)p) i)~ 1).

Combining eqgs. (3.36) and (3.37), we obtain

éo(r, t)=fd7‘l/{—v,
0

-<[G(7) 20 J2] 2(0) [Jg + J‘,’;(1 - 3@)]%0, 1)
“V.B(r, 1)

+V,-{[GT) 20 [*7 - o] 2(2) (=7 = 7°7)) y(r, 1)
Vol 0]B(r, 1)

+V,{[G(7) 2(1) [7" - v(N]] 2(8) Y) u(r, ) [B — B(r, 1)]
+2[V,u(r, )]:([G(r) 2(1) 7" 1 2(6) (*°7 — 7)) u(r, )
[V, 0]B(r, 1)

=2[V,u(r, )]:{[G(7) 2(6) °7] 2(2) Y) u(r, 1) [B = B(r, 1)]
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~{[6() 20) X1 20) (°" = 7)) (e, ):[9,0(r, )] (7, )
+ (G 20X 200 ¥)u(r, 0 (8~ B D)}

PP 0= dr 3 (9, (1G() 20) (" + 7] 2() (" = 7 (o, )

S B(r, ) [V,u(r, 1)]

+V,-([G(7) 2(1) (+" +7°)] 2(0) Y)u(r, ) [B — B(r, D]} .
(3.38)

Due to the magnitude of the granular particle mass, m, each factor of
Y/ m = ezyjk/p, yields a small parameter A. Therefore, we associate a factor of
A with each factor of y;,/m to characterize the order of magnitude of each
term. If A is on the order of the gradients of the system, then to second order
in the gradients we may simplify equation (3.38) and obtain the nonlinear
hydrodynamic equations

n(r, t)y ==V, - [n(r, t) v(r, t)],

[e*(r, ) + %m;)z(r, ) n(r, )] =

=V _-[v(r, ) k¥ (r, )] =V, - [2mu(r, £) V(r, ) n(r, 1)]
+ [ ar & (-9, (160 20 121 20 ) ulr, 09,80 )

+9,-((G(0) 2V [+ v(r, O]} 2() 7 (s, ): B(r, ) [V,0(r, )]
+ A9, ((GD) 20 [r o)} 2) Yu(r. ) [~ B(r. 1)

+ MG() 20) X1 2(0) 1), 0:(%,0(r, DB, 1)

+ NG 2(0) X] 2() Y) (. 0 [B ~ B(r. 1)

A<Zj Linj ')’jk)H(", 1) B
B mV (B(r, f) - 1) ’

[mu(r, )n(r, ©)] = —V,P,(r,t) =V, - [n(r, £) mo(r, ) v(r, )]

. f dr (9, {[G(r) 2) ] 2() 7" )(r. )
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[(V,o(r, D]B(r, 1)
+ AV, - {[G(7) 2771 2(:) Y)y(r, ) [B = B(r, D]},
(3.39)
where
ng kz#j % (% Fafu: (P *—pi* NPy *—pi*)— 1) ,
(3.40)

7]’ > A A + + + +
Y=Z 2 i (B(r ) Fakiu:(P;* = Px *)(Pj iy *)_1)-

Examining eq. (3.39), we see that the nonlinear hydrodynamic equations of
motion for the granular flow system differ from those conservative systems by
the additional four terms appearing at the end of the energy density equation
and the additional last term in the momentum density equation. Note that the
number density equation is unchanged.

Following the development of the ordinary hydrodynamic equations [5], we
introduce the fourth rank tensor O,(r, ¢) and the second rank tensor O,(r, )
which are defined by

[0,(r, D]y = f dr (1G() 2() 7512() T ) ulrs 1)

| %4

{[0r, 0 - n(r, t)]sijakl +a(r, £) (6ik6jl + 6;‘16,'1()} )

1
Bl ) (3.41)

[0.(r, 1)], = f 4, {GM 20 Ue) ] 2() ) u(r )

|4

1
= —_k Bz(r t) K(r, t) 6” .
B 5

In eq. (3.41), kg is Boltzmann’s constant and {(r, t), n(r, t) and «(r, t) are,
respectively, the bulk viscosity, the shear viscosity and the thermal conductivity
of a homogeneous system with number density n(r, t) and internal energy
density e (r, t). Inserting (3.41) into (3.39), we obtain the fundamental result
of this section:
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A(r, t) = =V _+[n(r, t) v(r, t)],
[e"(r,t) + %ml.)z(r, Hn(r, )] =
=V - {v(r, t) [A*(r, £) + tmn(r, 1) V(r, D]}

+9,- {u(r, 1)+ O,(r, 1) B(r, 1): [V,0(r, ] = O.(r, 1)V, B(r, )}
+ [ ar L (W9, ({9) 20 [+ -]} 20) V(e 0 [ - B, 1)

+ M[G(7) 2(1) X] 2(1) 77 ) u(r, ):[V,0(r, D] B(r, 1)

+ X((G(r) 20) X1 20) Y)u(r, 0 [ - B(r. ]

A(Zj Ziwi Vi YT 1) B _
- mV <B(r7 t) 1)’

. (3.42)
[mo(r, £) n(r, )] = =V, P,(r,t) =V, - [n(r, t) mo(r, t) v(r, t)]

+V, {0, (r, ) B(r, t):[V,o(r, )]}

® . )
+AV, - f dr 7 ([G(r) 2() 7T 2(0) V) u(r. 1)
X[B_B(r’ t)] .

If A% is on the order of the gradients of the system, the momentum density
equation for the granular flow system is identical to the ordinary momentum
density equation to second order in the gradients of the system, and the energy
density equation contains only the additional term

(Zj Ek;sj 'ij>H(r9 1) B
mv (B(r, e 1) ,

which accounts for the unidirectional flow of energy from the translational
degrees of freedom in the granular flow system into the granular particle
internal modes when T(r, ) > T.

The effect of external stress on the clustering phenomenon discussed in
section 2 is easily obtained from the hydrodynamic equations presented above.
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If a steady state can be maintained which prevents the hydrodynamic tempera-
ture decaying to 7, the internal mode temperature, the clustering phenomena
will be vitiated. As a concrete example we consider the effect of an imposed
shear on the system. There exists a steady state in which

v(r, t) = byé, , (3.43)

and P, and n are independent of position. This implies that all the thermo-
dynamic and transport coefficients are independent of r. Under these condi-
tions, = p =0, and the steady state form of the energy equation yields the
condition

(Ty—T) (éf‘_l_ /\ZAZ)'

2
b =""F m  kyTy

(3.44)

(Refer to eq. (4.2) in section 4 for the definitions of A, and A,.) Here, T is
again the temperature of the internal modes and Ty, > T is the temperature
that is maintained by the shear stress. 7 is the equilibrium value of the shear
stress, defined in eq. (3.41).

4. The linearized hydrodynamic equations

In this section we examine the system of hydrodynamic equations obtained
by linearizing eq. (3.42), which may be written as

n(r, t) ==V _-[n(r, t) v(r, 1)]
[e"(r, )+ §m;12(r, 1 n(r, t)] =
~V_-{v(r, ) [1*(r, ) + 1m0°(r, £) n(r, )]} + V, - [x(r, ) V,T(r, 1)]
+V, - {o(r, ) [{(r, ©) = §n(r, DIV, - v(r, 1)}
+V, [v;(r, ) n(r, ) V, v,(r, 1)+ v(r, )n(r, 1) V,]_vi(r, 3]
+AV, - {ov(r, 1) O,(r, 1) [B = B(r, D]} + A[O,(r, ) B(r, )V, - v(r, 1)]

2o (s )

+AA,(r, ) [B— B(r, )] — A
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[mo(r, £) n(r, £)] = ~V.P,(r, 1) =V, - [n(r, £) mo(r, 1) v(r, 1]
+V {[L(r, 1) = 3n(r, DIV, - v(r, 1)} + V, [n(r, ) V, v(r, )]
+V, [n(r, ) Vo, (r, D] + AV, 0,(r, ) [B — B(r, 1)] , (4.1)

where

VO, (r, t) = f dr {(+* (@) Y u(r, 0,
VO,(r, 1) = f dr (X“(1) 7" u(r, 1), (4.2)

VA(r, 1) = <Z kg y,.k>H(r, 0, VA= f dr (X%7) Y u(r, 1),

and i and j are summed from 1 to 3. If we define the linear deviations of the
hydrodynamic variables to be

dn(r,ty=n(r,t)—n,, dv(r,)=v(r,t) —v,=v(r, t),

de(r,t)y=e"(r,t)— ¢, ,

(4.3)

where n, and e, are the equilibrium number and internal energy densities
respectively, then to linear order in the deviations we obtain

on(r, 1) = —n,V, - dv(r, 1),
mn, Sv(r, £) = —aV, dn(r, t) — bV, de(r, 1) + (£ + in)V,V, - du(r, 1)
+qV2ou(r, 1), (4.4)

Se(r, ) = —cV, - du(r, 1) + K(Z—:) V.-V, 8n(r, 1)

+ K(;T) V. -V de(r,t)— fdn(r,t) — g de(r, t),

e+
where
o=l 225 (G0). ] o=l (5).)
Xn kBT2 In/ et ’ - Xe kBTZ ae+ " ’
c=h" A6,
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[ AA, (_) A’A, ( a T) ]
1= mt kyT? 17
[ () - 2 (2] s
E=1mT \ae" /. kyT? \ae*/nl’ (4.3)

_(aP) _(aP)
X,,_ on e+, Xe ae+ n'

These equations may be written in Fourier space as

and

dn(k, 1) = ingk dv,(k, 1) ,

de(k, 1) = ick dv,(k, 1) — [K@—:)H# + f] dn(k, 1)
- [K(:;>nk2 + g] de(k, t), (4.6)
iak ibk k’

5b€=m—a n(k, t)+——8(k 1) —(¢ + i)

o 20k 0,
dv,(k, £) = — W K2 3v,(k, 1),
0

where we have defined the longitudinal and transverse velocities by
S (k,t)=k-dv(k, 1), du(k,t)y=kndv(k,1). (4.7)

Note that the linearized equation of motion for the transverse velocity dv,(r, 1)
is uncoupled from the other hydrodynamic densities and is identical to that
obtained for ordinary hydrodynamic systems. From eq. (4.6), we conclude that

dv,(k, t) = exp<— # kzt) dv,(k) . (4.8)

If we set A to zero in eq. (4.6), the ordinary hydrodynamic equations are
obtained. The eigenmodes or hydrodynamic modes of this system of equations
are given to lowest order in k by

+

T(k) = de(k) — %— dn(k),
o (k)= 8 (k) + Se(k) + mdv,(k), (4.9)

0a(k) = 2 dn(k) + Xe “ Be(k) = m duc(k),
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where ¢, is the zero frequency adiabatic sound velocity defined by

c§=ﬁ+"e—h+. (4.10)
m  mn,

The time dependence of the hydrodynamic modes is given by

T(k, t) = exp(—Ik’t) T(k),
o(k, 1) = exp[(icok — Isk*)t] a,(k) (4.11)
a,(k, t) = exp[(—icok — [;k*)e] o, (K)

where the sound attenuation and thermal diffusivity coefficients are

1 aT L+ 3n
TN O]

2 de mn,
_"_H[ (ﬂ) _ (a_T) ]
o=t ol oo ), x50 ). ) (412)

and Ay = [¢ dr 5(JE(r)-JE).
If we set kK =0 in (4.6), we see that

Sn(f)=du,(t)=0,  de(t)=—fdn(r) — g de(t) (4.13)

which implies that 3e() is an eigenmode with eigenvalue

B aT) <~A1A Az)\z)
z‘_<ae+ A= +kBT2 : (4.14)

Note that since A <1, the energy mode decays to zero in uniform systems.

The general solution to the system of equations in (4.6) for nonzero A and &
are given in the appendix. The general eigenvalues are given by complicated
expressions involving cube roots and suggest nonanalytic k¥ and A behavior
from which it is difficult to gain any insight, particularly since there are new
transport coefficients involved. We therefore consider the limiting cases in
which A~ k® so that A <k, and A® ~ k so that A> k.

When A ~ k* we find that the hydrodynamic modes are unchanged from the
A =0 case given in eq. (4.9) to lowest order in k. Furthermore, the real part of
the hydrodynamic roots are shifted from I’ to I; 1 and from I to fs where
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Fmrir o (E)leGr) -l )

~ 1 oT {+3in -
FS:E[A (ae )n+ mn, FT]'

When A% ~ k, on the other hand, we find the eigenvalue roots become

3 aT)(-AlA A2A2> (k_2>mn3<ae+) . .
= () (= o) () B (5F) @ e r o,

(4.15)

z, =ic (1‘),\ —%(a ) (2+c§)(%)2,\3+@()ﬁ), (4.16)
Z3=—lc< )A ——( ) (c2+c§)(f5)2A3+0(A4),

where
Cz(%_% %)UZ, (4.17)

and the definitions of I" and vy are given in (4.2). It can be established from the
stability conditions for equilibrium that ¢>0 and hence two propagating
modes and one diffusive mode exist when A ~ k. These modes are analogous
to the sound and heat modes that are observed when A ~ k° and when A =0.
Note that as k approaches zero roots z, and z, approach zero and z,
approaches the root given in eq. (4.14). It is also worth noting that

2
=<5 (—{’—T;> . (4.18)

2 "H
mc, de

S. Summary and conclusions

In this paper we have derived generalized Fokker—Planck and Smoluchowski
equations for the translational distribution functions. The Smoluchowski equa-
tion leads to clustering in configuration space. We have also derived the
nonlinear hydrodynamic equations for a system of N particles in which energy
gradually flows unidirectionally from translational degrees of freedom into
internal modes of the particles during collisions. A small parameter € appears
in the effective Liouvillian for the evolution of the translational degrees of
freedom and is associated with the flow of energy into internal modes. Terms
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containing 7, /m are small when averaged over the translational degrees of
freedom. We have therefore associated a small parameter A to each factor of
Yy/m that appears in the hydrodynamic equations. We have limited our
analysis to the case in which the energy density is slowly varying over the
timescale 7,, and have therefore restricted our analysis to the regime in which
the gradients of the system and A are small.

The resulting nonlinear hydrodynamic equations for granular flow systems to
second order in gradients and A are given in eq. (4.1). These equations have
additional terms in the equations of motion for the energy and momentum
densities which are not present in ordinary hydrodynamics. The linearized
granular flow equations, given in eq. (4.4), have many features in common
with the ordinary linearized equations, which can be obtained from equation
(4.4) by setting A = 0. When A ~ k°, where k is the magnitude of the wavevec-
tor of the system, the additional terms which appear in the momentum and
energy density equations change the damping rates of the thermal and sound
modes from I to I and I} to T (see eq. (4.15)). When A” ~ k, there are two
counter-propagating modes with speed

aT/on),+\'"?
o= (ke X (@T/9n), - ) (5.1)
m m (8T/de’),
and a diffusive mode with an eigenvalue root of
T\ (—Ax | AN
21=<a—e—;>"< m,ll,, +ﬁ—2)+0(/\3). (5.2)
B

As k approaches zero, only the diffusive root remains nonzero, which reflects
the fact that energy is no longer conserved even though the momentum and
total number of particles are.

The task of generalizing the nonlinear hydrodynamic equations for granular
flow systems to higher order in A is a daunting task since the effective
Liouvillian operator O' must be generalized to include higher powers of € (see
eq. (2.28)) to consistently calculate the higher order terms of O'A and (1)
which appear in the equation of motion for the densities which compose the set
A in the equation

a(r, t) = (0'A), + f dr (€2 2" 9(f) 0'4) A1) (1)), - (5.3)

In addition to these difficulties, the mode coupling contributions to the
granular flow hydrodynamic equations which have been ignored in this paper
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will introduce nonanalytic powers of A and & just as they do in the ordinary
hydrodynamic equations [11]. Based upon computer simulations [12], mode
coupling seems to play a very important role in granular fiow dynamics since
the flow of energy into internal modes of the particles enhances clustering
effects and coordinated flow of the granular particles. The effect of mode
coupling on the hydrodynamic equations for granular flow systems is currently
under investigation and will be presented in a future publication.
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Appendix

In this appendix, we examine the eigenvalues of the matrix

0 ingk 0

. kz . k

Xk -2 XE _ibak | (A1)
mn, mn, mn,

—cA+dA — kK’ ihTk—ifak —gh+ hA — kK

where
(¢ oT @1 oT _ Al aT
— 1 — vL ‘M (9L
a= 2 + b= 2 + ’ c= 4+
kyT°mn, \0n/e kyT°mn, \de" /n mT \dn/e
A, (aT> 0, A (aT) A, (aT)
= _ = = s h= —_ ,
d kBT2 an/et’ f kBT - 8 mT \get/n kBT2 get /n
Kn = AXn > Ke = AXe s VI = { + 43"7 ’ (A2)

and 6, 0,, A, and A, are defined in (4.1). The eigenvalues of (A.1) are the
three roots of the cubic equation

z3+zz[g)\—h)\2+<xe+ Ze )kz]
mn,

+ z[("ﬁ _ XSy n0a>kz)\
mn, mn,



J. Schofield, 1. Oppenheim | Hydrodynamics of inelastic granular systems 239

+ (bf— —)kz)« + ok + L kA]
mn,
+ [( nKe  Xe n>k4 + (M - ﬁ)kz)‘+ (nOKnb - nOKea)k4A
m m
+

< ed Xn )k AZ]
m
+

a2 +a,z+a,=0. (A.3)

The general solution of the cubic equation is

z,=(8,+5,)— 3a,,

2,=—3(8; + 8,) — }a, + 3iV3(S, - S,) (A.4)
—3(5,+ 8,) — 3a,— 3iV3(S, - 8y),

N
w
fl

S1=[r+(q3+r2)l/2]1/3, S2=[r_(q3+r2)1/2]1/3’

—1 1,2 =1 _ _ 1.3
q= 34, 34, r=¢(aa, —3ay) — za;.

Since we are interested only in the leading powers of A and k, these roots may
be simplified somewhat. However, due to the nonanalytic nature of the roots,
the expansions in powers of A and k are cumbersome unless A > k or k> A.
The roots in these limits are presented in the main text.
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