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In this article, an exact surface-hopping procedure and an approximate asymptotic method for
performing molecular dynamics based on a mixed quantum-classical Liouville equation@J. Chem.
Phys.110, 8919~1999!# for partially Wigner transformed dynamical variables of a coupled quantum
subsystem and classical bath are elaborated. The methods are based upon writing the equations of
motion in a basis set in which quantum transitions do not alter the classical trajectory, and therefore
avoid ad-hoc momentum jump approximations and are free of singular kernels associated with
sampling momenta.2 Results obtained utilizing the new trajectory methods are presented for a model
two-level system bilinearly coupled to a classical harmonic oscillator. These results are compared to
results obtained from standard methods of performing mixed quantum-classical dynamics. The new
methods perform well for the model system over a wide range of initial kinetic energies. ©2000
American Institute of Physics. @S0021-9606~00!01109-0#

I. INTRODUCTION

A number of procedures have been proposed recently1–10

for performing molecular dynamics simulations of con-
densed phase and molecular systems in which the Born–
Oppenheimer approximation breaks down. In such systems,
the incorporation of quantum effects into the description of
the dynamical evolution of the system is necessary. Quantum
effects are particularly important in many chemical systems
containing hydrogen atoms where the nuclear motion
evolves on multiple energy surfaces which are coupled.

One approach to the problem of incorporating quantum
effects in molecular dynamics is based upon semi-classical
methods,11 such as the initial-value representation~IVR!12

and its simplified versions~LSC-IVR!.13 Although the semi-
classical methods are appealing because they treat the clas-
sical and quantum degrees of freedom on equal footing, ac-
curate calculations using IVR methods tend to be
computationally intensive due to the slow convergence of
oscillatory integrands. Furthermore, the approximations
made to obtain tractable expressions for transition probabili-
ties and time-correlation functions are fairly subtle and dif-
ficult to control.

Another common approach of performing molecular dy-
namics simulations on mixed quantum-classical systems is to
concoct accurate methods of combining classical methods
for the ‘‘classical’’ system while retaining a minimal level of
quantum description for the remainder of the system. These
methods are usually based on eitherad-hoc rules for the
mixed quantum-classical system evolution,3,4 or on
stationary-phase approximations of reduced path integral
propagators.14,5–7 The latter methods are typically plagued
by problems of norm conservation. Mixed quantum-classical
methods are often implemented through a stochastic

‘‘surface-hopping’’ algorithm15 in which the classical evolu-
tion occurs with Hellmann–Feynman forces on a single, sta-
tistically chosen adiabatic energy surface.

In a recent article, Kapral and Ciccotti1 derived equa-
tions of motion for a mixed quantum-classical system based
on a systematic expansion in the ratio of the masses of the
quantum and classical degrees of freedom of the exact evo-
lution equations. By retaining terms up to linear order ine
5(m/M )1/2, wherem andM are the masses of the quantum
and classical degrees of freedom respectively, they obtained
a quantum-classical Liouville equation that accounts for the
coupled evolution of the quantum subsystem and the classi-
cal ‘‘bath.’’ In this article, we examine exact and approxi-
mate surface-hopping algorithms for carrying out molecular
dynamics simulations based on the quantum-classical Liou-
ville equation. The methods presented here utilize a repre-
sentation for the quantum subsystem in which quantum tran-
sitions arise through a commutator-like super-operator which
couples the quantum states while the classical degrees of
freedom evolve. In this representation, which is outlined in
Sec. II, all classical trajectories are smooth and free of mo-
mentum readjustments when the quantum subsystem
changes state. In Sec. III, a stochastic surface-hopping algo-
rithm for solving the coupled matrix equations in the ‘‘force
basis’’ representation is presented. In Sec. IV, this algorithm
is applied to a simple model system consisting of a two-level
system bilinearly coupled to a massive harmonic oscillator,
and the results obtained utilizing the new stochastic algo-
rithm are compared to the exact solution obtained via fast
Fourier transform methods. Issues of convergence of the al-
gorithm and possible extensions of the method are also dis-
cussed in this section. In Sec. V, an asymptotically exact
deterministic method of solving the mixed quantum-classical
Liouville equation is presented. This new method is particu-
larly useful for systems of small kinetic energy where clas-a!Electronic mail: jmschofi@chem.utoronto.ca
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sically forbidden transitions play an important role in the
dynamics. Furthermore, the method offers a systematic ap-
proach to investigate issues of numerical accuracy. Calcula-
tions performed with the method are compared to results
obtained by stochastic methods for the model system. The
conclusions of the study of the method are given in Sec. VI.

II. GENERAL FORMULATION

A. The quantum-classical Liouville equation

Consider a general quantum system consisting ofn
quantum particles of massm andN particles of massM with
a Hamiltonian of the form

Ĥ5

P̂2

2M
1

p̂2

2m
1V̂~ q̂,Q̂ !, ~1!

whereP̂, p̂, Q̂, andq̂ are vectors of momentum and position
operators of the classical and quantum degrees of freedom.
The total potential energyV̂ may be written asV̂q( q̂)
1V̂cl(Q̂)1V̂c(Q̂,q̂), where the subscripts refer to the quan-
tum, classical, and coupling terms in the potential energy.
The evolution of any dynamical observableB̂ is given by the
Heisenberg equation,

dB̂

dt
5

i

\
@Ĥ,B̂#. ~2!

In order to focus on the limit in which the particles with
massM, with M@m, are treated classically, it is convenient
to perform a partial Wigner transform with respect to the
classical degree of freedomQ̂ defined as

B̂w~R,P !5

1

~2p\ !3N/2E dz e iP•z/\K R2

z

2UB̂UR1

z

2L , ~3!

whereR is the coordinate representation of the operatorQ̂.
Note thatB̂w(R,P) is still an operator in the quantum sub-
space. In the limit in which the masses of the bath~classical!
particles are much larger than the quantum particle masses, a
small parametere5(m/M )1/2 may be defined and used to
perturbatively order terms1 in the equations of motion for a
partially Wigner transformed dynamical observable
B̂w(R,P). If terms up to first order ine are retained in the
full equation of motion, a Liouville equation for the mixed
quantum-classical system is obtained:1

dB̂w~R,P,t !

dt
5

i

\
@Ĥw~R,P !,B̂~R,P,t !#

2
1
2 ~$Ĥw~R,P !,B̂w~R,P,t !%

2$B̂w~R,P,t !,Ĥw~R,P !%!

5iLB̂w~R,P,t !, ~4!

where the Poisson bracket notation in Eq.~4! signifies

$Ĥw~R,P !,B̂w~R,P !%5

]Ĥw~R,P !

]R
•

]B̂w~R,P !

]P

2

]Ĥw~R,P !

]P
•

]B̂w~R,P !

]R
, ~5!

and the partial Wigner transform of the Hamiltonian is

Ĥw~R,P !5

P2

2M
1

p̂2

2m
1V̂w~R,q̂ !5

P2

2M
1 ĥw~R,P !. ~6!

It is important to note that in~4!, total energy is conservedby
construction regardless of the choice of quantum subsystem
representation. Similarly, the evolution equation for the par-
tial Wigner transformr̂w of the full density matrixr̂ can be
written as

]r̂w~R,P,t !

]t
52iLr̂w~R,P,t !. ~7!

Correlation functions can also be expanded to linear or-
der in the small parametere for the mixed quantum-classical
system. Consider the symmetrized correlation function,

^Â~ t !B̂&s
5

1
2Tr$Â~ t !B̂1B̂Â~ t !% ~8!

5

1

2 (
a

E dR dP„~ Â~ t !B̂ r̂…w1„r̂B̂Â~ t !…w!aa, ~9!

where the Tr operator is the trace over the quantum system
states,a are some complete set of quantum sub-system
states, and (ÂB̂)w is the partial Wigner transform of the
product operatorÂB̂. Using the relation that to ordere2,

~ ÂB̂ !w5Âw~R,P !Bw~R,P !1

\

2i
$Âw~R,P !,B̂w~R,P !%,

~10!

in Eq. ~9!, we obtain

^Â~ t !B̂&s
5

1

2 (
a

E dR dP„Âw~ t !B̂wr̂w1 r̂wB̂wÂw~ t !…aa

~11!

1

\

4i (
a

E dR dP„Âw~ t !$B̂w ,r̂w%

1$r̂w ,B̂w%Âw~ t !…aa. ~12!

If B̂ is a purely quantum operator so thatB̂w5B̂, then only
the first term of~12! survives. Similarly, the term propor-
tional to \ also vanishes ifB̂ is a purely classical operator
due to a cancellation in the Poisson bracket terms. It also
vanishes ifB̂ is the unity operator~i.e., the averagêÂ(t)&).
Once again, it is readily apparent that both the average en-
ergy and total populations in the set of quantum statesa is
conserved exactly. This is in contrast to methods based upon
stationary phase approximations of path integral expressions
of the reduced propagator7 in which the approximate propa-
gator is no longer unitary, leading to a full system dynamics
which does not conserve the norm.
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Henceforth, as in Eq.~12!, we shall drop toR and P
dependence of partially Wigner transformed operators for
notational simplicity unless the explicit dependence is neces-
sary for clarity.

B. Basis set representations

Equation~4! is solved by representing the quantum op-
erators of the subsystem in a complete basis set. One com-
mon, and convenient, choice of basis set is the set of ‘‘adia-
batic’’ states uã(R)& which diagonalize the operatorĥw

defined in Eq.~6!:

ĥw~R !uã~R !&5Ea~R !uã~R !&. ~13!

Note that due to the parametric dependence of the operator
ĥw on R, the basis set isR dependent. Taking matrix ele-
ments of Eq.~4!, one obtains1 the equation of motion for the

matrix elementBw
ãb̃(t),

dBw
ãb̃~ t !

dt
5iLãb̃,ã8b̃8

Bw
ã8b̃8~ t !, ~14!

where the Liouville superoperatoriLãb̃,ã8b̃8
is given by

iLãb̃,ã8b̃8
5iv ãb̃d ãã8

d b̃b̃8
1

P

M
•

]

]R
d ãã8

d b̃b̃8

1

P

M
•~dãã8

d b̃b̃8
2db̃8b̃d ãã8

!

1
1
2 ~Fw

ãã8d b̃b̃8
1Fw

b̃8b̃d ãã8
!•

]

]P
, ~15!

with v(R)5„E ã(R)2E b̃…/\. In Eq. ~15!, quantum state
couplings arise through the off-diagonal matrix terms of the
nonadiabatic coupling matrixdãã8

given by

dãã8
5^ã~R !u

]

]R
uã8~R !&, ~16!

and the off-diagonal ‘‘force,’’

Fw
ãã8

52^ã~R !u
]Ĥw

]R
uã8~R !&. ~17!

The diagonal elements of the force matrix are the Hellmann–
Feynman forces,

Fw
ãã

52

]E ã~R !

]R
, ~18!

and the off-diagonal elements can be expressed1 in terms of
the nonadiabatic coupling matrixd. Equation ~14! can be
conveniently written using supermatix notation in which all

matrix elementsBw
ãb̃ are represented in a single supervector

Bw
m̃ , with m̃ representing the pair (ã,b̃) as

dBw
m̃~ t !

dt
5iLm̃,ñBw

ñ ~ t !, ~19!

and formally solved to obtain

Bw
m̃~ t !5~e iLt!m̃ ñBw

ñ ~0!. ~20!

Equation~20! can be used as a starting point for exact solu-
tions of the mixed quantum-classical equations of motion in
the adiabatic basis. For systems which retain characteristics
of the adiabatic ground state dynamics and involve only a
small number of adiabatic energy surfaces and forces, the
matrix equation can be truncated to include only a few states.
For such weakly nonadiabatic systems, the matrix indicesm̃
run over a small set of indices, resulting in a tractable system
of equations.

Although Eq.~20! can be solved by brute force diago-
nalization techniques for systems with few classical degrees
of freedom, larger systems require somewhat more sophisti-
cated approaches. A number of methods of tackling the nu-
merical solution of~20! are potentially feasible. One possib-
lity is to separate the Liouville supermatrix operatoriL into
diagonal iLcl and off-diagonaliLQ components. Based on
symmetries of the superoperator matrices, it can be shown
that each component of the supermatrix operator has purely
imaginary eigenvalues, so that the Trotter product formula,16

e2i(Lcl
1L

Q)t
5~e2iLclt/2N te2iLQt/N te2iLclt/2N t!N t1O~N22!,

~21!

may be applied to approximate propagation over the total
time interval as propagation overN t short time segments of
durationDt, with t5N t Dt:

Bw~ t !5e iLclDt/2M ad~Dt !e iLclDt/2•••e iLclDt/2

3M ad~Dt !e iLclDt/2Bw~0!, ~22!

with the off-diagonal matrixM ad(Dt) given by

M ad
m̃ ñ~Dt !5~e iLQDt!m̃ ñ ~23!

'd m̃ ñ1iL
m̃ ñ

Q
Dt. ~24!

Using the form of the superoperatoriL in Eq. ~15!, the off-
diagonal part of the Liouville operator can be written as1

iL
ãb̃,ã8b̃8

Q
5

P

M
•dãã8S 11

1

2
S ãã8

•
]

]P D d b̃b̃8
1

P

M

•d
b̃b̃8
* S 11

1

2
S

b̃b̃8
* •

]

]P D d ãã8
, ~25!

with ‘‘jump’’ matrix element

S ãã8
5

Fw
ãã8

2Fw
ããd ãã8

P/M•dãã8

. ~26!

The force matrixS ãã8
is precisely the force obtained by

Coker and Xiao7 using time-dependent perturbation theory
applied to the nonlocal Pechukas force.14 This force acts to
redistribute the energy change due to quantum transitions
into the classical kinetic energy. The fact that the off-
diagonal part of the Liouville super-operatoriLQ still has a
term which involves derivatives with respect to the classical
momenta makes the evaluation of the off-diagonal terms dif-
ficult. The derivative term can be approximated for smallS
values as

11

1

2
S ãã8

•
]

]P
'e ~1/2! S ãã8•]/]P, ~27!
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so that accompanying each change in quantum matrix ele-
ment there is a simultaneous change in momenta whose mag-
nitude and direction are determined by the jump matrix
S ãã8

. With this ‘‘momentum-jump’’ approximation, a tra-
jectories method can be developed in which a transition
probability matrix is constructed based oniL

m̃ ñ

Q , resulting in
a scheme very similar to that developed by Tully and
coworkers.4 However, the momentum-jump approximation is
quite poor for regions of classical phase space whereP is
small, or the energy gap is large since the jump matrixSa8ã8

behaves asM3(E ã2E ã8
)/P. Transitions in these regions

can be cut-off by invoking anad-hoc energy criterion which
requires that the classical system has sufficient energy to
compensate for a change in the quantum system state.

It is interesting to note that Eq.~22! involves forces that
are entirely local in time and instantaneous quantum transi-
tions, unlike many surface-hopping algorithms based on path
integral forms of reduced propagators.6,7 These properties
follow from the application of Trotter’s formula to the mixed
quantum-classical Liouville equation. The Trotter formula
requires that the time stepDt be small enough so that expo-
nentials of the linear operatorsiLcl and iLQ commute ap-
proximately. The magnitude of the time stepDt between
checks for quantum transitions therefore depends on the pre-
cise nature of the Liouville operators and is model depen-
dent.

The momentum-jump approximation can be avoided al-
together at the expense of introducing additional integrals
over singular kernels1,2 for each derivative with respect to a
classical coordinate,

] f ~R,P !

]P
52E

2`

`

ds
dd~s !

ds
f ~P1s !. ~28!

In this scheme, when a transition to another matrix element
occurs the actual value of the momentum jump is sampled
via a Monte-Carlo procedure from an approximate form of
the kerneldd(s)/ds for each classical degree of freedom
which is coupled to the quantum subsystem. This approach is
impractical to implement because the integral over momen-
tum jump valuess converges relatively slowly.

The difficulties associated with the evaluation of deriva-
tives with respect to the classical momenta in the off-
diagonal coupling matrix can be circumvented by transform-
ing ~20! to a basis which diagonalizes the off-diagonal force
F. To accomplish this, we define anR-dependent unitary
matrix U(R) such that~in matrix form!

U21~R !•F•U~R !5Fd, ~29!

whereFd is a diagonal force matrix whose diagonal elements
have contributions from the Hellmann–Feynman forces and
the off-diagonal force terms. It should be noted that the di-
mensionality of the transformation matrixU(R) is the same
as that of thetruncated system of equations in the adiabatic
basis. That is, the truncated equation in the adiabatic basis is
transformed. As is shown in the Appendix, the equations of
motion in matrix formB for a dynamical variableB̂w in the
force basis assume a simple form,

dB~ t !

dt
5

i

\
~H̃w•B2B•H̃w!1

P

M
•

]B

]R

1

1

2 S Fd•
]B

]P
1

]B

]P
•FdD , ~30!

where

H̃w
ab

5Hw
ab

1

i\P

M
•Dab, ~31!

wherea andb areR-dependent force eigenstates and

Dab
5^a~R !u

]

]R
ub~R !& ~32!

is a nonadiabatic force coupling matrix. Note that since the
force matrix Fd is diagonal in the force basis indices, all
coupling between different matrix elements arises solely
through the modified commutator term in~30!. It should also
be noted that for many simple model systems where the cou-
pling between the classical and quantum systems is of the
form Vc(Q̂,q̂)5V( q̂)g(Q̂), the nonadiabatic force coupling
matrix D vanishes.

As in the adiabatic representation, Eq.~30! may be for-
mally solved@in supervector notation withm5~a,b!#,

Bw
m~ t !5~e i(LQ

1L
cl)t!mnBw

n ~0!, ~33!

whereiLQ is now the off-diagonal commutator term in~30!
and iLcl is a classical-like Liouville operator which is diag-
onal in the force basis indices,

iLm
cl

5

P

M
•

]

]R
1

1

2 S Faa
d •

]

]P
1

]

]P
•Fbb

d D . ~34!

Since Hw
ab

5(Hw
ba)* and Dab

52(Dba)* , iLQ is an anti-
Hermitian operator, as isiLcl . Hence both the off-diagonal
Liouville operatoriLQ and the diagonal operatoriLcl have
pure imaginary eigenvalues and satisfy the criteria for the
Trotter product formula. Applying the Trotter expansion~21!
to Eq. ~33!, we obtain

Bw
m~ t !5e iLm

cl
Dt/2Mmn1

~Dt !e iLn1

cl
Dt/2•••e iLnNt

cl
Dt/2

3MnN t
n~Dt !e iLn

cl
Dt/2Bw

n ~0!, ~35!

where

Mmn~Dt !5@e iLQ Dt#mn . ~36!

The ‘‘transition’’ matrix Mmn can be explicitly evaluated at
any point in classical phase space (R,P) by diagonalizing
iLQ,

Mmn~Dt !5(
m̂

Smm̂~R !e iVm̂(R,P)DtS
m̂n

21
~R !, ~37!

where um̂& are the eigenvectors ofiLQ, V m̂(R,P) are the
corresponding eigenvalues, andS(R) is the unitary matrix
which diagonalizes theiLQ matrix written in the force basis
set. The ‘‘transition matrix’’Mmn is not a transition matrix in
the proper sense in that it is not always real, positive with
row sums equal to unity. This fact results in numerical insta-
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bilities in the Monte-Carlo procedure we present below, and
leads to slow convergence of the method at long times.

For many simple model systems for which the nonadia-
batic force coupling matrix vanishes, the adiabatic basis set
diagonalizesiLQ, and the eigenvalues are simplyV m̂(R)
5v ãb̃(R). For these models it is clear that the diagonal
terms of the transition matrix are phase terms while cou-
plings among matrix elements occur due to the off-diagonal
nature of the partially transformed Wigner HamiltonianĤw

in the force basis. In the adiabatic limit, the off-diagonal
terms of the force matrix in the adiabatic basis are neglible,
in which case the transition matrix is diagonal. For weakly
nonadiabatic systems, one can anticipate that the transition
matrices have small, complex off-diagonal elements.

III. STOCHASTIC TRAJECTORIES METHOD

From Eq.~35! it is clear that in order to evaluate a par-
ticular matrix elementBw

n (t) at time t the intermediate force
statesn1 , . . . ,nn must be summed over. For weakly nona-
diabatic systems, each sum involves only a few indices. The
matrix product in~35! may be viewed as a weighted sum
over sets of indices$n1 , . . . ,nN t

%, where the weight of the
term is determined by the product of the matrix elements at
each time-step. If there areM indices referring to the quan-
tum matrix elements in the truncated system of equations
then there are clearlyM N t sets of indices. As the quantum
forces in each quantum state are potentially different, there
are therefore also on the order ofM N t distinct classical
‘‘paths’’ for the bath degrees of freedom since the value of
the classical phase space coordinates at each time increment
depends on theentire history of the path preceding it. A
schematic representation of the series is shown in Fig. 1.
However, not all paths contribute to the dynamics of a par-

ticular matrix element with equal weight, and importance
sampling can be used to approximate the sum over all pos-
sible sets of indices. The actual way in which the sampling is
done is arbitrary, provided the sampling method converges to
the correct result.

The method can be illustrated by considering a simple
problem of calculating a product of nearly-diagonal, com-
plex matrices by a Monte-Carlo procedure,

M ab
5 (

g1 , . . . ,gn

M 1
ag1M 2

g1g2•••M n21
gn21b

~38!

5 (
g1 , . . . ,gn

M 1
ag1

P1~a,g1!

M 2
g1g2

P2~g1 ,g2!
. . .

M n21
gn21b

Pn21~gn21 ,b !

3P1~a,g1!•••Pn21~gn21 ,b !, ~39!

where P i(a,b) is the conditional probability of choosing
index b given that the current index isa for matrix i. One
reasonable choice of howP i(a,b) can be defined is

P i~a,b !5

uM i
abu

(guM i
agu

, ~40!

where uM abu is the modulus of complex matrix element
M ab . The Monte-Carlo procedure is to first construct the
probability distributionP i(g i21 ,g i) given that the current
index isg i21, and then to draw the indexg i randomly from
the constructed distributionP i . After drawing the indices,
the weight factor for each Monte-Carlo sampling step is cal-
culated asM i

g i21g i/P i(g i21 ,g i). The process is continued
sequentially for i51 to i5n21. The cumulative
‘‘Rosenbluth’’17 weight factor for the entire process is the
product of each of the individual step weight factors, much
as in configurational biased sampling.18 The estimator for
M ab is computed by averaging over a large number of real-
izations of this procedure. If the matricesM i have small
off-diagonal elements, the Monte-Carlo procedure will con-
verge quickly toM ab .

The Monte-Carlo procedure elaborated above is clearly
not the most efficient way of evaluating the matrix product.
However, the scheme can be also be applied in the case in
which the M i depend on all previous matricesM j with j
,i. In this situation theP i are distributions which depend on
the entire previous history of indices selected. This is clearly
the case for the mixed quantum-classical evolution.

The exact surface-hopping algorithm for performing
mixed quantum-classical molecular dynamics to calculate a
specific matrix elementBw

m(t) at time t is therefore the fol-
lowing.

~1! Given the current~or initial! values ofR and P, solve
the instantaneous eigenvalue equation to calculate the
adiabatic states and the force matrixF in the adiabatic
basis.

~2! Find the unitary transformation matrixU(R) that diago-
nalizesF and calculate the new diagonal force matrix
Fd .

FIG. 1. A schematic representation of the evolution of a super-matrix ele-
mentRa for a two-level system starting from timet50. At each time step,
there are 3 possible new super-indices possible for the matrix element. The
notationRb

a(Dt) specifies that the super-index wasa and b at timest50
and t5Dt, respectively.
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~3! Given the current~or initial! matrix indexn i , propagate,
using the forceFn i

d , the classical coordinates using a

reversible molecular dynamics procedure, like leapfrog,
for a short time intervalDt/2.

~4! Construct the adiabatic and force states at the new clas-
sical coordinates and diagonalize the off-diagonal Liou-
ville operatoriLQ to form the transition matrixMi using
Eq. ~37!.

~5! Construct a probability distribution functionP i(n i ,n i11)
based onMi and select a force staten i11 from P i . Cal-
culate the weight factorMi /P i .

~6! Repeat steps~1!–~3! with the indexn i11 .
~7! Repeat steps 1 through 6N t times and calculate the cu-

mulative weight factor by multiplying together the
weight factors from each iteration. CalculateBw at the
final classical coordinate values and multiply by the
weight factor.

~8! Repeat the entire procedure, steps~1!–~7!, Nmc times
and average to obtain an estimate ofBw

m(t).

The algorithm requires solving for the instantaneous
adiabatic and force states 3 times per time step. The addi-
tional force state diagonalization not present in other meth-
ods introduces little additional work since the force matrix in
the ~truncated! adiabatic basis is typically of low dimension
for weakly nonadiabatic systems. Similar considerations hold
for the diagonalization ofiLQ .

IV. RESULTS ON A MODEL SYSTEM

The new surface-hopping method was tested on a simple
one-dimensional model system comprised of a quantum
double-well system bilinearly coupled to a Harmonic oscil-
lator bath. A similar system was used by Fang and
Hammes-Schiffer19 to study the ‘‘fewest switches’’ stochas-
tic algorithm. The partially-Wigner transformed Hamiltonian
for the model system is

Ĥw5

p̂2

2m
10.25c0q̂4

20.5a0q̂2
2g q̂R1

P2

2M
1

1

2
\Mv0

2R2,

~41!

wherem51 amu,M5100 amu,a05565 Å22 kcal/mol, c0

59975 Å24 kcal/mol, g563.33 Å22 kcal/mol, and v0

5100 cm21 . These parameter values give a double-well
barrier height of 8 kcal/mol at60.24 Å and yield a fre-
quency typical of an OH stretching vibration.19 It is conve-
nient to introduce dimensionless scaled variables defined by

t5v0
21t* , P5~M\v0!1/2P* ,

~42!

R5S \

Mv0
D 1/2

R* , g5v0~M\v0!1/2g* ,

and energy is expressed in units of\v0 . In Fig. 2, the adia-
batic potential energy curves, and the nonadiabatic coupling
elementd12 are shown as a function of dimensionless clas-
sical coordinateR* . The model has an avoided crossing in
the vicinity of R* 50 where the nonadiabatic coupling ma-
trix has a maximum. In this region of the classical phase
space, the adiabatic surfaces are coupled and a significant

redistribution of population occurs as the classical system
evolves. Note thatd12 is a long-ranged function ofR which
decays to zero asR22 for large R in this model, while the
off-diagonal force decays asR21 . The long-ranged nature of
these matrix elements implies that the coupling between
adiabatic surfaces extends over a wide region of classical
phase space.

It is straightforward to show that the correction terms for
higher orders of the small expansion parametere vanish for a
classical Harmonic oscillator bilinearly coupled to a quantum
subsystem due to the fact that the higher order terms intro-
duce higher order derivatives, via the Poisson bracket opera-
tor, which vanish or cancel for the simple model system. The
mixed quantum-classical Liouville equation~4! is therefore
exact for this model. This implies the Monte-Carlo method
proposed in the preceding section converges to the exact
quantum result regardless of the ratio of the classical and
quantum masses in the Hamiltonian~41!. The importance of
higher order terms in~4! for other models remains to be
examined.

A. Fourier-transform solution

Equation~35! can be solved numerically to arbitrary ac-
curacy using finite grid methods. In this approach, the set of
matricesBw

m(R i ,P i) is embedded on a finite grid that spans
the phase space, where the indexi runs over the grid points.
The number of grid points and their distribution are opti-
mized to achieve the desired level of accuracy as function of
computational cost. For an infinitesimal time intervalDt, the
quantum propagation corresponds to a matrix rotation based
on Eq.~36!. For the propagation with the classical propaga-
tor iL cl, we need to make a transformation to the appropriate
reciprocal space ofR andP such that the operators]/]R and
]/]P become diagonal. This procedure can easily be imple-
mented with the fast-Fourier-transform~FFT! package.

FIG. 2. The adiabatic energy levels and off-diagonal force and coupling
matrix for the model proton transfer system as a function of reduced spatial
coordinateR.
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The FFT method is intrinsically a rigorous method. The
drawback of it is that it becomes computationally costly as
soon as one turns to systems of higher dimensionality, which
renders the method impractical for systems with many de-
grees of freedom. However, the FFT method does give us
good reference solutions against which the solutions ob-
tained by stochastic methods for the model systems may be
tested.

B. Surface-hopping solution

In order to implement the surface-hopping method out-
lined in Sec. III for the model system, the sampling proce-
dure must be specified by defining the distributionP(a,b).
Based on the example~39!, the logical choice of distribution
is

P~m,n !5

uM mnuu

(guM mguu
, ~43!

whereu51, m andn aresuper-vector indices, andM mn is the
transition matrix~37!. It is possible that other values ofu and
other forms of the sampling distribution allow for faster con-
vergence of the Monte-Carlo procedure. Because the nona-
diabatic force coupling matrixD50 for this model, the con-
struction of the sampling distribution P(m,n) is
straightforward and introduces little computational work be-
yond the construction of the instantaneous adiabatic and
force states. Based on the observation that the population of
the second excited state~and higher states! obtained from the
exact fast Fourier transform solution of~30! is negligible for
the coupling valueg563.33 Å22 kcal/mol, the adiabatic
states are truncated to include only two states and the model
is essentially a two-level quantum system bilinearly coupled
to a classical harmonic oscillator. In the trajectory calcula-
tions presented here, the adiabatic states are calculated by
first diagonalizing the quantum double-well Hamiltonian
terms~without the coupling to the bath! very accurately us-
ing an essentially complete Hermite basis set for theq̂ op-
erator. Once the ‘‘subsystem’’ states are obtained, the par-
tially Wigner-transformed HamiltonianĤw is written in the
subsystem basis. The adiabatic basis states at each classicalR

value are then obtained by diagonalizing theĤw matrix. The
initial step of solving for the subsystem states is independent
of R and therefore needs to be done only once. The sub-
system states are useful because accurate calculation of the
lowest adiabatic eigenstates~and eigenvalues! requires rela-
tively few subsystem states for systems which are localized
in regions of classical phase space nearR50. Typically,
between 2 to 8 subsystem states are necessary for converged
adiabatic energies and forces, depending on the coupling
strengthg. Several observables where calculated via the sto-
chastic molecular dynamics procedure,R(t), P(t), R2(t),
P2(t), the total energy,E(t), and the ground and excited
adiabatic state populations. In Fig. 3, results of the stochastic
algorithm are compared to the exact solution obtained using
the Fourier transform method. The trajectories and popula-
tions obtained using the MDQT method4 of Tully and

Hammes-Schiffer are also included in Fig. 3 for comparison.
As the Fourier transform method requires a distribution of
initial conditions with finite width, the classical trajectories
and adiabatic state populations were calculated from a set of
100 initial points forR andP drawn from a narrow Gaussian,

w

p
e2w(R2R0)2

e2w(P2P0)2
, ~44!

of width w550 centered atR050 andP0522. The quan-
tum system was assumed to be initially in the ground adia-
batic state. The adiabatic population for quantum statem̃ was
calculated by evolving the variabled(R2R0)d(P
2P0)d m̃,n for each set of initial classical coordinates. The
trajectory and populations for each initial point was averaged
overNmc550 000 sampling trajectories. As is evident in Fig.
3, the Monte-Carlo sampling procedure does indeed con-
verge to the exact quantum result, although the convergence
rate is disappointing and many trajectories must be sampled.
Although total energy and population are conserved explic-
itly in ~30!, these quantities vary along each of the sampling
trajectories and are conserved only in the final converged
average over all the sampling trajectories. They therefore can
be used to monitor the convergence of the Monte-Carlo sam-
pling procedure. In Fig. 4, the total energy and population
are plotted as a function of time, from which it is evident that
although the short-time dynamics~from v0t,1) conserves
the energy and total population on average, significant devia-
tions due to statistical fluctuations of the average energy and
total populations appear at longer times. The errors in con-
servation of the energy and total population are correlated
due to the way in which the trajectories are weighted. To
further investigate this behavior, the average classicalR and
P trajectories through the nonadiabatic region, along with the

FIG. 3. The populations and phase-space trajectory for the model proton
transfer system. The solid lines indicate the exact numerical solution ob-
tained by FFT methods, the long-dashed line are the MDQT results, the
dotted line are the exact surface-hopping results, and the dashed-line labeled
with circles are the results from the ‘‘localized thread’’ algorithm described
in Sec. V.
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statistical uncertainties of these averages, estimated using
200 bootstrap samples,20 were calculated and plotted as a
function of time in Fig. 5. The averages were calculated from
20,000 sampling trajectories which all started from the initial
condition R50, P522. It is clear from Fig. 5 that the
growth in the statistical uncertainty is exponential in time, so
the method is impracticable for calculating long molecular
dynamics trajectories for this model.

The instability of the sampling procedure can be under-
stood by close examination of the behavior of the transition
matrix M mn as a function of theR coordinate. Ideally, one
hopes the off-diagonal elementsM mn are significant only in
the nonadiabatic region of phase space so that as the system
moves away from the system it makes fewer and fewer tran-
sitions. This property arises naturally when the dynamics of
the system is expressed in the adiabatic basis. In the force
basis, however, even though the transition matrix is nearly

always diagonal it is relativelyconstant over the entire re-
gion of phase space, as is seen in Fig. 6, so that the natural
evolution of the system does not cut-off the transitions. The
transitions in the force basis are effectively distributed
evenly in time, leading to an accumulation of uncertainty at
longer times. The accumulation is due to the fact that since
the transition matrixM mn is not a transition matrix in the
proper sense, the cumulative Rosenbluth weight grows in
time since the weight at each time-step is proportional to
Qm

5(guM mguu . For the bilinear coupling model,Qm
.1

and is a constant which depends on the coupling strength
parameterg. This, in turn, implies that the range of the
‘‘weights’’ for the sampling trajectories grows as time in-
creases, resulting in numerical instabilities associated with
averaging over a broad~and multi-modal! distribution of tra-
jectories. The instability is compounded by the fact that the
‘‘weights’’ in the ensemble of sampling trajectories are both
positive and negative, which ideally nearly cancel one an-
other. The poor convergence of the stochastic algorithm due
to the contribution of different signs is similar to the one
usually encountered in semi-classical methods like the
IVR.12 However, the signs flips occur in the transition matri-
ces in a regular way, and it seems likely that the convergence
of the method would be vastly improved if the symmetries
which lead to the near cancellations in contributions to aver-
ages of observables were incorporated into the sampling pro-
cedure.

However, there are positive aspects of the Monte-Carlo
method. The sampling procedure converges reasonably well
for short-time dynamicsregardless of whether the region of
classical phase space is nonadiabatic or not. In instances in
which only the short-time dynamics is of interest, such as in
the estimation of rate constants for chemical processes,21 the
method is potentially useful. Furthermore, it is possible that
the qualitative nature of the transition matrix will be substan-
tially different in models where the nonadiabatic coupling
matrix and off-diagonal forces are localized in specific re-
gions of phase space, leading to natural transition cut-offs in

FIG. 4. The energy conservation of the exact surface-hopping trajectory
method. The deviations are due to the stochastic nature of the method.

FIG. 5. Growth of the uncertainties of the average classical trajectory coor-
dinates calculated by the surface-hopping method as a function of time.

FIG. 6. The probability of making a transition from the ground state in the
adiabatic and force basis representation of the quantum subsystem.
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the force basis as well. These issues are currently under in-
vestigation.

The unpleasant properties of the transition matrixM mn

are a reflection of the fact that the force basis is not the
‘‘natural’’ basis for the weakly nonadiabatic dynamics, and it
is logical to try to apply a methodology similar to that used
in developing the force basis surface-hopping algorithm to
dynamical equations written in the adiabatic basis. Unfortu-
nately, such an approach is difficult to implement due to
even worse sampling instabilities. For example, an exact
Monte-Carlo procedure based on~22! can be devised in
which transitions among adiabatic matrix elements are
sampled from a distribution. Consider the resulting transition
matrix,

M ad
m̃ ñ~Dt !5~e iL1 Dt!m̃ ñ . ~45!

As in ~37!, the off-diagonal Liouville operator~now in the
adiabatic basis! can be written as

M
m̃ ñ

ad
~Dt !5(

m̂

Sm̃m̂~R !e iL̃m̂(R,P)DtS
m̂ ñ

21
~R !, ~46!

wherem̂ is the basis set which diagonalizes the super-matrix
iL1 and L̃m̂ is the resulting linear operator which is now
diagonal in quantum super-indices. As is apparent from Eq.
~15!, L̃m̂ contains a term of the formF̃m̂• ]/]P , which pro-
vides a natural momentum jump whose magnitude is dictated
by F̃m̂ . Considering only the term inL̃m̂ due to the off-
diagonal force, the transition matrix can be explicitly evalu-
ated by adding a well-defined momentum jump at every
time-step. However since each intermediate statem̂ gives a
different momentum jump, the intermediate state must be
sampled by some procedure in addition to the adiabatic state
in order to uniquely specify the subsequent classical trajec-
tory. This can be implemented by writing

M
m̃ ñ

ad
~Dt !5(

m̂

M
m̃ ñ

ad
~m̂,Dt ! ~47!

5(
m̂

M
m̃ ñ

ad
~m̂,Dt !

P m̃ ñP~m̂um̃ ñ !
P m̃ ñP~m̂um̃ ñ ! ~48!

5(
m̂

W~m̂,m̃,ñ !P m̃ ñP~m̂um̃ ñ !, ~49!

whereP(m̃,ñ) is the probability of choosing adiabatic state
ñ given that the system is in statem̃, P(m̂um̃ ñ) is the con-
ditional probability of selecting intermediate statem̂ given
adiabatic statesm̃ andñ, andW(m̂,m̃,ñ) is the weight factor
for selectingm̂ and ñ given m̃. The obvious choice of the
sampling distributions is

P~m̂um̃ ñ !5

uM
m̃ ñ

ad
~m̂,Dt !u

Q̃ m̃ ñ

,

P m̃ ñ5

Q m̃ ñ

(
g̃

Q m̃g̃

, ~50!

with

Q m̃ ñ5U(
m̂

M
m̃ ñ

ad
~m̂,Dt !U, ~51!

Q̃ m̃ ñ5(
m̂

uM
m̃ ñ

ad
~m̂,Dt !u. ~52!

At first glance one might think the method is useful since the
transition probability now reflects the true nature of the
weakly nonadiabatic system. However, when rare transitions
among adiabatic matrix elements occurs in regions where
Q m̃ ñ,,0 for ñÞm̃ ~and henceP m̃ ñ,,1), the weight fac-
tor W(m̂,m̃,ñ) becomes large since it is proportional to the
ratio Q̃ m̃ ñ /Q m̃ ñ and Q̃ m̃ ñ;1. The divergent weight factor
causes far greater instabilities than those encountered in the
force basis method. The only way in which the sum over
intermediate statesm̂ can be done explicitly to avoid the
additional sampling is if the transition matrixM does not
alter the classical trajectory. This requires a diagonal force,
and one is reduced to the force basis representation if the
surface-hopping is to be done exactly.

V. AN ASYMPTOTIC SOLUTION METHOD FOR THE
MIXED QUANTUM-CLASSICAL LIOUVILLE
EQUATION

A. Formulation

In this section we focus on a new deterministic method
of solving the mixed quantum-classical Liouville equation
that remains computationally practical, and through which
the question of numerical accuracy can be addressed on a
fundamental level. The method is based upon the notion of
locality in classical phase space of classical trajectories.

Consider the partially Wigner transformed density ma-
trix r̂w(R,P,t), where R and P are the multi-dimensional
phase space coordinates for the classical degrees of freedom.
There is one to one correspondence between the matrix ele-
ment rw

ab
5^aur̂wub& and the true quantum density matrix

rQ5ua&^bu. Our fundamental assumption is that for the
time intervals which are of physical interest,r̂w is localized
within a finite volumeV of classical phase space, over which
its matrix elements represented in a quantum basis are rela-
tively smooth. Under these conditions, a finite number of
matrices located at a set of discrete points in classical phase
space,$r̂w

j (R j ,P j ,t)%, j51,2, . . . ,L, can be found which
can approximately represent the exact density matrix to any
desired accuracy whenL is sufficiently large;

r̂w~R,P,t !5(
j51

L

r̂ j~ t !d„R2R j~ t !…d„P2P j~ t !…. ~53!

Inserting the finite representation ofr̂w in ~53! into the Liou-
ville equation~7! yields
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(
j51

L
]

]t
@ r̂ j~ t !d~R2R j!d~P2P j!#

5(
j51

L

~ iL Q
1iL R

1iL P!r̂ jd~R2R j!d~P2P j!, ~54!

where iL Q is the quantum part the Liouville operator, and
iL R and iL P are the classical parts that act onR and P,
respectively. We can subsequently break the above equation
into three coupled equations:

]

]t
r̂ j~ t !5iL Q~R j ,P j!r̂

j~ t !, ~55!

]

]t
d~R2R j!5iL R~R j ,P j!d~R2R j!, ~56!

r̂ j
]

]t
d~P2P j!5iL P~R j ,P j!r̂

jd~P2P j!. ~57!

Notice we have utilized the property thatiL R and r̂ com-
mute, so the density matrix does not explicitly appear in Eq.
~56!.

Equations~55!–~57! can be compared to the case where
the quantum density evolution is superposed on a set of point
particles that evolves classically according to the Liouville
equation. The latter can be solved numerically via a simple
leap-frog type procedure. The major difference here is that
the operatoriL P does not commute withr̂, and we need to
have a closer look at Eq.~57!, which we express as

r̂ j
]

]t
d~P2P j!

52

1

2
@ F̂w~R j!r̂

j
1 r̂ jF̂w~R j!#•

]

]P
d~P2P j!, ~58!

whereF̂w is the mixed quantum-classical force operator. To
obtain ~58!, we have assumed thatF̂w is independent ofP.
The development of the dynamical equations~55!–~57! is
general and independent of the basis set used to represent the
quantum operators. Usually the quantum basis set is chosen
with a cut-off in energy and has a finite dimensionM to take
advantage of the fact that only a few adiabatic energy states
have significant population. In this truncated quantum basis
representation,F̂w and r̂ are M3M matrices. The quantum
basis typically depends parametrically on the classical coor-
dinateR, which affects the form of the subsequent evolution
equations. For example, consider a generic local basis set
@parametrically dependent on the classical coordinateR#,
ufa(R)&, a51,2, . . . ,M , in which the operators in Eqs.~57!
are represented as matrices. Care must be taken when evalu-
ating the equations of motion for the matrix elements using
~55!–~57! due to the explicitR dependence in the basis set.
The left hand side of the equation~55! involves a derivative
with respect to time on the operatorr̂. Since the classical
coordinates depend implicitly on time, the left hand side of
~55! becomes

^au
]

]t
r̂ub&5

]

]t
rab2ragdgb•

P

M
1

P

M
•dagrgb , ~59!

where we have inserted the relation̂au] tub&5 (P/M )
3^au¹Rub&[ (P/M ) dab . In theR-dependent basis set, the
equations of motion for the matrix elements and their classi-
cal coordinates are

]

]t
rab

j ~ t !5iL ab,a8b8

Q
~R j ,P j!ra8b8

j
~ t !, ~60!

]

]t
d~R2R j!5iL R~R j ,P j!d~R2R j!, ~61!

rab
j ]

]t
d~P2P j!5iL ab,a8b8

P
~R j ,P j!ra8b8

j
d~P2P j!, ~62!

where the terms involving thed matrix have been incorpo-
rated into the right hand side of~60! as part of the quantum
Liouville operatoriL Q . The Liouville operators can be ex-
plicitly written out in the basis representation as

iL ab,a8b8

Q
ra8b8

52

i

\
Hw

agrgb1

i

\
ragHw

gb
2

P

M

•dagrgb1ragdgb•
P

M
, ~63!

and

iL ab,a8b8

P
ra8b8

52

1

2
~ F̂w

agrgb1ragF̂w
gb!•

]

]P
. ~64!

The quantum basis we propose is a basis that diagonal-
izes the force operator so thatF̂w

ab
5fadab , and Eq.~62!

becomes

S ]

]t D
ab

d~P2P j!52

1

2
@fa~R j!1fb~R j!#•

]

]P
d~P2P j!,

~65!

where fa is the eigenvalue of the force matrix~i.e., F̂wua&
5faua&). The indices on the left hand side of~65! indicate
that the classical coordinateP j of matrix elementrab

j is
evolving according to the force corresponding to indices
~ab!. It is readily apparent that different matrix elements will
propagate according to different quantum forces, leading to a
branching of classical trajectories for each matrix element.

The branching effect greatly complicates the solution of
the dynamical evolution equations. For example, suppose
that at a given time a discrete set of density matrices is found
to represent the density matrix to some desired accuracy.
According to Eqs.~60!–~62! and~65!, each matrix in this set
will branch into M (M11)/2 matrices due to the off-
diagonal nature ofiL Q in the basis set in the next small time
interval. The total number of matrices we get after such an
iteration will be L3M (M11)/2. According to the funda-
mental assumption of localization in classical phase space,
there must beL among those that will best represent the total
density at timet1Dt. The primary task in our algorithm is
to find L matrices from among the total numberL3M (M
11)/2 after each iteration that can best represent the quan-
tum density matrix. We propose the following rules for this
purpose:~1! We define the weight of each matrix to be
(aburabu. If this weight is less than a certain small number,
such as 10212, then this thread ‘‘dies’’ and is dropped from

4456 J. Chem. Phys., Vol. 112, No. 10, 8 March 2000 C.-C. Wan and J. Schofield



the set.~2! If two threads are close to each other, namely, if
their distance in phase space is less than a small critical
number, then these two threads are simply superposed to
form one thread. By applying the above two rules, the total
number of threads can be reduced in a well-controlled man-
ner. As we will show in the next section, the results of this
asymptotic approach agree very well with the exact solutions
for the test model we have studied.

Recently, Martı´nez and coworkers have developed a
multiple spawning~MS! numerical scheme for the study of
nonadiabatic dynamics.22 Essentially, the MS method uses a
moving Gaussian basis set to expand the wavefunction of the
heavy particles. Each Gaussian state is centered along a clas-
sical trajectory whose time evolution is determined by the
potential of the corresponding~quantum! energy surface of
the light particles~electron!. Gaussians of different energy
surfaces are coupled through nonadiabatic interaction terms.
Usually this method starts with a minimum set of basis func-
tions, and the basis set is expanded and new functions are
‘‘spawned’’ to describe nonadiabatic events occurring in the
crossing region.

Although both the MS and the present method use the
spawning scheme, the former spawns new basis elements
and the latter spawns new threads. The two methods are
fundamentally different. The MS method is essentially a full
quantum solution in nature, with a sufficiently large basis set
cleverly placed to describe the full system quantum mechani-
cally. The present method, however, is based on a mixed
quantum and classical equation where the degrees of free-
dom of the heavy particles are treated classically. The par-
tially Wigner-transformed density matrix, which is the fun-
damental quantity considered here, is equivalent to the true
quantum density matrix in the limit that the degrees of free-
dom of the heavy particles are propagated using semi-
classical schemes such as the WKB method.23

There is a also an important difference between the two
methods on a practical level. In the localized-thread method,
creating and combining threads do not require the time-
consuming calculation of the Hamiltonian and overlap ma-
trices of basis elements. For this reason, we expect the
localized-threads algorithm to be much less computationally
demanding than other spawning methods.

B. Performance on the model system

The ‘‘localized-threads’’ algorithm outlined above was
tested on the model system of the previous section. As in the
MDQT scheme,4 the 100 initial phase space points were
sampled from the distribution~44!. The maximum number of
threadsL was set to be 500 and the distance cut-off in phase
space was allowed to grow in order to maintain at most the
maximum number of threads~i.e., the number of threadsL
was held fixed by combining as many threads as necessary!.
The results of the localized threads algorithm are shown in
Fig. 3 along with the exact~FFT!, exact surface-hopping,
and MDQT results. It is evident in Fig. 3 that the localized
threads algorithm works quite well for the model system
with L5500, with an accuracy comparable to that of the
exact surface-hopping algorithm in an order of magnitude
less computational time. The method calculates the entire

phase space trajectory almost exactly over the entire time
range and gives the correct classical turning point. The de-
viations observed in the populations at longer times~around
v0t52) can be reduced in a well-controlled fashion by sys-
tematically increasingL until convergent results are ob-
tained. In Fig. 7 the populations and phase space trajectories
as a function of the maximum number of threads is plotted.
All the threads started from the same initial phase space
point R50.0, P522.0. It is remarkable that as few as 250
threads can be used to obtain trajectories and populations
with an accuracy of several percent for time-scales long
enough to reach the turning point, even at relatively low
kinetic energies.

The computational cost of the localized thread algorithm
with maximum threadsL corresponds to utilizing approxi-
mately 3L trajectories in the MDQT algorithm for the model
system. Although the MDQT method works well for initial
conditions of high kinetic energy, the MDQT method per-
forms quite poorly for the~low energy! parameters we have
chosen compared to the exact result primarily due to a ne-
glect of classical forbidden transitions. These transitions play
an important role in de-populating the excited state in re-
gions of non-negligible nonadiabatic coupling and relatively
large energy gaps. The localized threads algorithm does not
rely upon anyad-hoc rules of energy conservation and re-
produces the correct populations very well. One of the useful
features of many surface-hopping algorithms is the facility of
implementing them on parallel computer platforms. We note
that the implementation of a parallel localized threads algo-
rithm is straightforward by first drawing a large collection of
initial conditions and then forming groups of threads to be
propagated on separate computational nodes.

VI. SUMMARY AND CONCLUSIONS

In this article we have presented two possible practical
methods of solving the mixed quantum-classical Liouville

FIG. 7. Convergence behavior of the localized thread algorithm was a func-
tion of the maximum number of threadsL. All threads started in the ground
adiabatic energy state with classical coordinatesR50 andP522.

4457J. Chem. Phys., Vol. 112, No. 10, 8 March 2000 Mixed quantum-classical Liouville equation



equation. The first technique is a stochastic surface-hopping
method which converges to the exact result as the number of
sampling trajectories increases. Unfortunately, the sampling
method outlined here is inherently unstable because the
‘‘transition matrix’’ M mn is not a proper transition matrix. It
is possible that a different sampling procedure which takes
advantage of system symmetries would ameliorate the rate of
convergence of the method. In its current form, the exact
surface hopping method is suitable for calculating dynamical
properties on short time-scales. It remains to be seen if the
method can be successfully applied to rate constant calcula-
tions for realistic models of proton transfer.

The second method of solving the mixed quantum-
classical Liouville equation is based on the assumption that
the partially Wigner-transformed density matrixr̂w is local-
ized in a finite volume of classical phase space over time-
scales of physical interest. The transformed density matrix is
then approximated by a set ofL matrices located at discrete
points in classical phase space. These points, and the matri-
ces which representr̂w in the region of each point, evolve in
time. In the asymptotic limit of infinitely many matrices (L
→`), the evolution of the system is exact. It was demon-
strated that this ‘‘localized threads’’ method performs very
well on the proton transfer model system, and provides a
controlled approach to compromising between accuracy and
practicality. The applicability of the localized threads
method to more interesting systems with many classical de-
grees of freedom is currently being investigated. One con-
cern about applying the method to complicated systems is
that the partially Wigner-transformed density matrix spreads
along each degree of freedom as the system evolves. If this
spread is too great, a prohibitively large number of threads
must be used to represent the density matrix. However, for
most weakly nonadiabatic systems, one might anticipate that
most classical degrees of freedom are only weakly-coupled
to the quantum subsystem so that the spread of the density
matrix along only a few classical degrees of freedom is im-
portant. For this reason, we are optimistic the localized-
threads algorithm will prove to be a useful prescription for
performing nonadiabatic molecular dynamics calculations.
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APPENDIX

The derivation of Eq.~30! follows in straightforward
fashion by multiplying Eq.~20! on the right by the unitary
matrix

U b̃b~R !5^b̃~R !ub~R !&, ~A1!

whereb̃(R) and b(R) are R-dependent adiabatic and force
basis eigenstates, respectively, and on the left byU21(R).

Letting B̃ and B denote the matrix representation of sub-
system operatorB̂w in the adiabatic and force basis, respec-
tively, we observe that

]B̃

]R
5U21~R !•

]B

]R
•U~R !1S B̃•U21~R !•

]U~R !

]R

2U21~R !•
]U~R !

]R
•B̃D . ~A2!

Transforming~20! and utilizing ~A2!, we obtain Eq.~30!
with the nonadiabatic force coupling matrix given by

D5U21~R !•d•U~R !1U21~R !•
]U~R !

]R
. ~A3!

However, since

FU21~R !•
]U~R !

]R G
ab

52@U21~R !•d•U~R !#ab

1^a~R !u
]

]R
ub~R !&, ~A4!

the nonadiabatic force coupling matrix is simply

Dab
5^a~R !u

]

]R
ub~R !&. ~A5!

The coupling matrix is straightforward to evaluate given that
for a(R)Þb(R),

^a~R !u
]F̂w

]R
ub~R !&5Dab•~Fw

bb
2Fw

aa!, ~A6!

as can be established by evaluating the derivative ofFw
ab

with respect toR.
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