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The hydrodynamic equations for a system of inelastic granular particles are derived from 
first principles of statistical mechanical theory by applying projection operator techniques. An 
effective Liouvillian operator for the granular distribution function is derived by exploiting 
the fact that each granular particle has many interacting internal degrees of freedom which 
remain at equilibrium at a temperature T and provide a sink for the translational relative 
momenta of the inelastic granular system. The nonlinear hydrodynamic equations for the 
granular system are obtained following projection operator techniques developed by Levine 
and Oppenheim. The resulting equations are similar to the ordinary hydrodynamic equations 
but contain additional terms due to the fact that translational energy is not conserved in 
collisions between the granular particles. The solutions to the linearized equations are also 
analyzed in different regimes comparing the additional terms due to the inelasticity of 
collisions with the magnitude of the gradients of the system. 

1. Introduction 

In recent years, there has been an intense study of the transport properties 

of granular fluid systems composed of sand or glass beads. Most of these 
studies have been semi-phenomenological and involve the concept of the 

coefficient of restitution, which is a measure of the inelasticity of collisions 
among the granular particles composing the fluid. As examples of these 

studies, we mention the analytical treatments of Jenkins et al. [1] and the 
simulations by Walton et al. [2]. The inelasticity is essential for the treatment 

of these systems and for comparisons with experimental data [3]. 
The aim of this paper is to derive the nonlinear hydrodynamic equations for 

a system of N particles in which the collisions between particles are inelastic. 
We expect the equations to apply to granular systems since energy flows 

unidirectionally from the translational degrees of freedom into internal modes 
of the particles in the collisions between granular particles. Each granular 

particle contains many molecules and internal modes which can be modelled as 
a bath with an internal temperature, T, which essentially remains in equilib- 
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rium throughout collisions. Note that when the translational temperature is T, 
the center of mass velocities of the particles are essentially zero. Using ideas 
developed to describe Brownian motion dynamics [4], in section 2 we obtain a 
generalized Fokker-Planck equation for the distribution function of the trans- 
lational degrees of freedom of the granular system and thereby derive an 
effective Liouvillian operator which determines the time evolution of the 
distribution function. We also derive a generalized Smoluchowski equation for 
the spatial distribution function for the center of mass coordinates of the 
particles, R(r  N, t). From the Smoluchowski equation, the equation of motion 
for the radial distribution function R(2)(r, t) is obtained, and the stationary 
form of the radial distribution function for the granular flow system is 
examined. In section 3, we derive the nonlinear hydrodynamic equations for 
the granular system by generalizing a projection operator technique employed 
by Levine and Oppenheim [5] in their work on nonlinear transport properties. 
The linearized form of these new hydrodynamic equations are presented and 
analyzed in section 4 in various regimes reflecting the degree of inelasticity of 
each collision between granular particles. The solutions are contrasted with 
those for ordinary hydrodynamic systems in which the particles interact 
elastically. The final results are summarized in section 5 along with a discussion 
of the possibility of generalizing them. 

2. The model and generalized Fokker-Planck equations 

The granular system consists of N identical spherical particles whose center 
of mass coordinates and momenta are denoted by r N and pN respectively, 
where r N and pN are 3N-dimensional vectors with components r i and pj with 
j = 1 , . . . ,  N. Each of the N granular particles contains many internal modes. 
We will denote the internal coordinates of particle ] by the vector ~i, and the 
internal momenta of particle ] by %. We assume that the number of internal 
momenta and coordinates of each particle is sufficiently large and the interac- 
tions among them sufficiently strong that their distribution function is of 
equilibrium form. We denote the phase point for the translational degrees of 
freedom by X t = (r N, pN) and the phase point for the internal degrees of 
freedom by X i -= (~N, ~rN). 

The Hamiltonian for the granular flow system can be written as 

H(Xt ,  Xi) = Ht(Xt) + Hi(Xi) + qb(X t, Xi),  (2.1) 

where H t is the Hamiltonian for the isolated translational degrees of freedom, 
H i is the Hamiltonian for the isolated internal degrees of freedom and 4) 
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describes the interactions between the translational and internal degrees of 

f reedom. The Hamiltonian H t has the form 

N N 

H,(X,)  = p " p + U(r u) (2.2) 
2m 

where m is the mass of the granular particle and U can be written as a sum of 
two body short-ranged potentials, 

N 

U(r N) = • • U(rq) ,  (2.3) 
i=1 j>i 

where % - Ire - rjl. The Hamiltonian H i is of the form 

(2.4) 

The  interaction term 4) can be written as a sum of two body terms, each of 
which depends on the distance between the center of mass of a pair of particles 
and on the internal coordinates of that pair, 

N 

t ~ ( X  t) X i )  = Z Z th(r,j, ~,, ~i)" ( 2 . 5 )  
i=1 j> l  

We assume that th is short-ranged and decays to zero for % > o-, where cr 
represents the range of interaction, which we expect to be on the order  of the 
diameter  of a particle. 

The Liouvillian operator  for the system can be written as 

L = L t + L i + L6 , 

where 

(2.6) 

L6 = VrN~b -Vpu + V¢N~b -V,~N. (2.8) 

The Liouville operator  L determines the dynamics of the total distribution 
function p(Xt, Xi, t) of the granular flow system, 

I~(t) = L p ( t ) .  (2.9) 

N N 

L, - P "VrN + VrNU-VpN, L i - ~ .V6N + VeNV-V,~u (2.7) 
m /x 

and 
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We shall use a projection operator technique [6] to obtain an equation of 
motion for the reduced distribution function of the translational degrees of 
f reedom W(Xt, t), where 

W ( X  t, t) = f d X  i p(Xt, Xi, t) . 

At total equilibrium, the distribution functions are 

e -~nt e-~ni e -¢* 
pe = 

q 

and 

we= 

(2.10) 

(2.11) 

e-~H, j" d X  i e-¢H~ e - ~  
, (2.12) 

q 

where 

q ------ f dXt d g  i e -°n, e-/3Hi e-~e, , 

/3 -~ (kBT) -1, and T is the equilibrium temperature of the overall system. It will 
be useful to introduce the equilibrium distribution function for the isolated 
internal degrees of freedom, 

e-¢H' 
P i ( X i ,  t )  - -  I dXi e-t3"i ' (2.13) 

and define the potential of mean force, o)(rN), by 

e-O°'(rN) ~ f d X  i Pi e-~* ~- ( e-~* ) 0. (2.14) 

Finally, we define fi to be the conditional distribution function for the internal 
degrees of freedom in the presence of fixed translational degrees of freedom, 

/ ~  W epe _ Pi e-~6 ee"~ • (2.15) 

Note that ~ is normalized in the sense that J d X  i /~=  1. We define the 
projection operator ~ acting upon an arbitrary dynamical variable of the 
system B by the relation 
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~ B  = t~ f d X  i B .  (2.16) 

By defining 

y(t) ~ ~p(t) = ~W(t) (2.17) 

and 

z(t) =-- (1 - ~)p(t) =- .~p(t), 

it follows from eqs. (2.9) and (2.10) and the facts that 

f d x i g i B = O ,  f d x i g t B = g t f d X i B  

f dXi L,  B =V,," f dXi Vru4~B , 

that  

I/¢(t) = f d X  i L[y(t) + z(T)l  

= LtW(t ) + f d X  i pVrUq~ .V~NW(t)+ V~N. f d X  i VrN~bz(t). 

The equat ion of mot ion for z(t) is given by 

2(0 = ~Lz(t) + SLy(t) ,  

which has the formal solution 

z(t) = e~L'z(0) + f dr e~L'.~Ly(t - r ) .  
0 

Since 

Ly(t) = (L~)W(t) + I~(L t + VrN 6 "V,N)W(/) 

and 

L~ = -~(Lt + VrN 6 "VpN) In We, 

we find that  

(2.18) 

(2.19) 

(2.20) 

(2.21) 
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.~Ly(t) = V,N~b "VpN + V, Nd~" t) , 

where 

vrN6 ~-%~6 - (VrN4')i = Vr~(6 -- 0~) 

(2.22) 

and (B) i  -= f dX i t~B. Substitution of the expressions for z(t) and ~Ly(t) in 
eqs. (2.21) and (2.22) into eq. (2.19) yields the exact equation 

( ) W(xt,  t) . . . .  VrN + V,N(U + to)"VpN W(t) 
m 

+VpN" dr  dX iV~N4~e p 
0 

× V~'~¢ "V~N + V,.ucb • f lpN)w( t -  Z) 
m ,  

"~ VpN" f d X  i VrN ~ eaLtz(O). 

In order to make the equation of motion for the reduced distribution function 
W(t) tractable, it is useful to exploit the difference between the mass of the 
granular particle and the effective mass/x of the internal modes. We therefore 
define 

e --- , 2.23) 

which we expect to be very small (e ~ 1) since the granular particle is massive. 
It is then convenient to define the reduced momentum p.N ~_ epN, which is 
assumed to be of order e ° = 1. We then find that we can transform the phase 
space of the Liouvillain of the system and replace pN/m by e(p.N/~)  and VpN by 
eVp.u, to obtain 

L = ~(LT + VrN'~ "V,.N) + L, + V ~ 4 '  "V.~ ,  

where L* =--(p*N/lz) "Vru + VruU'Vp*u. For times longer than the isolated 
internal relaxation time, r B, and to second order in powers of e, we obtain [7,8] 

W(xt, t )=[E( -  P*N'vrNW VrN(U w w)'Vp.N) 
tx 

+e F(r ) : Vp.N *N+ t)+t~(~a)=--OW(t), 
(2.24) 
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where the last equality is valid to order 3 .  In eq. (2.24), F(r N) represents 

A 

F(r N) - d~- (V"~b{exp[(L~ + V~u~b .V,,u)~-] ~rN¢~})i. 
0 

(2.25) 

Since the potential ~b is short-ranged and Vrfib(rjk ) =Vrjk~b(rjk), we may write 

(Vrjk ~ ( e x p [ ( Z  i + V~N~ "V~r/v)7 ] Vrtm(t~ } )i 

= (V,,k~b{exp[(L i + V,u~b-V=u)r] Vrjk¢}) i 

=- yik(rjk, r) ~jk~k , (2.26) 

and hence 

eZr(r N): v~.,,(vrN + flp,N/~) 

2 j k~,j t-t / '  

where Yjk -- SO d~" yjk(rjk, Z). Eq. (2.24) defines the effective Liouvillian 
operator O for the distribution function W(t). It can be shown that any 
arbitrary function G(X~t , t) of the translational phase space X* =-(r N, p ,U)  
obeys the generalized Langevin equation to order E 3, 

G(X~t, t) = KG(t ) + O*G(X*, t) , (2.27) 

where 

0 *= {p,N "V~.u) (sZF(r'V):(-~p Vp.. ) "~"--~- "VrN --VrN(U "dr- 0.)) -- ~ ,N --%,N%*N 

(2.28) 

and 

Kc(t  ) -- --e-( '-~)Lt(1 -- # ) L G  , 

with # B -  .f dXi~B. Note that due to the terms proportional to F(r N) in 0 
and 0 ' ,  0 # - 0 ' .  It is important to note that the orders of magnitude of the 
various terms in 0 and O* are not really properly described by the factors of 
multiplying them. There are other parameters which must be taken into 
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account such as the radii of the particles and the strengths of the interactions, 
U and ~b. 

In the instance in which there is a separation in timescales between the 
relaxation of the momentum and spatial degrees of freedom, a relatively simple 
equation for the time dependence of the distribution for the more slowly 
relaxing variable can be obtained. When the momentum relaxation of the 
granular particles is faster than the relaxation in coordinate space, the 
Smoluchowski equation, which determines the time dependence of the coordi- 
nate space distribution function R(r N, t), applies for times longer than the 
momentum relaxation time ~-p, which is proportional to the mean free time of 
the granular particles. In general, moments of the distribution function 
W(r N, pN, t) rapidly approach those of the local equilibrium distribution func- 
tion o'(r N, pN, t), which corresponds to a system with locally defined chemical 
potential and temperature. The local equilibrium averages then relax on a 
much longer timescale to their equilibrium values in which the chemical 
potential and temperature are uniform. When there is friction in the system, 
however, the momentum distribution approaches a Maxwellian more rapidly 
since the frictional forces between particles tend to reduce the magnitude of 
their relative momenta. We shall represent the situation in which the spatial 
distribution remains relatively uniform over the timescale of the momentum 
relaxation by assigning a small parameter 6 to spatial derivatives of the reduced 
distribution R( t ). 

The equilibrium coordinate space distribution is given by 

Re(r N) = f dpU We(r N, pN) . (2.29) 

The equilibrium conditional distribution function for the momenta is given by 

FIe(p N) ==_ We(r u, pN) _ exp[_/3(pN, pN)/2m ] 
Re(r N) f dpU exp[_/3(pU, pN)/2m] 

(2.30) 

Following the development of the Smoluchowski equation of Oppenheim and 
McBride [9], we define the projection operator ~ by 

~B = fi  e f dp N B.  (2.31) 

Note that 

~W(r N, pN, t) = /IcR(r N, t) ,  
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so that S dP u ~W(t) = R(t). Following the same procedures we used to obtain 
W(t) from p(t), we obtain the exact equation [9] 

R(t) = ~ VrN' f  dp u pN e(1-~)ot(1 _ ~)W(0)  
m 

+ --~ V,N" dr dp N pN eO-e)O,~l~pN (V~N-V~N In R~)R( t -  ~'). 
0 

(2.32) 

From eq. (2.24), we see that 

0 = 60~ + O  D , (2.33) 

where 

Oe = m 
N - p  

m 
• v ,~ + vrN(v + ,o ) -v ,N,  

o o  
(2.34) 

and we have associated a factor of 6 with each spatial derivative. Assuming 
that 6 ~ E, and noting that e°° ' (1 - ~)W(0)  = 0 for t > ~-p, we can write eq. 
(2.32) to order  6 2 and for t > Zp as 

R(rN, t)=V,N f - • _ _  e°DtHe . [VrN + flVru(U + tollR(l ) . 
m 

0 

(2.35) 

Expanding the exponential e ODt and calculating term by term, we find that 

~ ~ ~ 2T2 

e ODt(UepN)= I lepN'( ' f l  -- ~m F(rU) ~ + 2m --------f r(rN)" r(rN) +" "') 

=//eP~ N • e-(O/m)r(rN) ~ (2.36) 

and therefore  

R ( r  N, t) = KamT f d~- VrN 

0 

• e -(t3/m)r('N) ~" [VrN + [3V,~(U + to)]R(t). 

(2.37) 
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Since the Hamiltonian of the system is both translationally and rotationally 
invariant, ~o(r N) depends only on the scalar distance between particles. For 
example, the Smoluchowski equation for R(E~(rl, r e, t) - f dr3- • • dr  N R(r N, t) 
to lowest order in the density is 

[~ (2)(rU, t) - 

c~ 

KBT f dr V r l 2 -  [( '0 - r 1 2 r 1 2 )  -[- r12r12  e -2(IMm)z'(r'2) ~] 
m 

0 

°[Vrl  2 + flVrl20t(rl2)]R(2)(rl, r12 , t ) ,  (2.38) 

where 

or(r,2 ) = U ( r l 2  ) + 60(r12 ) . (2.39) 

If we define g(r, t) =- f dr  1 dk R(2)(rl, r, t) where we have set r12 = r, then to 
lowest order in the density 

g(r, t) = - -  K ,  Tm f dT f d~V~ ' [ (~ - / ' ~ )  + ~ e  -z(t3/")~(')'] 
0 

• [V, + f l i 'a ' (r)]g(r , / ) ,  (2.40) 

where i f (r)  =- (d/dr)f(r).  Carrying out the integrals over the angular part of r 
and over r, yields 

g(r, t) _ 2 1 
(KBT) 2 r 27(0  [g'(r, t) + fla'(r) g(r, t)] 

+ dr [g'(r, t) + ~a'(r)  g(r, t)] . (2.41) 

If we set 

1 
z(r, t) - 27(0  [g'(r, t) + fla'(r) g(r, t )] ,  

then 

g(r, t) = (2/r)z(r,  t) + z'(r, t) .  (2.42) 

The stationary solution of (2.41) occurs when g(r, t) = 0, so that 

(2/r)z(r) + z'(r) = 0.  (2.43) 
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One solution of (2.43) is z(r) = 0, which implies that g(r) = c e -È~(r). However, 
there is another solution for nonzero z(r),  which is z(r) = K / r  2. If we model the 
potentials by 

or(r) = U(r) + to(r) = a(o'/r)" , (2.44) 

where or is the diameter of the particles, a is a constant, and n >> 1 so that 

! if r >  o' ,  
or(r) ---> if r < tr ,  

if r =  tr ,  
(2.45) 

then we find that g(r) = c3(r - or), which implies that 

g(r) = 3 ( r -  o') 
4,rrorZ (2.46) 

Eq. (2.46) is, of course, not the equilibrium form for g(r). Because the friction 
coefficient is essentially infinite on contact, the diffusion constant becomes zero 
and the system gets caught in a non-equilibrium part of phase space. 

3. The nonlinear hydrodynamic equations 

In this section, we derive the nonlinear hydrodynamic equations for the 
granular flow system based on projection operator techniques developed by 
Levine and Oppenheim [5]. Following their development, we define a special 
set of variables A(r ,  S t ( t ) )  ~ A(r ,  t) to be the number density N(r,  t), energy 
density E(r,  t) and momentum density P(r, t) and define a column vector 
C(r, t) to be 

(1)  
C(r ,  t) = A ( r ,  t) ' (3.1) 

where f~(r, t )= -A( r ,  t) - ( A ( r ) ) .  Here, the angle brackets (G(r))  denote the 
equilibrium averagt, of an arbitrary function G(r) of the phase point Xt, 

( G ( r ) )  =- f dX t W~G(r) . (3.2) 

The non-equilibrium average of an arbitrary function G of X t is defined by 

g(t) =- G(t)  = f dX t G(Xt) W(t) , (3.3) 
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where W(t) is the reduced distribution for the translational degrees of freedom 
(see eq. (2.10)). We now define the local equilibrium distribution function o-(t) 
to bc 

exp[,;b(r, t)* C(r)] We(Xt) (3.4) 
or(t) -= f d X  t We(Xt) exp[,;b(r, t) * C(r)] ' 

where the * product notation implies an integration over the repeated spatial 
argument r as well as a vector product, 

4~(r, t)* C(r)-= - -  Z f dr  6 , ( r ,  t) C , ( r ) .  (3.5) 

The ~bn(r, t) are chosen such that 

C(r, t)-~ f d X  t C(r) W(t)= f d X  t C(r) o'(t) =- ( C(r))t, (3.6) 

where ( - . . ) ,  denotes the average over the local equilibrium distribution 
function. It follows from eq. (3.6) that the exact values of the non-equilirium 
averages of the special variables in C(r) at any time t can be obtained from 
averaging these variables over the local equilibrium distribution function o-(t). 
The ~b n (r, t) can be considered as Lagrange multipliers which fix the average of 
the densities in C(r) at each point in space r, at time t. Note that the ¢ 
conjugate to C = 1 is zero. 

We now define the projection operator ~( t ) ,  which acts on an arbitrary 
dynamical variable G(r), by 

~ ( t )  e ( r )  :-~ ( G(r)  C(r l )  > t * Kt-l(r l ,  r2) * C(r2),  

where 

K,(rl, r2)--= (C( r , )  C(r2)) , .  

(3.7) 

Note that 3~(t) G(r)= (G( r ) ) ,  since (C(r)) t = ( C ( r ) l ) r  We also define the 
projection operator ~*(t)  by 

~*(t) G(r)=- I f  dXt G(r) C(r,)] * K:~(rl, r2)* C(r2) tr(t) . 

~*(t )  projects the distribution W(t) onto the local equilibrium distribution 
function tr(t), 

w ( t )  = . 
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Furthermore,  as was shown in Levine and Oppenheim [5], ~ t ( t )  is the 
Hermitean adjoint of ~( t ) ,  so that for arbitrary functions D(r l )  and G(r),  

f d X  t D(r l )  [~( t )  G(r)] = f d X  t [~*(t)  D(r l ) ]G(r  ) . (3.8) 

We are interested in obtaining nonlinear equations of motion for the 
nonequilibrium averages a(r, t) of the densities of the components in the set 
A(r) .  Since a(r, t) = S dXt A(r)  tr(t) by eq. (3.6), we obtain 

a(r, t) = f d X  t A(r)  6"(0.  (3.9) 

From the definition of o-(t), it immediately follows that 

t~(t) = .4 * q~(t) o-(t), (3.10) 

where A--- A - ( A ) t  and hence 

~*( t )  lie(t) = Ci t  ) * K[ -1 * Ctr(t) = ~b(t) * ( . ~ C ) t  * K~ -1 * Cot(t) 

= q~(t) * .Act(t) = 6"(0. (3.11) 

If we define X(t) to be 

,V(t) ~- [1 - ~ *(t)]W(t) =- ~ *(t) W(t)  = W(t)  - tr(t) , (3.12) 

so that W(t)  = ~*( t )  W(t)  + ~*(t)  W(t)  = tr(t) + X(t),  then it follows from sec- 
tion 2 and eq. (3.11) that 

6 ( 0  = ~*( t )  OW( t )  = ~*(t )  O[cr(/) + X(/)] • (3.13) 

Now W(t)  = OW(t )  = ~*( t )  OW(t )  + ~ *(t) OW(t ) ,  so 

y((t) = W(t)  - 6"(0 = ~ *(t) OW(t )  = ~ *(t) Otr(t) + ~ *(t) Ox( t )  . (3.14) 

The formal solution of eq. (3.14) is 
t 

0 

t t 

0 r 
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where T÷ is the time ordering operator. If we insert (3.15) in eq. (3.13), we 
obtain 

t ! 

0 r 

! 

0 

and hence 

a(r, t ) =  f d X  t A(r) ~*(t) Oo~(t) + f d X  t A(r) ~*(t) 0 ] d, 
0 

t 

,r 

(3.17) 

For simplicity, we will assume that the initial distribution W(O) is of the local 
equilibrium form W(O) = o-(0) so that x(O) = O. In general, this is not the case 
but  we expect that the correlations due to the initial state of the system persist 
only for a microscopic time Zm, the time between the collisions of the granular 
particles. Thus, for time scales longer than this collision time, t >> Zm, we can 
ignore the additional terms due to x(O). 

Now since S dXt A~*(t) B(r) = J" d X  t B(r) A, for times longer than ~'m we 
may rewrite eq. (3.17) as 

ti(r, t) = f d X  t A[Oo'(t)] 
t t 

+ f d X  t A(r)0 exp(f do" , 
0 "r 

= f d X  t (O*A)o'(t) 

i ' + f a x  t (0*.4) d~-[T÷ e x p ( f  do" ~*(o- )O)]~*( ' r )Oo ' ( ' r )  , 
0 -r 

(3.18/ 

where O* is given by eq. (2.28). 
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We may reexpress 0 and O* in the form 

0 ~- "~rN @ VrN(U @ 09)*~pN -~- a I -}- a 2 ,  

o '  = "Vr~ - -V~(V + ~o)"V,~ + a l  + a;--= OI + a~ ,  
(3.19) 

where 

1 

1 
a2 = ~ E E ~,,,~,,~,,: (v,, - v , , ) (v , ,  - v , , )  

j k c j  

(3.20) 

and 

g21= Z E Yykrjkrjk : -~ (Pj--Pk)(V, i  
j k#j 

(3.21) 

Note that (01 + I2~)B = Ej Eke j yjk([J/m)B and hence 

o = - L  - a l  + (a l  + a l )  + a2 

= - o l  + E ~,,~ m + ~ E g ~,,~r~kr~:(V, - V , , ) ( V ,  - V , , ) .  
• k#j j k~j 

(3.22) 

Inserting (3.22) into eq. (3.18), we obtain 

t t 

~i(r, t ) =  (O+A)t+ f d~((o*a)[T+exp(f d~ ~*(~) O)]~*(~) q,(~)) , 
0 r (3.23) 

where 

Otr(t) = qt(t) tr(t) 

• k # j  m 

1 
+ 2 j~ key ~ ~/~krjkr/k : [(Vpj--Vpk)(Vj, j -Vpk)A * 4~(t) 

+ (Vpj - V~,)A * 4'(0 (Vpj - Vpk)A * 4~(t)]] o'(t). (3.24) 
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Furthermore, since 

,.~ ¢(T) O 0 " ( T )  = [I]J(T) --  < I~/(T) C > r  * K ~  -1 * C ] o r ( T )  = [ .~(T)  (]/("/')]O'(T) , 

where ~(~') D =- D - ( D C ) ,  * K ~  1 * C, and 

f d X  t D~*(.r) O[qt(~-) o-(r)] = f dX, [O*i(r)  D]~O(T) o-(r), 

we may rewrite (3.23) as 

t) = < O ' A ) ,  
l t 

+ f ({[ V_ exp(f 
0 r 

e¢ 

= (O*A) t  + j dr  ({exp[~(t) O*~-]~(t) O*A}~( t )  ~O(t)),. 

0 (3.25) 

To obtain (3.25), we have assumed that the set of conserved densities which 
compose the set A are slowly varying compared to the time scale of the 
relaxation of the other translational variables, z m. In ordinary hydrodynamics, 
the time derivative of the hydrodynamic variables which compose A are 
proportional to the gradients of the system and are therefore small for 
relatively uniform systems. For granular flow systems, however, the energy is 
not conserved and hence the time derivative of the energy density has terms 
which are not proportional to a gradient and not necessarily small, even for 
uniform systems. Therefore, we shall restrict our attention to cases when the 
energy density is slowly varying over the timescale ~'m" This assumption limits 
the magnitude of "/ik in the system evolution operators 121 and 122- 

For simplicity, we will ignore long time tails due to mode coupling terms and 
expect the time dependent correlation function in (3.25) to decay quickly since 
the slowly varying behavior of 0*,4 and q~(t) due to the slowly varying densities 
in A are removed by the projection operator ~(t). We shall address the effect 
of mode coupling on the granular flow system in a later paper. 

The local equilibrium average ( . . . ) ,  can be approximated by an average 
over a homogeneous distribution function to lowest order in the gradients of 
the system by using the fact the thermodynamic quantities which appear in 
~b(r, t) vary slowly in space [1,10]. The term A * ~b(t) which appears in o-(t) can 
be written as 
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A * dp(t) = f dr' A(r ' ) .  ~b(r', t) 

= f dr' A(r').~b(r) + f dr' A(r ' ) . [ck(r ' ) -  ~b(r)l . (3.26) 

By expanding the second term on the right of (3.26), we may write the local 
equilibrium average of an arbitrary dynamical variable B(r) as 

(B(r)>,  = 
(B(r) e A*4~(t) ) 

(eA'4~(t)) 

(n(r) e m'~(r'')) f (n ( r )  z~(¢,) e A'4'(r, t)) 
(eA.O(r,0) + J dr '  (ea.~(----------~,t--S ~ 

+ . . . ,  

• [ 6 ( r ' )  - 6 ( r ) ]  

(3.27) 

where A =-~drA(r)  and , 4 ( r ) = - A ( r ) -  (A(r)) , .  The correlation function in 
the second term of (3.27) is zero for I r -  r'l > ~ so that the overall term is of 
order ( ~ / L )  2 -  (~k)Z ~ 1, where L is the length scale on which ~b(r') varies. 
Thus, to a very good approximation, we may write 

(B)H(r, t) (3.28) 
( B ( r ) ) ,  V ' 

where the notation (B  } H(r, t) indicates the average of B = ~ dr '  B(r') over the 
homogeneous distribution function in which the thermodynamic forces th(r', t) 
are evaluated at point r. 

We now turn our attention to the explicit evaluation of the terms which 
appear in the Euler part of equation (3.25), which is given by (O*A}t. The 
equations of motion are for the quantities a(r, t )~-(1/V)(A)H(r ,  t), whose 
components  are the number density n(r, t), the energy density e(r, t), and the 
momentum density p(r, t). It is convenient to introduce the reduced 
momentum 

+ pj =- p~ - mv(r~) (3.29) 

and 

P+ (r) ==-~ p~ 6 ( r -  !"/). (3.30) 
J 

We then find that A.  ~b(r, t) = -E+fl(r,  t) + fl(r, t)/x(r, t) N, where E + is 
+ 

obtained from E by substituting p~ by p j ,  and hence 
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P(r) = P+(r) + my(r) N(r) , (3.31) 

E(r) = E+(r) + v(r) .  P+(r) + lmv2(r) N(r) . 

Equation (3.25) is the fundamental equation which describes the nonlinear 
hydrodynamics of granular flow systems. Tedious but straightforward algebra 
yields 

O*N(r) = - 1 Vr " [P+(r) + my(r) N(r)] ,  
m 

O*P(r) = - % - [ ~ + ( r )  + v(r) P+ (r) + P+ (r) v(r) + N(r) mv(r) v(r)] 

OrE(r) = --Vr" []~(r) + v(r)" ~÷(r) + v(r) E÷(r) + lvZ(r) e÷(r) 
(3.32) 

+ v(r) v(r) .  P+(r) + Xmv2(r) N(r) v(r)] 

• ~,j m ~m r jkr j~:(p~- t 'k) (pj  - p 2 ) - i  ,~(r-rj)  

+ 2r°+(r):[V~v(r)], 

where 

r+(r)= ~ ( P ; P ;  + 1 ) 
j. \ m 2 k~'j2 rjkFjk 3(r--  rj) , 

fl ~.  ~. ('gjkrjk)Pjki'jki'/k • (p~ -- p ;  )~(r - !"]), (3.33) "r°+ (r) - 2m j k~j 

~+(r) = "r +(r) + ~-°+(r) , 

and 

JE(  r ) = ~ '  eypj + ~ +. 3(r--  rj) , m ~ k~jrjkpJ Fjk ' 

J°÷(r) - fl ~ E (~/jkrjk)rjkrjkrjk:(P~ - -p~) (p~  - p ~ ) ~ ( r - - r j ) ,  2m 2 j kC:j 
~ +  + 

JE(r) = JE(r) + J°÷(r) .  

Thus, the Euler part (O*,4), yields 

nE(r, t) = - V  r • [n(r, t)v(r, t ) ] ,  

.bE(r, t) = -VrPh(r,  t) - V r " [n(r, t) mv(r,  t) v(r, t ) ] ,  

gE(r, t) = -Vr" [v(r, t) h+(r, t)] - V , .  [lmv(r, t) vZ(r, t) n(r, t)] 

_ (E i Ek~ j yjk}H(r, t) [r(r,  t ) -  T] 
m V T  

(3.34) 
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where we have used the facts that 

(:r + ) . ( r ,  t) _ Ph(r ' t) 
V 

where Ph(r, t) is the hydrostatic pressure, ( J~ )8 ( r ,  t )=O, and h+(r, t )= 
e+(r, t )+ Ph(r, t) is the internal enthalpy density. Note that unlike ordinary 
hydrodynamics in which d(r, t) is proportional to a gradient, ~(r, t) has a term 
which exists for uniform systems, and reflects the fact that energy flows out of 
the system. 

We now turn our attention to evaluating the second term in eq. (3.25), 
namely the term 

i 1 aD(r, t)--= dr  ~ ( [G(r )  ~(t) O*A]~(t) 0(t))H(r ,  t ) ,  (3.35) 
0 

where 

G(r)  -= e "~(t) 0% . 

From eqs. (3.7) and (3.32), we see that 

~(t) O+N(r) = O, 

S2(t) O*P(r) = - ~ ( t )  V r • ~+(r) ,  

~ +  O+ 
~(t)  o+e(r)  = .~(t) - V  r • JE (r) -- Yr" ['~+(r) • v(r)] + 2r  (r):[Vrv(r)l 

_ ~  1_ ( / 3  . . + + _  + _ ) 
• ~ i m Y i k  ~-~mr~krjk:(Pj P k ) ( P ~ - - P k )  1 

×6(r  - ry)] 

=-- ~ (t) {-V~" J~ (r) - V  r • ['~÷ (r)- v(r)] 

+ 2r°+(r):  [V,v(r)] - X(r)} , 
and hence 

/i D(r, t) = O, 
c¢ 

f l ~D(r, t)= --Vr" dr p ([G(~-)~(t)(j~: + v(r).  U)]~(t) 4'(t))H(r, t) 
0 

+ dr  V ([G(~') .~(t) X] ~( t )  ~b(t))H(r, t) 
0 

+ 2VrV(r): dr  -p ([G(z) ~(t) r°+l~(t) ~,(t))H(r, t ) ,  
0 
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o~ 

f l /~D(r, t) = --V r" dr  ~ ([G(~').~(t) ~+1 ~(t) @(t))n(r, t) .  
0 

According to eq. (3.24), 0(t) is given by 

~O(t) = - ( O  ~A)* ~b(r, t) + lm ~/ ~ ,  3%[/3 - /3 ( r ,  t)] 

+ Z Z 3%1•k "(V,, - V , , ) A  * q~(r, t)] 2 , 
j k ~ j  

(3.36) 

and hence to linear order in the gradients of the system we obtain for 
~(t)  ~0(/): 

F 
~(t)  ~b(t) = ~(t)  [(-~-+ + r°+):[Vrv(r)]fl(r, t) 

+ JE "Vrfl(r, t)+ JOE+ .Vrfl(r, t)(1 2/3(r, t ) )  
/3 

- Y[/3 - / 3 ( r ,  t ) ] ] ,  

where 

• k,,j m \ 2m rjkrjk:(PJ--Pk)(Pj--Pk) - 1  • 

Combining eqs. (3.36) and (3.37), we obtain 

f 1 {  D(r, t) = dr  -~ - V  r 
0 

+ + o+ t)~]\H(r,t 
/3 

• Vr/3(r, t) 

+ Vr" ([G(T) 4~(t) [~'+" v(r)]] ~(t)  (T + - ~-°+))H(r , t) 

: [VrV(r, t)]/3(r, t) 

+ V~. ([G(r) ~(t) [~'+. v(r)]] .~(t) Y}H(r, t) [/3 --/3(r,/)] 

+ 2[VrV(r, t)]: ([G(T) ~(t)  ~.o+] 4~(t) (T O+ -- ~-+)}n(r, t) 

: [Vrv(r, t)]/3(r, t) 

- 2[VrV(r, t)]: {[G(r) .~(t) r °+ ] ~(t)  Y)H(r, t) [/3 --/3(r, t)] 

(3.37) 
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-- ( [G(r)  ~(t)  X] ~(t)  (r °+ - z+))H(r,  t): [V,v(r, t)]13(r, t) 

+ ([G(~') ~( t )X] ~(t)  Y}H(r, t) [13 -- 13(r, t)]},  

oo 

pD(r, t) = dr  V {V~- ([G(T) ~(t)  (~-+ + r°+)l ~(t)  (z + 
0 

: 13(r, t) [VrO(r , t)] 

0 +  
--  "r ) ) H ( r ,  t )  

7!- Yr" ([G("/') ~(t)  (¢+ + ¢o+)] .~(t) Y)H(r, t) [13 -- fl(r, t ) ] ) .  
(3.38) 

229 

Due  to the magnitude of the granular particle mass, m, each factor of 
yjk/m = e27jk/lZ yields a small parameter A. Therefore, we associate a factor of 
A with each factor of 7jk/m to characterize the order of magnitude of each 
term. If A is on the order of the gradients of the system, then to second order 
in the gradients we may simplify equation (3.38) and obtain the nonlinear 
hydrodynamic equations 

n(r, t) = - V  r • [n(r, t) v(r, t )] ,  

[e*(r, t) + lmv2(r, t) n(r,/)] = 

- V  r • [v(r, t) h+(r, /)] - V  r • [½my(r, t) vZ(r, t) n(r, t)] 
oo 

f 1 ( _ V . ( [ G ( r ) ~ ( t ) J E ] ~ ( t ) J E ) H ( r , t ) . V r 1 3 ( r , t )  + d~ '~  
0 

+ V~" ( ( G ( r )  .~(t) [r +" v(r, t)]} ~(t)  r+)H(r ,  t): 13(r, t) [V~v(r, t)] 

'1- A~[~ r • ((G("/') ~(t)  [~-+. v(r)]} ~(t)  Y)H(r, t) [13 -- fl(r, t)] 

+ A([G('r) .9.(t) X] ~(t)  ¢+ )H(r, t):[VrV(r , t)]fl(r, t) 

+ A2([G(~ -) .~(t) X] .~(t) Y)H(r, t) [13 -- 13(r, t)]) 

-- A(E'Ek¢~Tjk)H(r' t)  ( 13 ) m Y  13(~ t) 1 , 

[mv(r, t)n(r, t)] = --VrPh(r, t) - V , "  [n(r, t) me(r, t) v(r, t)] 

f 1 + d ,  p {V r " ([G("/') ~(t)  ~+] ~(t)  'r+)H(r, t) 
0 
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: [V~v(r, t)lti(r, t) 

-~- /~Vr ° ([G('/') , ~ ( t )  ' r +  ] ~(t) Y)H(r, t) [13 -- ti(r, t)] ) , 

(3.39) 

where 

X =  ~/  ~ --~/Jk ( 2 ~  ~ ~ " ÷* +* ÷ * - p k + * ) -  l )  r /kryk ' (Pj  - -Pk ) (P j  
• k•j m 

I Pk  )(Py Pk ) 1 • k~j m r j k r j k : (P~*- -  *--  -- " 

(3.40) 

Examining eq. (3.39), we see that the nonlinear hydrodynamic equations of 
motion for the granular flow system differ from those conservative systems by 
the additional four terms appearing at the end of the energy density equation 
and the additional last term in the momentum density equation. Note that the 
number density equation is unchanged. 

Following the development of the ordinary hydrodynamic equations [5], we 
introduce the fourth rank tensor Op(r, t) and the second rank tensor Oe(r, t) 
which are defined by 

oo + + 

[Op(r, t)lij~, = f d~" ([G(r) ~(t) ziJ ]~(t)v "Ckt)H(r' t) 

0 

1 
ti(r, t) 
- -  {[~(r, t) - ~rl(E r, t)]Si/Sk, + rl(r, t) (SikSj, + tSit8]k)} , 

(3.41) 

[Oe(r  , t)]ij : f dr  ([G(~') ~(t) (JE)i]v~(t) (JE) j )H(r ,  t) 

1 
K(r, t) t~ij. 

katiE(r,  t) 

In eq. (3.41), k a is Boltzmann's constant and ~(r, t), 7/(r, t) and K(r, t) are, 
respectively, the bulk viscosity, the shear viscosity and the thermal conductivity 
of a homogeneous system with number density n(r,  t) and internal energy 
density e+(r, t). Inserting (3.41) into (3.39), we obtain the fundamental result 
of this section: 
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n(r, t) = - V , .  [n(r, t) v(r, t)],  

[e+(r, t) + ½mvZ(r, t) n(r, t)] = 

- V  r • {v(r, t) [h+(r, t) + lmn(r,  t) v2(r, t)]} 

+ V,. {v(r, t). Op(r, t)/3(r, t):[VrV(r, t)] -- Oe(r, t) -V,/3(r, t)} 
o Q  /1(  

+ d~- V ~V.. ({~(~-) ~(¢) [ ,+.  v(r)l} ~(t) g) . ( r ,  t) [/3 -/3(r,  Ol 
o 

+ ~([G(,) ~(t) X] ~(t) ,+) . (r ,  t):[V,v(r, t)l/3(r, t) 

+ XZ([G(r) ~(t) XI ~(t) Y)H(r, t) [/3 -- /3(r, t)l) 

A(Ej Zk,,/yjk)H(r, t) ( /3 1 ) ,  
- -  m V  \ / 3 ( r ,  t )  

[my(r, t) n(r, /)] = -VrPh(r, t) - V , "  [n(r, t) my(r, t) v(r, /)1 

+ V,. {Op(r, t)/3(r,/)  : [V,v(r,/)]} 

+ AV," dr  ~ ([G(~') ~(t) ~'+l ~(t) Y)H(r, t) 
0 

× [ /3 -  f l (r , / )] .  

(3.42) 

If A 1/2 is on the order of the gradients of the system, the momentum density 
equation for the granular flow system is identical to the ordinary momentum 
density equation to second order in the gradients of the system, and the energy 
density equation contains only the additional term 

(EjEk~j~/jk)H(r't) ( fl ) 
- mV fl(-;,, t )  1 , 

which accounts for the unidirectional flow of energy from the translational 
degrees of freedom in the granular flow system into the granular particle 
internal modes when T(r, t) > T. 

The effect of external stress on the clustering phenomenon discussed in 
section 2 is easily obtained from the hydrodynamic equations presented above. 
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If a steady state can be maintained which prevents the hydrodynamic tempera- 
ture decaying to T, the internal mode temperature, the clustering phenomena 
will be vitiated. As a concrete example we consider the effect of an imposed 
shear on the system. There exists a steady state in which 

v ( r , t )  = by~ x , (3.43) 

and Ph and n are independent of position. This implies that all the thermo- 
dynamic and transport coefficients are independent of r. Under these condi- 
tions, h =/~ = 0, and the steady state form of the energy equation yields the 
condition 

- T)  AA 1 
b2~/-- (TH T ( m kBTH / • (3.44) 

(Refer  to eq. (4.2) in section 4 for the definitions of A 1 and Az. ) Here,  T is 
again the temperature of the internal modes and T n > T is the temperature 
that is maintained by the shear stress. ~ is the equilibrium value of the shear 
stress, defined in eq. (3.41). 

4. The linearized hydrodynamic equations 

In this section we examine the system of hydrodynamic equations obtained 
by linearizing eq. (3.42), which may be written as 

n(r ,  t) = - V  r • [n(r,  t) v (r ,  t)] 

[e+(r, t) + ½mv2(r,  t) n(r ,  t)] = 

1 2 --Vr° {v (r ,  t) [h+(r, t) + ~ m v  (r, t) n(r ,  t)]} + V r • [K(r, t) V , T ( r ,  t)] 

+ V r • {v (r ,  t) [~(r, t) - 2Tl(r, t)]• r • v(r ,  t)} 

+ Vri[O](r , t) ~l(r, t) VriOj(r , t)  + vi(r, t) 71(r, t) ~rjui(r, t ) ]  

71- t~Vr* {v (r ,  t) 01 ( r  , t) [fl -- ~ (r ,  t)]} + A[O2(r, t) f l (r ,  t )V , .  c(r ,  t)] 

+ A2A2(r' t) [fl - ~ ( r '  t)] - A A l ( r '  t)~ ( ~(r,fl t) - l )  ' 
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[my(r, t) n(r, /)] = --V, eh(r,  t) - -%" [n(r, t) my(r, t) v(r, t)] 

+ Vr{[~'(r, t) -- ~n(r, 0 ]%" v(r, t)} + V,,[n(r, t) VrV(r,/)] 

+ V,,[r/(r, t) VrVi(r, t)] + aVrOl(r, t) [fl - 13(r,/)], (4.1)  

where 

VOl(r, t) = f dr (r+a(r) Yd).(r, t ) ,  
0 

VO2(r, t) = f dr (Xd(r) 'r+d)H(r, t ) ,  (4.2) 
0 

VA,(r, t )= ( ~  ~ T/k>H(r, t ) ,  VA2(r, t )= f dr {Xd(r) Yd)rt(r, t ) ,  
x j  k # j  0 

and i and j are summed from 1 to 3. If we define the linear deviations of the 
hydrodynamic variables to be 

~ n ( r ,  t )  = n ( r ,  t ) -  n o ,  ~ v ( r ,  t)  = v ( r ,  t) - v o = v ( r ,  t)  , 
(4.3) 

~e(r, t) = e+ (r, t) - e o + , 

where n o and e o are the equilibrium number and internal energy densities 
respectively, then to linear order in the deviations we obtain 

gn(r, t ) =  - n o v  ~ • ~v(r, t ) ,  

mn o go(r, t) = -aV~ 8n(r, t) - bV, ~e(r, t) + ( ~ + I . ) V r V  r .~v(r, t) 

+ ,/V 2 ~v(r, t ) ,  (4.4) 

de(r, t) = -CVr'~O(r , t) + K( OT~ Vr'Vr ~n(r, t) \ On ,le+ 

(or) 
+ K 0-7  n V r . V r ~ e ( r , t ) - f ~ n ( r , t ) - g ~ e ( r , t ) ,  

where 

OT =- [ [ Xe OT 
kBT 2 , , 

c = h  + A02 
ks T ' 
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ka  T2 

,_m ,' g (4.5) 
kB Tz  

and 

X.  = e + , Xe = . " 

These equations may be written in Fourier space as 

~ n ( k ,  t) = inok  Bve(k ,  t ) ,  

[K( k2 ] , 
- L  \ O e  + / .  + g B e ( k , t )  (4.6) 

• k 2 
By e i ak  Bn(k ,  t) + i b k  Be(k ,  t) - ( ~  + %7) mno  = - -  - -  Bve(k ,  t ) ,  

mno  mno  

B'ot(k, t)  - ~ k ~ Bo t (k ,  t)  , 
mno 

where we have defined the longitudinal and transverse velocities by 

Bye(k ,  t) =/~. By(k, t) , Bv t (k ,  t) = k A By(k ,  t) . (4.7) 

Note that the linearized equation of motion for the transverse velocity But ( r  , l) 
is uncoupled from the other hydrodynamic densities and is identical to that 
obtained for ordinary hydrodynamic systems. From eq. (4.6), we conclude that 

B v t ( k , t ) = e x p ( _  r/ kZt) Bv t (k )  " (4.8) 
m n  o 

If we set A to zero in eq. (4.6), the ordinary hydrodynamic equations are 
obtained. The eigenmodes or hydrodynamic modes of this system of equations 
are given to lowest order in k by 

h 
+ 

T ( k )  = Be(k )  - - -  B n ( k ) ,  
no 

O.l(k) = X__~n B n ( k )  + Xe Be(k )  + m Bve(k  ) , 
C O C O 

¢rz(k ) = X--e~ Bn(k )  + Xe Be(k )  - m Bve(k )  , 
Co c O 

(4.9) 
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where c o is the zero frequency adiabatic sound velocity defined by 

2 Xn Xe h+ 
c o = - - + - -  (4.10) 

m m n  o 

The time dependence of the hydrodynamic modes is given by 

T(k ,  t) = exp(-FTk2t)  T ( k ) ,  

o-x(k, t) : exp[(icok - Fsk2)t] O'l(k), 

tr2(k, t) = exp[ ( - icok  - rsk2)t] a 2 ( k ) ,  

(4.11) 

where the sound attenuation and thermal diffusivity coefficients are 

rs=  x.  + - r T  , 
n mn o 

[ t F T -  mc~ Xn ~e + n - - X e  ~n  e + ' 

and A n - - I o  d~" 1 (jEO(~.).jD). 
If we set k = 0 in (4.6), we see that 

~n(t)  = ~ve(t ) = O, ~e(t) = - f  ~n(t) - g ~e(t) , (4.13) 

which implies that ~e(t) is an eigenmode with eigenvalue 

( o7"  A2A2  
Z 1 = \ ~ e + / n \ ~  "~- k B T 2 /  • 

(4.14) 

Note that since A ~ 1, the energy mode decays to zero in uniform systems. 
The general solution to the system of equations in (4.6) for nonzero A and k 

are given in the appendix. The general eigenvalues are given by complicated 
expressions involving cube roots and suggest nonanalytic k and A behavior 
from which it is difficult to gain any insight, particularly since there are new 
transport  coefficients involved. We therefore consider the limiting cases in 
which A -- k 2 so that A ,~ k, and ,~2 - -  k so that A ~> k. 

When h ~ k 2 we find that the hydrodynamic modes are unchanged from the 
h -- 0 case given in eq. (4.9) to lowest order  in k. Fur thermore,  the real part of 
the hydrodynamic roots are shifted from F x to/~r  and from F s to/~s where 
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mc--:o X° o-Xe m r '  

* .  + - -  
. m n  o 

(4.15) 

When h 2 -  k, on the other  hand, we find the eigenvalue roots become 

Oe+ c2 
Zl 08 kBT  2] - ~ 1  ' 

z 2 = i c ( _ ~ ) A  2 m T  (0e+~ ( ~ 5 )  2 - ~ \ O T / ~  (c2 + c~) A 3 + G(A4), (4.16) 

z 3 =  _ i c ( ~ ) A 2  m Z  [ O e + ' i , 2  2,[k ~2A3 , "~1 ~'-~]n[C + C0)~7] -]- (~(A4) 

where 

(Xn Xe (OT/On)e+)1/2 
C= m rn (or/Oe+)~ ' (4.17) 

and the definitions of F and 7 are given in (4.2). It can be established from the 
stability conditions for equilibrium that c2>  0 and hence two propagating 
modes and one diffusive mode exist when A 2 - k. These modes are analogous 
to the sound and heat modes that are observed when A -- k 2 and when A = 0. 
Note  that as k approaches zero roots z 2 and z 3 approach zero and z 1 
approaches the root given in eq. (4.14). It is also worth noting that 

E r _  c 2 A f O T ~  
mc2o S\o---~/" . (4.18) 

5. Summary and conclusions 

In this paper we have derived generalized Fokker-Planck  and Smoluchowski 
equations for the translational distribution functions. The Smoluchowski equa- 
tion leads to clustering in configuration space. We have also derived the 
nonlinear hydrodynamic equations for a system of N particles in which energy 
gradually flows unidirectionally from translational degrees of freedom into 
internal modes of the particles during collisions. A small parameter  ~ appears 
in the effective Liouvillian for the evolution of the translational degrees of 
f reedom and is associated with the flow of energy into internal modes. Terms 
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containing "y]k/m a r e  small when averaged over the translational degrees of 
freedom. We have therefore associated a small parameter )t to each factor of 
Tjk/m that appears in the hydrodynamic equations. We have limited our 
analysis to the case in which the energy density is slowly varying over the 
timescale % and have therefore restricted our analysis to the regime in which 
the gradients of the system and A are small. 

The resulting nonlinear hydrodynamic equations for granular flow systems to 
second order in gradients and A are given in eq. (4.1). These equations have 
additional terms in the equations of motion for the energy and momentum 
densities which are not present in ordinary hydrodynamics. The linearized 
granular flow equations, given in eq. (4.4), have many features in common 
with the ordinary linearized equations, which can be obtained from equation 
(4.4) by setting A = 0. When A - k 2, where k is the magnitude of the wavevec- 
tor of the system, the additional terms which appear in the momentum and 
energy density equations change the damping rates of the thermal and sound 
modes from IV T to/~T and F s to/~s (see eq. (4.15)). When Z 2 - k, there are two 
counter-propagating modes with speed 

Xn Xe (OT/On)e+ ]1/2 
c ~  m m (-0T-]0--~, ] (5.1) 

and a diffusive mode with an eigenvalue root of 

( c~T] ( - A I A  A2 Az ] 
Z1 = \~e+ ]n\-----~'-- q'- kBT2 ] "1"- e ( /~3)  . ( 5 .2 )  

As k approaches zero, only the diffusive root remains nonzero, which reflects 
the fact that energy is no longer conserved even though the momentum and 
total number of particles are. 

The task of generalizing the nonlinear hydrodynamic equations for granular 
flow systems to higher order in h is a daunting task since the effective 
Liouvillian operator O* must be generalized to include higher powers of e (see 
eq. (2.28)) to consistently calculate the higher order terms of O*A and O(t) 
which appear in the equation of motion for the densities which compose the set 
A in the equation 

a(r, t) = (O'A), + f dr ((e ~(/) o*, .~(t) 0*,4) ~(t) ~b(t)),.  
0 

(5.3) 

In addition to these difficulties, the mode coupling contributions to the 
granular flow hydrodynamic equations which have been ignored in this paper 
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will introduce nonanalytic powers of A and k just as they do in the ordinary 
hydrodynamic equations [11]. Based upon computer simulations [12], mode 
coupling seems to play a very important role in granular flow dynamics since 
the flow of energy into internal modes of the particles enhances clustering 
effects and coordinated flow of the granular particles. The effect of mode 
coupling on the hydrodynamic equations for granular flow systems is currently 
under investigation and will be presented in a future publication. 

Acknowledgements 

This research was supported in part by the Pittsburgh Energy Technology 
Center of the Department of Energy. 

Appendix 

In this appendix, we examine the eigenvalues of the matrix 

0 inok 0 ) 

- iaAK vek2 ixek - ibhk , ix, k 
mn o mno mno 

-cA + dA2-  K~k 2 i h + k - i f A k  -gA + hA2-  Ke k2 

where 

(A.1) 

a 

d =  

K .  =-- AX., 

k s T2mno -~n e + ' k B T2mno ~ ,, ' 

k BT 2 ~n e +' f ~  k B T '  g =-- - ~  ~e + ~' 

Ke--)tXe, Vl--~+ 4~, 

, 

A2 

(A.2) 

and 01, 0 2, A 1 and A 2 a r e  defined in (4.1). The eigenvalues of (A.1) are the 
three roots of the cubic equation 

mn o / d 

m n  o m n  o 
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+ b f -  veh k2A 2+c2o k 2 +  k 4 
m n  o / m n  o 

[ ( X ~ K  )eKn) ( ~ g  ~ c )  
+ e k 4 + __  k2A + (nor~b _ noKea)k4A 

m 

=-- Z 3 + a2 z2 + alz + a 0 = 0 .  (A.3)  

The  general  solut ion of  the cubic equa t ion  is 

z ,  = (S 1 + S 2 ) -  ~a2 ,  

z 2 = - ½ ( S  1 + $2) - ½a 2 + ½iX/-3(S 1 - $2) ,  (A.4)  

z 3 = - ½ ( S  1 + $ 2 ) -  ½a 2 -  ½iV~(S 1 - $2) , 

where  

and 

S 1 = [r + (q3 + r2)1/2]1/3, S 2 = [r - (q3 + r2) , /2] , /3 ,  

q = ½a 1 1 2 -- ~ a  2 , r =  l ( a m a  2 - 3 a 0 ) -  ~ a  2 1  3 . 

Since we are interested only in the leading powers  of  A and k, these roots  may  

be simplified somewhat .  H o w e v e r ,  due to the nonanalyt ic  nature  of  the roots ,  
the expansions  in powers  of  A and k are cumber some  unless A-> k or  k >> A. 

The  roots  in these limits are p resen ted  in the main  text. 
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