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Efficient ab initio sampling methods in rate constant calculations
for proton-transfer reactions

Radu Iftimie and Jeremy Schofield
Chemical Physics Theory Group, Department of Chemistry, University of Toronto, Toronto, ON M5S 3H6,
Canada

~Received 28 November 2000; accepted 31 January 2001!

In this article, the classical potential based importance Monte Carlo sampling method of Iftimie
et al. @J. Chem. Phys.113, 4852,~2000!# is applied to anab initio simulation of the proton transfer
tautomerization reaction of malonaldehyde in an aprotic, nonpolar solvent. It is demonstrated that ad
hoc bond-energy bond-order relations derived from bond evolution theory combined with Pauling’s
valence bond ideas can be used to construct a molecular mechanics guidance potential for the
simulation of the proton transfer reaction which improves the statistics of the calculation by three
orders of magnitude. The sampling method is extended to simulations in which quantum effects are
treated using the imaginary time path-integral representation. A new algorithm based on multiple
Markov chain theory is introduced by which it is possible to obtain very short integrated correlation
lengths in calculations of quantum static correlation functions. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1357793#
ien
ac

l-
rg
er
u
n
c

he
n
te
nd
o

fo
d-
su
g
gy
ig
ar

rv
ffi
f t
a
th
n
in

of
ly
e

an
-

f a
im-

od
he
gen

ics

al
s in
the
ted

nd-
h as
text

an
he
10
the
e
ly
dy

ual
s
for
es.
e
or
e-
I. INTRODUCTION

Classical transition state theory provides a conven
framework for calculating approximate rate constants for
tivated processes through molecular dynamics~MD! or
Monte Carlo~MC! computer simulation methods. Such ca
culations require the specification of either a potential ene
function or a procedure through which configurational en
gies and forces can be computed. Although simulations
lizing classical potential functions are usually very efficie
for reasonably large systems and properties of the system
be calculated with small uncertainties, in many cases t
provide only an approximate description of the releva
physics. It is particularly difficult to construct an accura
classical description for systems containing hydrogen bo
or systems in which covalent chemical bonds are formed
broken. In such instances,ab initio methods of calculating
the potential energy and forces are more appropriate. Un
tunatelyab initio calculations are computationally deman
ing and special simulation techniques must be used to en
the relevant state space is adequately sampled. Samplin
ficiency is particularly important when the potential ener
surface contains multiple local minima separated by h
energy barriers, as in the case of the simulation of r
events. In directab initio MC or MD simulations of such
systems, very few activated processes are typically obse
in calculations of moderate length. In practice, this ine
ciency is expressed as the uncertainty in the estimation o
rate constants, which is inversely proportional to the squ
root of the number of independent points obtained in
neighborhood of the dividing surface. For these calculatio
techniques for increasing the number of independent po
at a given computational cost are clearly desirable.

A new method for improving the rate of exploration
state space inab initio Monte Carlo simulations was recent
proposed.1 The method consists of using a distribution bas
6760021-9606/2001/114(15)/6763/11/$18.00
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on a classical model potential to guide MC proposals for
ab initio Markov chain constructed to have the correct lim
iting distribution. It was demonstrated that the utilization o
reasonably accurate molecular mechanics potential as an
portance function decreases the correlation of anab initio
MC calculation by two orders of magnitude. The meth
was illustrated on a formic acid–water system in which t
activated processes involved breaking and forming hydro
bonds without changes in chemical topology.

In this article, we demonstrate the molecular mechan
based importance function method~MMBIF ! can be applied
to the intramolecular proton transfer reaction~tautomeriza-
tion! in malonaldehyde, where covalent O–H chemic
bonds are broken and formed, with similar enhancement
efficiency. In the study of the tautomerization process,
classical potential used to guide MC updates is construc
using bond evolution theory based bond-electron bo
energy methods, and nuclear delocalization effects suc
tunneling and zero-point vibrations are treated in the con
of the centroid quantum transition state theory of Gillan2 and
Voth, Chandler, and Miller3 in which classical nuclei are
replaced by polymer rings of beads. It is shown that in
MC calculation in which nuclei are treated classically t
MMBIF approach leads to integrated correlation times of
MC updates. It is then demonstrated that by combining
MMBIF method with multiple Markov chain methods for th
path integral simulation, integrated correlation times of on
2 MC updates can be obtained. A novel feature of this stu
is the combination of a classical description of an act
chemical reaction withab initio electronic structure method
in a Monte Carlo simulation to obtain accurate values
reaction rates using imaginary time path-integral techniqu

The outline of this paper is as follows: In Sec. II th
MMBIF method is briefly reviewed and a new scheme f
efficient Monte Carlo calculation of quantum effects is pr
3 © 2001 American Institute of Physics

t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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sented. Section III describes the principles used and de
of the construction of the classical potential used to guideab
initio updates in the tautomerization reaction in malonal
hyde. The results obtained in the path integral MC simu
tion are described in Sec. IV along with a detailed analysis
the efficiency of the method and its relation to other a
proaches. Finally, Sec. V contains a few concluding rema

II. THE SAMPLING AND COMPUTATIONAL
METHODOLOGIES

In classical transition state theory, the rate constantkTST

is written as a configurational average of functions of a
action coordinatej(x) which characterizes the progress
the reaction, and is given by

kTST5A kBT

2pmH

*dx exp~2U~x!/kBT!w~x!d~j~x!!

*dx exp~2U~x!/kBT!Q~j~x!!
,

~1!

where the integral extends over the entire configuratio
space of the system, the prefactor for the fraction of avera
is the thermal velocity of a hydrogen atom at temperatureT,
and the denominator of the ratio is the partition function
the reactant. In Eq.~1!, Q(j(x)) denotes the Heaviside func
tion, and the weighting factorw(x) arises from the momen
tum integration, and is given by

w~x!5A(
i

mH

mi
S ]j

]xi
D 2

~2!

for a one-dimensional reaction coordinate. Note thatw(x)
depends on the dimensionless mass ratiosmi /mH due to the
prefactor in Eq.~1!. In the case where the reaction coordina
is one of the Cartesian spatial coordinatesxi of the system,
w(x)5AmH /mi and the TST transition rate may be writte
as

kTST5A kBT

2pmi

exp~2f~0!/kBT!

*0
`dj exp~2f~j!/kBT!

, ~3!

wheref(j)52kBT log^d(j(x)2j)& is the potential of mean
force. Equation~3! demonstrates that the potential of me
force is intimately related to the expression for the react
rate in the TST approximation. In many instances,
weighting factorw(x) is nearly uniform and can be ne
glected in the calculation. Under these circumstances,
rate constant can be calculated directly from the potentia
mean force. In this article, efficient methods of estimat
the potential of mean force using importance sampl
Monte Carlo methods are developed.4–14

A. The molecular mechanics based importance
function method

The MMBIF method1 consists of utilizing an auxiliary
Markov chain with a known asymptotic classical distributi
to propose trial configurations for anab initio-based Monte
Carlo simulation. In this method, each trial configuration
obtained as the last state in a series of classical updates
ing from the current configuration in theab initio simulation.
The proposed configurations are then accepted or rejecte
the ab initio chain according to the usual Metropolis
Downloaded 16 Apr 2001 to 142.150.226.11. Redistribution subjec
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Hastings algorithm.1,15–17If the previous and new trial con
figurations in theab initio MC chain are denoted byxold and
xnew, respectively, the proposed state is accepted with
probability min$1,exp(2nnE/kBT)%, whereDDE is defined
to be

DDE5~EDFT~xnew!2Ecl~xnew!!2~EDFT~xold!

2Ecl~xold!!, ~4!

whereEDFT(x) andEcl(x) are the potential energies of con
figuration x calculated byab initio methods~here density
functional theory, abbreviated DFT! and the classical poten
tial, respectively. It is straightforward to show that this a
ceptance criterion guarantees that theab initio Markov chain
has the correct limiting Boltzmann distribution,1 regardless
of the number of classical updates used to generate the
posed configuration.

B. Quantum effects

The path integral formalism of quantum mechanics p
vides a practical route for computing equilibrium properti
of quantum activated processes. In this formalism, quan
particles are mapped onto closed pathsr (t) in imaginary
time t with 0<t<b\, where b51/kBT and kB is Boltz-
mann’s constant andT is the temperature.5 In practical
implementations, discretizations of the closed paths lead
an isomorphism between the path integral formalism an
system of interacting ring polymers withP beads governed
by the effective potential,

Eeff5(
i 51

N
Pmi~kBT!2

2\2 (
p51

P

~r i
(p)2r i

(p11)!2

1
1

P (
p51

P

E~r1
(p)
¯rN

(p)!, ~5!

whereN is the number of atoms,mi the mass of atomi , and
r i

(p) is the position of beadp of atom i . In Eq. ~5!, the
closure of the Feynman path is imposed by periodic bou
ary conditionsr i

( j )5r i
(P1 j ) , andE(r1 ,...,rN) is the potential

energy calculated either byab initio methods or by a mo-
lecular mechanics potential. The first term on the right-ha
side of Eq.~5! describes harmonic interactions between
beads and is related to the average quantum kinetic ene
In the limit of an infinite number of beads, the discrete re
resentation of the paths becomes exact and averages ove
canonical Boltzmann distribution exp(2Eeff /kBT)/Q yield the
full quantum canonical ensemble averages. In practice, h
ever, only approximatelyP520 beads are required for eac
nucleus to obtain converged quantum averages for many
tems. The classical limit is recovered as the massesmi

→`, in which case the polymer representing the quant
particle collapses onto the center-of-mass orcentroidof the
ring polymer

r ī5
1

P (
p51

P

r i
(p) . ~6!

The path integral approach has been utilized to formulate
approximate theory of quantum activated processes using
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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notion that the reaction rate is governed by the activat
free energy for the centroid reaction coordinate.3

Applying the MMBIF method in the context of path
integral simulations consists of using the effective poten
energiesEeff

DFT andEeff
cl calculated viaab initio and molecular

mechanical potentials, whereEeff
DFT andEeff

cl represent the ef-
fective potential energy in Eq.~5! with E(r1 ,...,rN) defined
by EDFT andEcl, respectively. Since the acceptance criter
used in the MMBIF method@Eq. ~4!# involves only the dif-
ference between the effective potential energiesDDEeff , it is
evident the relevant energy differences for the MC proced
are independent of the kinetic energy terms, and

DDEeff5
1

P (
p51

P

~EDFT~r1,new
(p)

¯rN,new
(p) !

2Ecl~r1,new
(p)

¯rN,new
(p) !!

2
1

P (
p51

P

~EDFT~r1,old
(p)

¯rN,old
(p) !

2Ecl~r1,old
(p)

¯rN,old
(p) !!. ~7!

The auxiliary classical Markov chain used to propose M
updates in the MMBIF procedure allows for rapid equilibr
tion of the discretized paths representing nuclei. As a con
quence, the polymer bead conformations are essentially
tistically independent in successive proposals. This is
sharp contrast to dynamical methods of sampling the ef
tive distribution in which sophisticated staging and therm
stating methods are necessary to equilibrate the paths.18 Un-
fortunately the calculation of theab initio effective potential
Eeff

DFT is computationally demanding, sinceP energy calcula-
tions must be carried out for each path conformation.

C. Efficient ab initio path sampling

Although the MMBIF method can be implemented f
the path-integral simulation in a straightforward fashi
yielding integrated correlation times which are roughly co
parable to that obtained in the simulation treating the nu
classically, importance sampling methods can be used to
ther reduce the integrated correlation time. If the class
potential approximately resembles theab initio potential
Eeff

DFT.Eeff
cl , then

Eeff
DFT2Ec

DFT'Eeff
cl 2Ec

cl , ~8!

which implies that

Eeff
DFT.Eeff

cl 1Ec
DFT2Ec

cl . ~9!

The quality of the approximation~9! increases with the ac
curacy of the molecular mechanics potential.

The efficiency of theab initio path-integral simulation
can be increased by generating two coupled, non-Markov
simulation chains in parallel, one~chain 1! with a limiting
distribution determined byV15Eeff

cl 1Ec
DFT2Ec

cl and the sec-
ond ~chain 2! with the desired limiting Boltzmann path
integral distribution determined byEeff

DFT . The procedure for
generating the chains is as follows: Suppose the current
figurations on chains 1 and 2 arexi

(1) andxi
(2) , respectively

~see Fig. 1!, which we represent as a general state vectoxi
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5(xi
(1) ,xi

(2)). For a fixed number of updates~on the order of
P!, the state vectorxi 11 is generated by first takingxi 11

(2) to
be xi

(2) while xi 11
(1) is generated by the MMBIF method wit

guiding classical potentialEeff
cl . After carrying out the fixed

number of updates, each of which requires only oneab initio
calculation, one then attempts to swap the configurations
chains 1 and 2 using the multiple Markov chain19 algorithm
~also known as parallel tempering20!. The state vector pro-
posed in the swap move isxt5(xi

(2) ,xi
(1)). In the swap

move, this vector is accepted as the next state vectorxi 11

with probability

min$1,exp~2bDV!%, ~10!

where V is defined to be the differenceV5Eeff
cl 2Eeff

DFT

1Ec
DFT2Ec

cl , and DV5V(xi
(2))2V(xi

(1)). This acceptance
criterion guarantees that both chains have the correct limi
distributions even though they are no longer Markovian19

Furthermore, provided that the updating scheme on cha
is ergodic, the swap move ensures ergodic sampling
chain 2. Note that in the absence of the swap move,
second chain does not evolve at all since the only change
configuration for chain 2 occur through the swap step.

Clearly a moderately accurate guiding potential is i
portant in the application of the sampling method. In t
following section, a fruitful approach to constructing an a
curate molecular mechanics potential describing prot
transfer reactions for the sampling method is elaborated
detail.

III. THE CLASSICAL POTENTIAL

The main challenge in the implementation of the m
lecular mechanics based importance function~MMBIF !
method is the construction of a reasonably accurate clas
~or semiclassical! description of the process under conside

FIG. 1. A schematic of the Monte Carlo simulation methods. The class
‘‘background’’ updates consist of updating the configuration on chain 1 w
a classical transition matrix designed to have an asymptotic distribu
proportional to exp(2Eeff

cl /kT). The ending configuration after a set numb
of updates is accepted as stateXi 11

(1) with probability min(1,exp
(2DDE/kT)). This updating procedure is carried outk times on chain 1 with
no change in chain 2. The swap of configurations on chains 1 and
accepted with probability min(1,exp(2DV/kT)), whereDV is defined in the
text below Eq.~10!.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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ation. While construction of empirical classical potentia
which allow for reactive events to occur is now common, t
parameters characterizing the classical potentials are us
adjusted to obtain accurate potential energies and geome
in limited regions of the state space, such as the confor
tions and energies for the reactant, product and transi
states. Frequently, little attention is paid to the quality of
potential outside these regions. However since the MMB
method involves calculation of differences between the c
sical and theab initio energies at each MC step, the accura
of the classical potential for all structures in the vicinity
the reaction path is relevant. In fact, the MC dynamics of
MMBIF sampling method reflects the differences betwe
the empirical potential and theab initio potential energy.
Moreover, when quantum nuclear effects are considered
cal curvature of the potential energy surface as well as
energies of different configurations are relevant, since
zero-point energy is related to the second derivative of
energy surface with respect to nuclear displacements.

A. Empirical valence bond potential for the reaction

Only moderately good classical potentials are neces
to reduce the integrated correlation time of anab initio simu-
lation by several orders of magnitude.1 Hence, optimizing
the accuracy of the classical potential in describing the lo
minima and transition states forab initio geometries and
energies, together with appropriate interpolation schemes
tween reactant, transition state and product regions of s
space, should provide reasonable acceptance rates in
MMBIF method.

A general procedure, known as the empirical valen
bond ~EVB! method, for interpolation between relevant r
gions on the potential energy surface has been develope
Warshelet al.4 The EVB approach consists of combining th
potential energies for the reactant and product states in
total potential energy surface that allows a transition betw
these two states. Ifx denotes the configuration vector of th
molecule andU1(x) and U2(x) represent the reactant an
product potentials, the EVB potential is defined as the low
eigenvalue of the matrix

H5S U1~x! e~x!

e~x! U2~x!
D , ~11!

which is given by

EEVB~x!5
U1~x!1U2~x!

2

2AS U1~x!2U2~x!

2 D 2

1e2~x!. ~12!

For suitable values of the parameters characterizing~11!, this
EVB approach leads to a double-well potential where
reactant and product states correspond roughly to the min
of U1(x) and U2(x). The dependence of the off-diagon
part e(x) on configurationx follows a specified functiona
form, often taken to be a constante0 determined by a proce
dure which optimizes the agreement between the class
and theab initio potential in the reactant, transition state a
product regions. However, if one is interested in an accu
Downloaded 16 Apr 2001 to 142.150.226.11. Redistribution subjec
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representation of the mechanism of a reaction, the reac
path as well as the reactant, transition state or product
gions must be described accurately. This is even more
dent when the reaction coordinate involves both light a
heavy atom components with very different nuclear quant
effects.

Calculating the intrinsic reaction path6 by ab initio
means is computationally intensive, even for simple che
cal processes like the gas-phase tautomerization of malo
dehyde. Often one must resort to designing classical po
tials such that the resulting intrinsic reaction path is in acc
with chemical intuition. A particularly simple approach t
defining the reaction path is to consider the reaction coo
nate as a function solely of the coordinates of the ato
directly involved in the bond-breaking and bond-formin
processes. This approach has been used extensively in
physical organic chemistry community to obtain informati
on the degree of concertedness of several elementary s
involved in a complicated mechanism. In this picture of t
reaction dynamics, the progress of the reaction is meas
as a function of partial bond orders defined for the chem
bonds which are broken or formed.

In this study, we have chosen the reaction coordinate
the tautomerization process in malonaldehyde to be a fu
tion of the positions of the atoms directly involved in th
bond-breaking and bond-forming processes. With this cho
of reaction coordinate, ideas borrowed from bond evolut
theory can be used to construct a classical potential for
system which is consistent with chemical intuition.

B. Construction of the classical potential based on
bond evolution theory

Relating empirical, but very useful chemical concep
like bond-orders, to a measurable quantity, like the mole
lar energy, is a formidable task. Until a systematic theoret
approach is developed to tackle such problems, one m
rely on ad hoc prescriptions founded on basic chemical p
ciples. One useful, albeit ill-defined, concept in the und
standing of chemical reaction dynamics is the chemi
bond. The characterization of chemical bonds remain
qualitative rather than a quantitative exercise and the pr
lem of how one can reconcile useful valence-bond a
molecular-orbital ideas with quantum-chemical concepts i
rigorous manner is largely unsolved. However, several st
along these lines have been taken in the pioneering wor
Bader and co-workers8 who showed how one can unambig
ously define atoms and bonds in a molecule and someti
visualize dissociation reactions using the electronic densir
~or its Laplacian,¹2r!, and catastrophe theory. Furth
progress has been reported by Silvi and Savin9 who have
used Becke and Edgecombe’s electron localizat
function10 ~ELF! to define nonbonding electron domains a
demonstrate how most of the topological transformations
the bonding structure can be visualized by a topologi
analysis of the electron localization function. Covalent, d
tive, metallic or ionic bonds can be unambiguously defin
within this approach, while hydrogen bonds can be qual
tively interpreted in terms of the shape of the localizati
domain around the proton. Important information which c
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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be extracted from this bond evolution theory includes
nature~covalent, ionic! of the breaking and forming of the
bonds as the reaction proceeds, and the active paramete
the control space determining the topological evolution
the molecular graph.

The topological analysis of the electron localizati
function in the tautomerization of malonaldehyde of Krok
dis et al.11 revealed that the proton transfer can be descri
as a two-step process involving the breaking of one cova
O–H bond followed by the formation of another. Althoug
the bond-breaking and bond-forming processes are ma
covalent, there is also a partially ionic character to the p
cess, as revealed by a proton basin population of 0.44e in the
transition state.11 Additionally, two active control parameter
a andb in the tautomerization of malonaldehyde were ide
tified. Thea parameter was correlated to the negative of
distancedO4O7

between O4 and O7, while the second param
eterb was related to the H-bond fast mode involving the O
stretching,

a52dO4O7
, b5dO4H9

2dO7H9
, ~13!

where the atom labels are defined in Fig. 2 anddi j is the
distance between atomsi and j . Three molecular graphs cor
responding to three bonding structures can be identified
the reaction proceeds. Domains I and III correspond to us
Lewis representations of reactant and product, while dom
II, characterizing the neighborhood of the transition sta
corresponds to a proton bearing a partial charge of 0.e
interacting electrostatically with the rest of the molecu
Following the evolution of the reaction in the control para
eter space (a,b), one can see that in the neighborhood of t
transition state the reaction coordinate projects onto par
eterb, while the neighborhood between domains I and II,
II and III, describing the O1H bond breaking and the O2H
bond-forming processes respectively, are controlled by
parametera.

This information can be incorporated into the design o
classical potential describing the tautomerization in malon
dehyde in the following manner: The classical potential
first written as

Vcl~x!5V1~a,b!1V2~x* ua,b!, ~14!

wherex5(x1 ,x2 ,...,xN) denotes the modes of the molecu
a and b are the active control parameters specified abo
andx* is the vector of modes of the molecule orthogonal

FIG. 2. The tautomerization proton transfer reaction in malonaldehyde.
reactive proton H9 shuttles between oxygen atoms O4 and O7 with concur-
rent changes in the bonding structure of the ‘‘backbone’’ of the molec
formed by atoms O4–C3–C2–C6–O7.
Downloaded 16 Apr 2001 to 142.150.226.11. Redistribution subjec
e

of
f

d
nt

ly
-

-
e

as
al
in
,

.
-
e

-
r

e

a
l-
s

,
e,

the control parametersa andb. In Eq. ~14!, the potentialV2

depends parametrically on the control parametersa andb. In
writing Eq. ~14!, the parametric dependence ofV2 of the
control parameters is similar in spirit to the Born
Oppenheimer approximation, witha and b playing the role
of the slow variables. The hypothesis that the intrinsic re
tion path depends only on the coordinates of the heavy at
explicitly involved in the reactive process, namely H9, O4,
and O7, can be implemented by requiring the reaction pa
can be mapped invertibly onto a trajectory in thea–b plane.
As a consequence, one can setV2(x* ua,b)50 along the in-
trinsic reaction path.

The functional forms of the potentialsV1(a,b) and
V2(x* ua,b) remain to be specified. For the tautomerizati
reaction in malonaldehyde, we takeV2 to be a sum of har-
monic potentials representing the variation of the poten
with bond length, bond angle or bond dihedral displaceme
from their values along the intrinsic reaction path

V2~x* ua,b!5(
i

ki~a,b! ~xi2x0
i ~a,b!!2. ~15!

Note that in Eq.~15!, the coordinatesxi refer to bond length,
bond angle, and dihedral angles rather than Cartesian c
dinates. Although in principle the constrained valuesx0

i (a,b)
of these coordinates along the intrinsic reaction path dep
on both control parameters, to a good approximation the c
strained values for bond lengths, angles, and dihedrals
well as the corresponding force constants, can be written
function of theb control parameter only,

x0
i ~a,b!'x0

i ~b!, ki~a,b!'ki~b!. ~16!

This follows from the fact that the reaction path only projec
onto b near the dividing surface and that movement in d
main II corresponds to electronic redistribution of charge
tween the transferring proton and the rest of the molecule
this study, the variation of the constrained valuesx0

i and
force constants withb was assumed to take a particular
simple form based on Pauling’s work13 on the variation of
C—B C bond lengths in a series of compounds where the b
order varied. Pauling found that a nonlinear interpolati
scheme based on bond order between single and double
bon bonds described the equilibrium bond lengths in a w
variety of compounds. IfA and B are two atoms anddA–B

anddAvB are the lengths of a single and double bonds,
interpolation scheme is equivalent to considering a bo
energy-bond order relation,

VA—B B~dA—B B!5jkA–B~dA—B B2dA–B!21~1

2j!kAvB~dA—B B2dAvB!2, ~17!

wherej is the fraction of single bond character in the bon
It can easily be seen that the second derivative ofVA—B B with
respect todA—B B yields a linear interpolation scheme for th
force constants betweenkA–B and kAvB , and suggests tha
the constrained bond lengths be given by

x0
AB5

jkA–BdA–B1~12j!kAvBdAvB

jkA–B1~12j!kAvB
, ~18!
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which can be approximated as a quadratic function ofj for
typical values of the bond length and force constants
single and double bonds. Based on these principles, the
strained valuesx0

i and force constants were constructed
quadratic and linear interpolation schemes, respectively,
function of the reaction coordinate from the geometries a
frequencies in the reactant and product state regions.

The potential functionV1(a,b) in Eq. ~14! accounts for
the variation in energy along the intrinsic reaction path, a
is decomposed into two parts, representing covalent
electrostatic contributions. In the present work, the cova
part of the interaction between the transferring proton a
the O atoms was calculated using Morse potentials while
effects of the electrostatic interactions were described in
indirect manner,

V1~a,b!5VMorse~dO4H9
!1VMorse~dO7H9

!1Vel~b!. ~19!

Noting that the electrostatic interaction between the O ato
and the transferring proton should increase the anharmo
ity of the Morse potentials, the curvaturea of the Morse
potentials is a function of the control parametera,

VMorse~d!5D~exp~22a~a!d!22 exp~2a~a!d!!. ~20!

As is evident from the analysis of Krokidiset al.,11 the pa-
rametera controls the behavior of the reaction in the neig
borhood of the covalent breaking of the O–H bonds a
determines the anharmonicity of the Morse potentials as
reaction proceeds. The variation ofa with a was taken to be
a linear interpolation between reactant and transition s
values. The potentialVel(b) takes into account the fact tha
between the time the first O–H bond is broken and the s
ond O–H bond is formed, the reaction proceeds by tran
of electronic density from H9 to the rest of the molecule
changing the electrostatic interaction in the molecular ba
bone. As is the case for the constrained bond length, b
angles, and dihedrals, this potential should depend mainl
the control parameterb. Although this potential could be
specified by direct electrostatic interaction models such
the fluctuating charge model,14 in this studyVel(b) was cho-
sen to optimize the agreement between the molecular
chanics andab initio energies along the intrinsic reactio
path for the classical potential.

There are several advantages in constructing a clas
potential for a reactive system in the manner outlined abo
First, it provides a simple way to enforce the chemica
intuitive idea that the reaction path is determined prima
by the atoms involved in the bond-breaking and bon
forming processes. This hypothesis is based on experime
evidence which suggests that primary kinetic isotope effe
which involve isotopic substitution of atoms directly in
volved in chemical bond breaking/forming processes,
generally orders of magnitude21 large than secondary kineti
isotope effects due to substitutions of other atoms. It is m
more difficult to implement such a constraint in the EV
method via a special functional form for«(x). Second, use-
ful built-in empirical chemical concepts such as the par
bond order can easily lead to interpretations of the reac
mechanism. This fact was used in the interpretation of
Downloaded 16 Apr 2001 to 142.150.226.11. Redistribution subjec
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mary and secondary kinetic isotope effects in the prot
transfer in malonaldehyde which will be reported elsewhe7

IV. SIMULATION DETAILS AND RESULTS

A. Details of the simulations

The tautomerization proton-transfer reaction in malon
dehyde solvated by an aprotic, nonpolar solvent was stud
in an ab initio Monte Carlo simulation using the samplin
method outlined above. Quantum effects were treated in
context of path-integral quantum transition state theory. T
solvent was treated as an ideal solvent which provide
mechanism for rapid decoherence of the wave functions
resenting the reactant and product species through collis
which lead to rapid, small-scale energy fluctuations. In
limit in which solvent interactions destroy oscillatory, cohe
ent tunneling, calculations of rate constants based on im
nary time path-integral methods are generally considere
be reasonably accurate.22

The energies of configurations in the MC simulatio
were calculated with density functional methods~DFT!. ab
initio DFT calculations have proven to be very reliable
calculating properties for systems, such as transition me
where otherab initio methods are inadequate. However, o
of the most stringent tests for contemporary DFT calcu
tions is the correct treatment of weak interactions. The
cessity of high quality nonlocal exchange-correlation fun
tionals in DFT studies of weak hydrogen bonding, releva
for systems where proton-transfer reactions can occur,
been addressed in various recent studies.23

The nonlocal exchange-correlation schemes develo
by Proynov, Vela, and Salahub have shown particular pro
ise for the description of hydrogen-bonded systems.24 In
these schemes, the exchange-correlation functional invo
the Laplacian of the electronic density~for each spin direc-
tion! and the kinetic energy density are incorporated to
scribe inhomogeneity.24,25This functional was carefully syn
chronized with the generalized gradient approximat
~GGA! exchange functionals of Becke26 ~BLAP! and
Perdew27 ~PLAP scheme!. Salahubet al. have demonstrated
that the kinetic energy-dependent exchange function
~BLAP and PLAP! are more accurate than all GGA option
~BP86, PP86, PW91!, BLYP, or other hybrid methods
~B3LYP, B3PW91! on systems involving intramolecular hy
drogen bonds.12 For malonaldehyde, one of their case stu
ies, the predictions of all structural parameters and the a
vation energy for proton transfer obtained using the PL
functional agreed well with experimental results. These p
dictions are also in agreement with high-quality po
Hartree–Fock calculations@CCSD~T! and G2#. Using the
PLAP functional, the activation energy for the proton tran
fer in malonaldehyde was found to be 4.49 kcal/mol, in e
cellent agreement with the high-quality G2 calculation
Barone and Adamo, considered to be the best theore
estimate to date. In contrast, the same energy barrier
predicted to be 2.1 kcal/mol by the best GGA meth
~PP86!, while the best B3LYP estimate was only of 3.0 kca
mol.

The DFT calculations were carried out using a modifi
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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version of the LCGTO-DFT program deMon-K
~deMon-KS3.4!.23,25 A double-z plus polarization~DZVP!
orbital basis set was used for all the atoms. The contrac
pattern for the C and O atoms was~621/41/1* !, and for the
hydrogen atoms was~41/1* !.13 Auxiliary charge density
~CD! and exchange-correlation~XC! fitting basis sets con
sisting of fives functions and two sets ofs, p, andd func-
tions with common exponents were used for C and O ato
@denoted as~5,2;5,2!# in combination with the DZVP orbita
basis. Similarly,~5,1;5,1! auxiliary patterns were employe
for all H atoms. The convergence level for the self-consist
field ~SCF! energy using the auxiliary basis set was 0.
kcal/mol. Everywhere in the study we have used a grid c
sisting of 64 radial shells~denoted as 64/extra-fine grid op
tion!. The converged energy obtained for all test configu
tions using a larger grid of 128 radial shells differed from t
value obtained using the smaller grid by less than the c
vergence level for the energy.

All calculations were carried in the canonical ensem
at T5300 K. Newly proposed configurations in the MC pr
cedure to construct chain 1 were drawn from the auxili
classical distribution and were essentially statistically in
pendent. The integrated correlation time of the ‘‘bac
ground’’ classical simulation with quantized nuclear degre
of freedom was 10 000 MC steps. As the calculation of
classical potential function is roughly 50 000 times faster
calculate than theab initio potential energy of a single con
figuration, only 20% of the total cpu time spent for the u
dates in chain 1 was consumed in the classical potential
culations.

The swaps between the two Markov chains were p
posed after intervals of 10 updates on chain 1. This num
was chosen to match the observed integrated correlation
for the ab initio simulation with classical nuclei. The hig
acceptance rate of the swaps produced an integrated co
tion time of the path-integral simulation~chain 2! of about 2
MC steps. The CPU time spent to perform the updates
chain 1 amounted to half the time necessary for calcula
of one energy configuration on chain 2, as the number
beads utilized wasP520.

It is worth noting that the integrated correlation time f
chain 1 reflects the acceptance probability of new, alm
independent configurations proposed by the classical ‘‘ba
ground’’ updates and is a measure of the similarity betw
the molecular mechanics and the DFT potential. Simila
the integrated correlation time of chain 2 depends on
probability of accepting the swap steps in the multiple M
kov chain algorithm, and reflects the similarity between
curvatures of the classical andab initio potentials.

B. Results

The 96% confidence intervals obtained for the calcu
tion of the potential of mean force of the reaction coordin

j5
a

b
5

dO4H9
2dO7H9

dO4O7

, ~21!

describing the tautomerization of malonaldehyde is rep
sented in Fig. 3. In Eq.~21!, a andb are the control param
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eters defined in Sec. II, anddi j is the distance between th
centroid or classical nuclear positions of atomsi and j for
the path-integral and classical simulation, respectively. T
computational effort to obtain the data in Fig. 3 correspon
to 40 000 DFT energy calculations in chain 1 and 4000 D
energy calculations of the ring polymer configurations, c
responding to 80 000 total energy calculations for chain 2
order to increase the number of points in the activated
gion, the molecular mechanics potential of mean force w
calculated as a function of the reaction coordinate and u
as an umbrella potential in both chains.

Although the integrated correlation time, or equivalen
the 96% confidence intervals, quantify the efficiency of t
method, a qualitative appreciation of the dynamics of
MMBIF based multiple Markov chain path integral simul
tion ~MMC! can be achieved by inspection of Fig. 4, whe
the time evolution of the reaction coordinate in chain 2
depicted. One can appreciate immediately the speed of
exploration of the relevant state space from the large, ra
changes of the reaction coordinate as the simulation p
ceeds.

In Ref. 1 it was demonstrated that a useful strategy
optimizing the MMBIF method was to separate the variab
to be updated in a classical MC step into several groups, w
strongly correlated variables grouped together. In the cas
the proton transfer in a planar molecule like malonaldehy

FIG. 3. Theab initio potential of mean force2KT log^d(j2j(RN))& ~in
units kcal/mol! as a function of the dimensionless reaction coordinate va
j. The functionj(RN)5a/b, where a and b are the control parameter
given by a5dO4H9

–dO7H9
and b5dO4O7

. Not that the potential of mean
force obtained from simulation in which all nuclei are treated classica
~dotted line! has a barrier of roughly 5 kcal/mol, whereas the barrier o
tained treating quantum effects for the proton~solid line! is around 2.5
kcal/mol.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the ‘‘in-plane’’ vibrations of the molecule should be rel
tively uncoupled from the ‘‘out-of-plane’’ motions of th
atoms. Applying this separation of variables to be upda
classically in chain 1, the percent of rejections of propos
configurations obtained with the MMBIF method was abo
55%. Coupling the chains via the MMC method presented
Sec. II C improved the integrated correlation time for t
DFT centroid calculations by an order of magnitude relat
to the simple MMBIF strategy, corresponding to a rejecti
probability of the swap steps of roughly 25%.

In Fig. 5 histograms of the energy differencesDDE and
DV entering in the acceptance steps in the MMBIF meth
in chain 1 are shown. The distribution for the probability
accepting swaps between the chains has a larger averag
a smaller variance than the distribution of accepting mole
lar mechanics updates in the MMBIF method which is
signature of the substantial increase in computational e
ciency achieved by the MMC technique.

It is important to note that the equilibration of the bea
is performed within the classical simulation and requi
little computational work. In the classical background sim
lations, normal mode coordinates have been utilized i
single-variable Metropolis scheme as a basis for the b
sampling. Although more sophisticated and more effici
Monte Carlo techniques to sample imaginary-time path in
grals exist,28 the simple bead updating scheme was adequ
to ensure that subsequent proposed configurations of
polymer bead configurations were essentially statistically
dependent. In Fig. 6, a time series of three different norm

FIG. 4. A time-series for the dimensionless reaction coordinate obta
from the ab initio simulation employing the MMBIF method. The inse
shows detail from a typical range of MC steps. Note the rapid change
reaction coordinate as a function of MC step which is an indication of
short integrated correlation time of 10 steps.
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modes is plotted, ranging from long to short wavelength m
tions of the polymer beads. It is evident that the integra
correlation time for all normal mode coordinates of the po
mer ring is nearly unity, indicating efficient sampling of th
polymer conformations.

When using an importance function it is important
check that its implementation does not bias simulation
sults due to poor sampling. A lack of bias can be establis
by showing that the configurations proposed by the class
simulation are drawn from a distribution which is wid
enough to span all the relevant state space for theab initio
simulation. In this study, we have verified that the width
the classical distribution is sufficient for all values of th
reaction coordinate to ensure that there is a significant p
ability of proposing all variables over their values in th
reactant and product configurations. The good acceptanc
tio of the proposed configurations is therefore an indicat
of the good agreement between the classical andab initio
potentials and is not a consequence of quasiergodic samp
induced by an importance function which is too restrictiv

V. DISCUSSION

The MMBIF method and the multiple Markov chai
path integral technique outlined in Sec. II are based upon

d

of
e

FIG. 5. Histograms of the energy differences relevant to the MC dynam
of the simulations. The upper graph shows a histogram of the energy di
enceDDE defined in Eq.~4! which governs the acceptance criterion in th
MMBIF simulation of the tautomerization reaction in which nuclei a
treated as classical point particles. The lower graph is a plot of the histog
of DV, whereV5Eeff

cl 2Eeff
DFT1Ec

DFT2Ec
cl , which determines the acceptanc

criterion for the swap move in the path-integral simulation. Note that
center and variance of the distribution are smaller for the histogram ofDV
than for DDE indicating the improved performance of the multiple cha
method.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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idea of using an easy-to-generate auxiliary density func
to improve the efficiency in a simulation where generat
the target distribution requires computationally intensive
ergy calculations. In this study, the MMBIF method was fi
used to improve the sampling efficiency of anab initio simu-
lation of the proton transfer in malonaldehyde using a m
lecular mechanics potential to guide new updates. Effe
resulting from the quantization of the relevant nuclear
grees of freedom were then included via the imaginary pa
integral calculation in which the efficiency of sampling w
enhanced by using a classical nuclei~centroid! ab initio dis-
tribution as an importance function.

Standardab initio MD approaches do not make use
any information about features of the real potential ene
surface. Without the use of biasing potentials based
knowledge of the system, it is difficult to improve the ef
ciency of ab initio path integral calculations for systems
which quantum effects are significant. For example, the
tential of mean force for the tautomerization reaction in m
lonaldehyde obtained from a path integral calculation ha
barrier of several factors ofkT lower than that obtained from
a simulation in which the nuclei are treated classically. T
difference in barriers in the potential of mean force transla
into substantial differences in the distribution of reaction c
ordinate values, which implies that the distribution obtain

FIG. 6. Time series of three normal modes for the discretized path in im
nary time representing the proton. The normal modes shown top to bo
correspond low, intermediate and high eigenvalues of the polymer rin
beads. Note that the normal modes are essentially uncorrelated as a fu
of the MC step, indicating rapid and thorough sampling of polymer b
configurations.
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from a centroid simulation yields a poor importance functi
for the full path integral calculation. The MMBIF base
MMC method, on the other hand, takes full advantage of
information contained in the classical potentials by twice a
plying the idea of simulating increasingly complicated dist
butions using simpler ones. Furthermore, the efficiency
the MMC method is related to the approximation~9!, which
depends on the difference between classical andab initio
energies. This approximation holds even when the cent
and path integral distribution functions are significantly d
ferent.

An alternate approach of using molecular mechanics
tentials to improve the sampling efficiency in simulatio
where ab initio calculations of energies are required for
proper description of the system has been repor
recently.29 Vondele and Rothlisberger have utilized a clas
cal potential function as an umbrella potential for a MD c
culation of the potential of mean force for internal structu
rearrangements in small molecules. It was demonstrated
the use of a classical umbrella potential substantially redu
the statistical uncertainty compared to direct M
simulation.29 Although both the MMBIF method and of th
umbrella-classical potential reported in Ref. 29 use a m
lecular mechanics potential to improveab initio simulations,
there are substantial differences between the two approac
Using an auxiliary classical potential which closely mimi
the ab initio potential effectively consists of reducing th
initial problem of sampling a distribution based on anab
initio potential, which typically contains multiple minima o
the energy surface separated by regions of high energy
the sampling of a distribution based upon the difference
tween theab initio and the molecular mechanics potentia
Ideally, the difference between the energy surfaces forms
effective surface which is nearly flat. For a constant effect
energy surface, the most efficient sampling method is
draw configurations uniformly. In the MMBIF method, th
is accomplished by the long ‘‘background’’ classical simu
tion which dictates the proposal of trial configurations. E
ploration of the state space using dynamical methods, on
other hand, proceeds via correlated, directed steps wh
characteristic length is limited by the requirement of to
energy conservation.

Another way in which classical potentials may be u
lized to improve the efficiency of anab initio simulation is
based upon the idea of reweighting. In this approach, a c
sical simulation is first carried out to generate a long tim
series of configurations. Configurations separated by sig
cant time intervals are then selected and reweighted b
factor which depends on the difference between the class
and ab initio potential energies. The reweighting procedu
ensures averages over the new time series converge to
correct values. When the agreement between the clas
andab initio potential energies is good for all configuration
the reweighting approach is essentially identical in perf
mance to the MMBIF method. There are significant diffe
ences in these two approaches when more substantial
agreement exists between the potential energies calcu
classically and byab initio methods. In the reweighting
method, disagreement between the potential energy surf

i-
m
of
tion
d
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leads to a broad distribution of weights for theab initio time
series. Configurations in which the classical potential ov
estimates the energy are assigned large weights while
figurations whose energies are underestimated receive
weight. In the regions in which the potential energies diff
the accuracy of the potential of mean force for the react
coordinate is poor. In the MMBIF method, on the other ha
the difference between the potential energies translates
slow mobility in the Monte Carlo dynamics under a glob
updating scheme.1 However the slow rate of exploration o
configurational space under the MC method can be impro
by modifying the manner in which trial configurations a
proposed.

The reweighting technique for path integral simulatio
has been applied by Warshelet al.30 in calculating rate con-
stants for proton transfer reactions in solution. In this stu
the potential of mean force incorporating quantum effe
was obtained by a method very similar to the method
reweighting configurations in a time series derived from
MD simulation in which the nuclei were treated as classi
point particles. As is clear from the discussion above, qu
tization of the nuclei leads to significant differences in t
potential of mean force for the reaction coordinate in ma
proton transfer reactions. Thus the distribution of configu
tions resulting from a simulation in which the nuclei a
treated classically provides a poor importance function
path integral simulations. However, if the initial simulatio
with classical nuclei is carried out using a molecular m
chanics potential to guide the simulation dynamics, a ti
series of configurations distributed according to the quan
canonical distribution function can be efficiently constructe
This is accomplished by selecting configurations from
initial simulation which are separated by a numberNi of MC
steps, whereNi should typically be on the order of the num
ber P of beads in the path-integral representation, and
weighted with the factor exp2V/kBT, whereV5Eeff

cl 2Eeff
DFT

1Ec
DFT2Ec

cl . The reweighting factors obtained via this a
proach should be narrowly distributed so that all configu
tions are essentially evenly weighted.

It is interesting to observe that the umbrella-reweight
method can be immediately applied to the configurations
tained in the MMBIF-based MMC method. If the points
the first chain proposed to be swapped are reweighted
the reweighting energies, which have already been calcul
in the swapping step, one can obtain a different, although
independent, estimate for the potential of mean force. In
case of the proton transfer reaction in malonaldehyde,
potential of mean force obtained this way was plotted in F
7, from which it is evident that the performance of th
umbrella-reweighting technique and the MMC method
very similar. In other cases, the performances could di
more substantially, especially if long periods of rejection
the swap level in the MMC approach are observed. It
important to emphasize that in the MMC approach, both
reweighting method and the swapping scheme can be im
mented simultaneously to calculate quantities of interes
no additional cost. In principle, the calculated quantit
from both methods could be combined in some fashi
However, since the estimates are correlated in a complic
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fashion, it is not clear how one estimates the statistical
certainties in such a prescription, whichmust alwaysbe in-
cluded in a numerical calculation.

VI. CONCLUSIONS

In this article it was demonstrated that applying t
MMBIF method to the calculation of rate constants in situ
tions where chemical bonds are broken and formed decre
the correlation time of anab initio simulation by two orders
of magnitude. The classical guiding potential used in
MMBIF method was constructed using concepts and res
derived from the bond evolution theory. Although th
scheme of constructing a guidance potential proposed in
article was not based on a rigorous theory, bond evolut
theory provides a semiquantitative picture for empiric
chemical concepts such as bond-breaking, bond forming
electrostatic interactions, which are the building blocks
any molecular mechanics potential describing chemical re
tions.

The bond evolution theory-based construction of clas
cal potentials describing the evolution of the molecular
pology during a chemical reaction is still in its incipien
phase and more work on this subject is of clear interest
particular, modeling the influence of the solvent on the e
lution of the chemical bonds during the reaction present
significant challenge in terms of the separation between
valent and electrostatic contributions to the total energy
interaction. A study addressing the influence of the pola

FIG. 7. Theab initio potential of mean force for the proton transfer reacti
calculated by the MMBIF-based MMC method~solid circles! and the
umbrella-reweighting method~open circles!. Note that both methods yield
identical results within statistical uncertainties with virtually the same er
bars.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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of the solvent on the proton-transfer reaction rates using c
sical importance functions simulation methods is in progre

If the correct description of the chemical reaction
study requires that some nuclear degrees of freedom
treated quantum-mechanically, static properties can be
proximately treated via centroid quantum transition st
theory. It was demonstrated that coupling Monte Ca
chains in which nuclear degrees of freedom are treated c
sically ~centroid simulation! with path-integral Monte Carlo
chains can be accomplished using generalized state s
Monte Carlo methods. The coupling of the chains leads
reduction of the correlation time of theab initio path integral
simulation by an order of magnitude relative the uncoup
ab initio centroid simulation.

The application of the MMBIF-based multiple cha
method to theab initio study of the proton-transfer reactio
in malonaldehyde resulted in an overall reduction of th
orders of magnitude in the CPU simulation time compared
a direct MCab initio simulation at given statistical unce
tainties in the ideal situation in which a good umbrella p
tential for the reaction coordinate is available. Although M
ab initio simulations currently in use should perform som
what better than simple Metropolis MCab initio methods
since their mixing performance is somehow enhanced in
unimodal regions of the energy surface,1 we still expect an
improvement of two orders of magnitude in integrated c
relation time of the MMBIF based MMC method overab
initio MD techniques.
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