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The mixed quantum-classical Liouville equation is derived from a semiclassical perspective starting
from the full quantum Schitinger equation. An asymptotic numerical scheme for solving the
equation is discussed which relies on propagating swarms of interacting “threads” which represent
the density matrix or other observable. It is demonstrated that this “multithreads” method performs
extremely well on simple one-dimensional model systems designed to test nonadiabatic molecular
dynamic methods, yielding essentially exact results for a variety of models20@ American
Institute of Physicg.S0021-9606800)71441-3

I. INTRODUCTION quantum-classical methods are often implemented through a
stochastic “surface-hopping” algorithtfiin which the clas-
Great effort has been made in recent years to develogjcal evolution occurs with Hellmann—Feynman forces on a
procedures that incorporate quantum transitions into a clagingle, statistically chosen adiabatic energy surface. How-

. . —13 .
sical evolution schem&:™ The goal of mixed quantum- eyer as the surface-hopping rules are usually somewhat ar-
classical dynamical methods is to provide a simplified deyjyary in nature, it is difficult to define a correct set of tran-
scription of the dynamics of large systems in which quantum. "1 es relevant over all energy ranges

mechamca! bghaymr_ Sl.J.Ch as_tunneling, interference and Another promising avenue for incorporating quantum ef-
level quantization is significant. For some systems, full quan; . . o :

: . . fects into classical molecular dynamics is based on the mixed
tum calculations such as the full multiple spawniffMS)

method are possible when quantum effects are spatially anwantgm-classical Liquville ?qgaﬂaﬁp’lgjzoj—his evolutiop .
temporally localized? Although these methods are promis- equatlc_)n can be obtained utilizing a systematic expansion in
ing, it is appealing to simplify the level of description to the ratio of the masses of the quantum and classical degrees

describe the heavy particle motions in a classical frameworkf freédom of the exact evolution equation for the partial
particularly for very large systems of biological importance. Wigner transformation of the density matffxIn a recent

One approach to incorporating quantum effects into article’ an asymptotic method of solving the mixed
classical framework is based upon semiclassical methbds,quantum-classical Liouville equation, termed tmeulti-
such as the initial-value representatid®R),*® and its sim-  threads methodwas proposed. The multithreads method re-
plified versions(LSC-IVR).!® Although semiclassical meth- lies on a finite representation of the partially Wigner trans-
ods are attractive because they treat classical and quantuiormed density matrix in which a set of grid points or
degrees of freedom on equal footing, accurate calculationthreads” for each of the matrix elements of the density
using IVR methods tend to be computationally intensive duenatrix evolves exactly. In this approach, the nonadiabatic
to slow convergence of oscillatory integrands. Furthermoregransitions correspond to quantum rotations of the matrix el-
the approximations made to obtain tractable expressions fments and branching of the thread trajectories. The method
transition probabilities and time-correlation functions areyas demonstrated to give essentially exact quantitative re-
fairly _subtle and difficult to control. In addition, most semi- ¢ its for a simple proton transfer model. A similar method
classical method_s do not_ take_advantage ‘?f the fact that ﬂ]‘?as appeared in the literature which utilizes a different grid
quantum interactions typ!cally involve relatively few energy ¥opagation scheme and an extrapolation method to estimate
zg;;acuiz,tioannd perhaps involve an unnecessary amount e density matrix at each time step.

P X In this article, we first demonstrate that an equivalent

In contrast, the mixed quantum-classical molecular ap- i lassical Liouvill i be derived b
proach to nonadiabatic systems separates the full system in antum-classical Liouvilie equation can be defived by ap-

“classical” and quantum subsystems which interact with proximating the nuclear part of the full wave function with a

one another dynamically. This separation into quantum ang€miclassical wave function. In Sec. Ill, the multithreads so-
classical components allows important simplifications'”tion method is examined in detail, and its performance is
through simple approximations which are valid in particularévaluated on standard mod?etiB\_/eloped specifically to test

representations of the quantum subsystem. The mixefionadiabatic molecular dynamics methods. The numerical
quantum-classical formalism is usually based on either adsimulations are compared to solutions obtained from the ex-
hoc rules for the mixed quantum-classical systemact quantum evolution of the system as well as those ob-
evolution®® or on stationary-phase approximations of re-tained from other approximate methods. From the numerical
duced path integral propagatdfs:l’ In practice, mixed studies, it is evident that the multithreads solutions converge
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rapidly to the exact results for a small number of total dB,(R,P,) i

threads for all models considered. Finally, in Sec. IV we T:%[HW(R,P),B(R,P,U]
discuss briefly extensions of the solution method to large
systems and compare the multi-threads algorithm to other —3({AW(R,P),B(R,P,1)}

propagation schemes.
_{BW(RI P,t),HW(R, P)})

=iLBy(R,P,1), 4
Il. THE MIXED QUANTUM AND CLASSICAL DENSITY
MATRIX AND THE SEMICLASSICAL where the Poisson bracket notation in E4). signifies

APPROXIMATION N L ~ .
o . {Hw(R,P),By(R,P)}=VgH(R,P) - VpB\(R,P)
A. The quantum-classical Liouville equation A )

The correct form of the mixed quantum-classical Liou- ~VeHW(R,P)- VeBy(R,P),
ville equation was suggested by Boucher and TrasCHan 5)
examining the simplest evolution equation for a mixedang the partial Wigner transform of the Hamiltonian is
guantum-classical system consistent with a set of natural re-
quirements for a semiclassical theory which extends both . P2 p? . . P2
guantum and classical systems. It has subsequently been de- Hw(R,P)= m+ ﬁ+vw(R'Q): m+hw(R'P)'
rived in a systematic fashion using both algebraic (6)
structure€”?? and Wigner transform methods® For the
sake of completeness, we outline how the quantum-classic

Liouville equatlon can be obtained by partial Wigner trans_subsystem representation. Similarly, the evolution equation
form techniques.

Consider a general quantum system consistingnof tor the partial Wigner transform,, of the full density matrix
quantum particles of mass andN particles of mas#1 with ~ p (henceforth abbreviated PWTDMan be written as
a Hamiltonian of the form,

ItI is important to note that in Eq4), total energy is con-
a . .
servedby constructionregardless of the choice of quantum

Ipw(R,P,t .
R %=—iﬁpw(ap,t). )
A=+ 5-+V(a,Q), (1) , ical Liouvi i
m The mixed quantum-classical Liouville equation can be rep-

whereP, p, O, andq are vectors of momentum and position resented in an arbitrary time-independent basis which de-
operators of the classical and quantum degrees of freedorR€NdS parametrically on the classical coordindtess

The total potential energy/ may be written asVq(q) Ip“P(R,P,1) o .
+Vo(Q)+Vo(Q,q), where the subscripts refer to the quan- 1~ (1 Laparp T1Log arpr Faa Spp:
tum, classical and coupling terms in the potential energy.
The evolution of any dynamical observalfids given by the +iﬁzﬁya/ﬁ/)ﬁ$/ﬁ/(R,P,t), 8
Heisenberg equation, where

dB i . . i P i =

dt -~ plHBl @ | £9X,(R,P) =+ [Vi(R).KW(RP)]+ 17

In order to focus on the limit in which the particles with

massM, with M>m, are treated classically, it is convenient [D.Xw(R.P)], ©
to perform a partial Wigner transform of E@) with respect  ROap P Cap
to the classical degrees of freed@ndefined as X (RP) = VX (R,P), (10)
B,(R.P)— ;f dzép.z/ﬁ< R E‘ g‘ R E> , i LPX(RP)= 2(VpXu(RP)-E+E-VpXy(R,P)),
(27Th)3N/2 2 2 (11)

(f’) with F*(R)=—(a|VRV(R)|B). In Eq. (9), D*(R)
whereR is the coordinate representation of the oper&or =(a|Vg|B) is the nonadiabatic coupling matrix in the time-
Note thatB,,(R,P) is still an operator in the quantum sub- independent basis.
space. In the limit in which the masses of the batlhssical
particles are much larger than the quantum particle masses, a
small parameter=(m/M)*? may be defined and used to B. A wave function approach and the WKB
perturbatively order termi8in the equations of motion for a @PProximation
partially Wigner transformed dynamical observable  The mixed quantum-classical Liouville equation is
B.(R,P). If terms up to first order ire are retained in the suited specifically for systems where some degrees of free-
full equation of motion, a Liouville equation for the mixed dom need to be treated quantum mechanically while the re-
quantum-classical system is obtairtéd, maining degrees of freedom obey classical evolution equa-
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tions. Generally speaking, one considers light particles witlthermal wavelength of the classical degrees of freedom, we
long thermal wavelengths to be more “quantum” in nature,introduce the scaled variablegR’ =R and n»t'=t. In the
while heavy particles exhibit more classical behavior. This isscaled variableR’ andt’, Eq. (15) becomes
by no means a clear distinction as very often particles play a
dual role; a classical particle in one situation can have wave-
like properties under other conditions. It is therefore impor-
tant to examine the criteria which determine the nature of the .
system. To this end, it is useful to start from a full quantum +Vix(R',t), (16)
wave function for the entire system, then select certain de- - ] o
grees of freedom and examine how these degrees of freedofere Dix=(¢|Vr/[#) and »h'=f. Sinceri~z, it is
become classical when their corresponding masses becom@éar that expanding the Scldiager equation in powers df
relatively large. This may be accomplished by utilizing aiS €quivalent to expanding in the small paramejer
WKB expansion to approach the semiclassical limit. In this 10 obtain semiclassical equations for the system, we re-
section we show that a mixed quantum and classical density/fité the total wave function” as
matrix which satisfies the same quantum Liouville equation i
as the PWTDM can be obtained from semiclassical argu- q;:ex% %\N(R,t))z & (1R X(R;Y) (17)
ments. I

The full quantum wave function can be written as

. & 1 20 A=) !t/
|ﬁ,WX|(R,!t,):m —ih Ver_lﬁ D )|2ka(R t )

= R T(RDXAR,L), 18
v=3 $(rRx(R, 12 2 AERTAROXRDY (18

where ¢(r;R) is an orthonormalized local quantum basis Where W is a nonzero, spatially-dependent operator in the
which may depend parametrically on the spatial coordinateguantum subspace which satisfié§=W and

of the heavy particleR, and y,(R;t) is the heavy particle R

wave function. In general, the total Hamiltonian can be writ-  Ti(R,t) =( ¢/ exp(i/AW(R,1))[ ). (19

ten in terms of a Hamiltoniaii4(r) for the quantum sub- o ) o )
system, the kinetic energy operafy(R) for the heavy par- By substltut_lng Eq(17) mt(_) the Schrdmger eque_1t|0r(15)
ticles, and the potential energy terd.(r,R) which and expansion to ordér® yields the matrix equation

describes the interactions between the heavy particles and t eaWk"'(R H 1
Ttﬁractlons between the light and heavy particlés, t oy m<¢k|(VRW)2|¢’k’>+ka,(R)
=Hq(r) +Tc(R) +V(r,R). The choice of the quantum sub- d
system basig(r) is arbitrary. Typically one chooses either 0 B
a diabatic basis that diagonalizeig(r), XTin(ROX(R,H=0. (20
Ho(r) éi(r)=E; ¢, (r), (13 Since EQq.(20) holds for arbitraryX,0 and the matrixT,, is
, i ) i i invertible by construction, Eq(20) implies the operator
or an adiabatic basis that diagonalizég(r) +V(r,R), equation
(Hg(r)+Vc(r,R) & (r;R)=E|(R) ¢(r;R). (14 . .
, _ W (VRW)? .
In the equations above,andR stand for vectors of arbitrary 3 + oM +V=0. (21

dimension and the kinetic energy operator for the classical

: (32 2 i R R
O et et o o Next we defn the mamentum operar- T, whose
! time evolution equation can be easily found from Ez{),

the | subsystem basis set yields the evolution of the time-
dependent wave function for the heavy particles,

oP 1[PVRP VKPP
( AR ) (22)

—=F-= +
9 1 A at 2\ M M
|ﬁﬁx|(R,t)=m(—thRl—mD)ﬁ(Xk(R,t)

. where we have introduced the force operator defined by
ViR, (19 =—VRV(R). Note that the solution of Eq(22) is deter-

whereD (R)=(¢| Vel ¢y andV (R)=(¢|Hy+Vc|¢h). ~ mined when the operatd?(Rt') is specified at allR for
Unlike the usual WKB approximation in which the Some timet’.
Schralinger equation is expanded in powersfgfwe wish In order to obtain the mixed quantum-classical Liouville
to approach the semiclassical limit by applying the smallequation, ~we define the row vector X(R,t)
parameterp= (m/M)*?<1, wherem andM are the mass of = (x1(R.t),x2(R,t),....x.(R,t)) and the density matrix
the quantum and classical particles respectively. However ieo(R,t) =X(R,t)X"(R,t), whereL is the dimension of the
is straightforward to establish by scaling arguments that exquantum subspace and the(R,t) are defined in Eq(12).
panding Eq(15) in terms of 7 is equivalent to expansion in Utilizing Eq. (17), it is straightforward to obtain the WKB
powers offi.?® Noting the fact that both the variabl&and  expression for the time evolution of the density matrix
t in Eg. (15 are on a “classical” scale due to the short pQ(R,ﬁ’(R,t),t),
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dpa 1 . in one system affect the oth&t.In order to minimize the
Tt = w VR (P(RDpg)s interactions between the subsystems, the basis representing
the quantum subspace should be carefully chosen such that
N i~ the classical and the quantum part are separated as much as
a M[(D' P)s.pol— %[V'pQ]’ 23 possible. One good choice of basis to effectively decouple
. o the quantum and classical evolution is the force b#sia.
where (AB)s denotes the symmetrized product W&  \hat follows, we discuss a numerical scheme based on the
+BA). Equation(23) describes the evolution of the density mixed quantum-classical Liouville equation for the PWTDM
matrix at fixed spatial coordinate and depends on the ma- , 'in the force basis. In this approach, the density matrix is
trix elementsP'™(R,t) of thetime-evolvingoperatorP(R,t).  described by an ensemble of matrices following classical tra-
Note that the dependence of the solutignon the operator jectories. We will show that through a scheme that requires
ﬁ’(R,t) implies that it relies on all the matrix elements nothing more than a simple MD propagation and a quantum
P'™(R,t), which are obtained from Eq22) for a given rotation for each time step, one can achieve asymptotic so-
boundary condition. Furthermore, changing the functionalutions that agree remarkably well with the exact results for
form of the boundary condition for the evolution B{R,t) ~ Simple model systems. _ _
leads to different evolution of the density mati. The ~ The fundamental assumption of the multithreads method
mixed quantum-classical Liouville equati¢f), on the other 1S that for the time intervals which are of physical interest,
hand, describes the evolution of the density matrix at fixedpy is localized within a finite volume) of classical phase
scalarsR andP. According to the chain rule, the partial de- space over which its matrix elements represented in a quan-
rivative of pq, for fixed matrix elements dP(R,t)=P canbe tum basis are relatively smooth. Under these conditions, a

written as finite number of matrices located at a set of discrete grids
. . points in classical phase spac{é,j(Rj P =121,
dpo(R,P(R,1),1) _9po(RP(R1),1) can be found which can approximately represent the exact
at B(R1)=P at density matrix to any desired accuracy wheis sufficiently
~ large,
dpo  IP(R)
ML ) . (24 L

, , oo pu(RP.D=2 pl()8(R-R;(1))8(P—P;(1)).  (27)
Finally, we define the generalized distribution =1
A . - . For a rankM density matrix, there arll (M + 1)/2 indepen-

p(R,p,t):z—lf DIP](po(R,P(R,1),1) S(P(R,t)=Pl))s,  dent elements which require as many functions to describe
(25)  their spatial variation. Each function corresponds to a hyper-

i i N i surface in the phase space labeled by the quantum indices,

where the functional !ntegraJD[P]lmdenotes a functional \hich in the representation above, is approximated by a set

integral over all matrix element®™(R) of the operator of L discrete grid points. The finite representation of a hy-

P(R,t), Zis a normalization factor andis the unit matrix.  persurface as a set of grid points can be regarded as a hyper-
It is possible to define other generalized distributions whichyyiq.

are consistent with the mixed quantum-classical Liouville
equation. Using Eq922)—(25), the evolution of the gener-
alized distributionp is

p(RPY i . P P p)
=7Vl = 37 Vee— 37 (D0p] PO =1L g 0 (R PR (1), (28

Inserting the finite representation p§, in Eq. (27) into
the Liouville equation(7) yields?*

— 3(F-Vpp+Vpp-F), (26)

— R
which is the result of the previous section. 5(R Ri)=IL7(R;,P)AR-R), (29)

lll. THE MULTIPLE THREAD ALGORITHM AND
SIMULATIONS ON MODEL SYSTEMS Paﬁat o(P—Pj)= aﬂ,a,ﬁ,(RJ P; )pa 151 6(P—Pj),

A. Formulation of the multithreads algorithm (30

The advantage of solving Eq8) instead of the full wherei£%,iLR, andiL" are the Liouville operators for the
quantum wave function is that many degrees of freedom arguantum and the classical phase space defined in(Egs.
now represented in a classical phase space, and the origindll). In the basis that diagonalizes the force oper&toEq.
multidimensional quantum problem is reduced to solving thg30) can be rewritten as
simplified coupled evolution equations for the quantum and 5 )
cl_a_ssmal subsystgms. The solutlon of ER).is by no means i_) S(P—Pj)= [f (R)+T4(R )] 5(P P,
trivial, however, since the classical and quantum-mechanicaldt
degrees of freedom interact dynamically so that fluctuations (31
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wheref, is the force eigenvalue?w| a)=f,|a). In the ab- grid points are necessary in that region to approximate the
sence of the quantum rotation, different hypersurfaces deunction with reasonable accuracy. Therefore if two threads
couple, which implies that grids for different quantum indi- approach one another in the smooth region on a hypersur-
cesa, B of the PWTDM evolve independently and the value face, one is likely to be redundant and can be dropped from
of density matrix element remains constant while the gridthe hypergrid or absorbed by the other thread. The simplest
coordinate propagates along a classical trajectory. Howeveway to implement a thread reduction procedure is to find and
the presence of quantum rotations introduces coupling besrder all nearest thread pairs and then to combine as many
tween the surfaces and leads to nontrivial evolution of théhreads as necessary to maintain a constant number of total
matricesp!. threads. As the propagation time between branching events
In order to examine how grid weights evolve, it is in- and the total number of threads determine the threshold dis-
structive to look at the formal solution of E@28) for a  tance for combining threads, the time step can be dynami-

single time step, cally adjusted to maintain energy conservation for a given
5 0 5 number of threads. Alternatively, the total number of threads
p(R;,P; t+At)=e £ (Ri-PIAG (R Py L), (32)  can be varied for a given time step until energy conservation

_ and convergence of observables is observed. In terms of
where p(R;,P;) denotes the density matrix arranged in acomputational expense, the procedure has two components
supervector form andi’? is a supermatrix representing the which scale differently with the total number of threads. One
quantum Liouville operator. The supermatiik® is deter-  part consists of the potentially costly task of constructing the
mined by the nonadiabatic coupling matr®, and ap- adiabatic matrix elements and coupling terms, which scales
proaches the unit operator &—0. The operand on the linearly with the number of threads. The other part consists
right-hand side of Eq(32) is the supervector for a particular of a searching algorithm to identify adjacent threads. Typi-
hypersurface and contains only one nonzero matrix elemeraglly, such algorithms scale as the square of the total number
of vector indexi. As a result of the quantum operation, the of threads for small numbers of threads, although sophisti-
final state on the left-hand side will generally have as manycated routines may reduce the computational cost to some
nonzero elements as its dimension. These include a nonzeextent. These simple rules have been tested and shown to
value with the same vector indéxas the nonzero element of work remarkably well, even in strongly nonadiabatic systems
the initial state, as well as nonzero values(@ssibly all or systems with low kinetic energy where tunneling is
other indiceg #i. Note that the matrix elements correspond-important?
ing to indicesj #i are higher order idt. It is convenient to As an alternative to these rules, one can use consider-
call the original nonzero indek the primary term, and the ations of the conservation laws to construct other thread
other indiceg secondary terms. As grid points are groupedcombination rules to improve the accuracy or efficiency of
by matrix indices, the secondary terms are new grid pointshe method. For example, instead of letting one thread absorb
that belong to other hypersurfaces. Thus the effect of thenother, a new thread can be generated as a result of com-
quantum rotation is to generate new grid points, or threadsining the two adjacent threads, with the new thread placed
on all the hypergrids. If initially all hypergrids representing to best maintain the conservation laws. To illustrate how
the density matrix elements contain equallgrid points,  thread combination rules can be based on conservation prin-
then after one quantum rotation the total number of gridcip|e& suppose we have two nearby threp@% andpg‘ﬁ at
points or threads will increase by a factorMi{M +1)/2 as  classical phase space positiorR, (P;) and R,,P,), re-

each hy'pergrid wiI.I gontairM(M +1)/2x1 grid points after  gpectively. Local population conservation requires that
regrouping. Thus it is clear that the total number of thread

grows by a factor oM (M + 1)/2 each time a quantum rota-
tion occurs, which very rapidly becomes overwhelmingly le. 5 =5 4 5. Note that as the off-di [ el ts of
large. On the other hand, since the function the weighted griq:J e,dp ~p1Tp2. NOWEINA als €o b |ag0rr1]a elements o
points represent is localized and sufficiently smooth by ast'€ density matrix are complex numbers, the superposition
sumption, it can be approximated to arbitrary accuracy by éule specnjes that the imaginary part of the_densny _matrl_x for
finite number of grids. Therefore, from a practical point of & combined thread is obtained by adding the imaginary
view, many new grids generated by the quantum rotation arlarts of the combining threads. It is possible that other phase
redundant. This suggests a procedtiie which the less rel- combination rules which are consistent with the linearity of
evant grids(thread$ are absorbed bycombined with the the guantum Lio'uvil'le equation are equally useful.'ln addi—
more relevant ones. Thus the new grid generation, or threafPn o the combination of the matrices at nearby grid points,
“pranching,” is counterbalanced by rules to reduce the totaf® rulé to specify the placement of the thread in phase space
number of threads to a manageable level. must be adopted. For the case of the threads representing the
Obviously the key to formulating an effective algorithm diagonal elements of the density matpi“, 5, we propose
is the manipulation of the threads to best describe the evolvhat the placement of the thread should be determined by the
ing hypersurfaces while maintaining a finite number of totalequation Trkp')=Tr(Xyp1)+ Tr(Xzp2), where x is the
threads. The most obvious thread reduction rule is to comphase space coordinate. For the case wh#iB, however, a
bine threads which are nearby in classical phase space. If trauitable thread combination rule is less obvious. For the nu-
elements of the density matrix are sufficiently smooth func-merical studies presented in the next section, the weighted
tions in a particular region on the hypersurfaces, only a fewphase point average= (| p$#|x,+|p5%|%.)/(|p5|+ | p5#|)

STrp’ =Trpy+Trp,, wherep’ is the density matrix associ-
ated with the new thread, which suggests the superposition
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has been used, although other prescriptions for combining Dual Avoided Crossing
threads on hypersurfaces corresponding to off-diagonal ma ‘ ‘ ‘ ‘

trix elements off)w are likely to work as well.

1 B EER T £-Be

09

B. Results on model systems o5

We have tested the simple thread combination rules
elaborated in the previous section on model two level sys-z 07 |

tems recently studied by other authérs’** These models  §

have been devised specifically to test particular quantung 061 /

scattering features which mixed quantum-classical simula- .|

tions must reproducgln all the tests, the results of the mul- Exact

tithreads algorithm are compared to exéminverged quan- 04| s ,

tum calculations of the models which were carried out using OThreads

fast Fourier transform(FFT) methods on a grid of 4096 03 1

points. For the quantum calculations, the initial wave func-

tion was a Gaussian wave packet of momenfikrcentered e _35 3 25 2 15 =

atRy, log,(E)

H(R)=(ma?)~ Y4*exp(— (R—Rp)%20?) X exp(ik(R—Ry)), FIG. 1. Transmission probability of the lower quantum state for the dual-
(33) crossing model. Solid lines, crosses and dotted line, squares and dashed line,

and unconnectecircles indicate the exact quantum, MDET, MFSH, and
whereo=2.5176 a.u. ant¥l =2000 was the nuclear mass of multithreads data, respectively.
the particle. The multithreads calculations were carried out
by propagating the initial partially-transformed Wigner den-
sity matrix represented by a finite number of threpmbe Eq.
(27)]. In general, no more thgn seve_ral hundred threa}ds V\.’erﬁ‘lg 300 threads propagating from the initial phase point
used to represent the density matrix. The propagation tim

step for both the quantum and multithreads calculation wa Ro,fik). qu the runs at low energy' It was ngcessary o
reduce the time steps by a factor of 5 in the region of strong

set to be on the order of 1 a.u. to ensure energy conservation. . : : S .
nonadiabatic coupling to maintain energy conservation. Each
1. Dual avoided crossing model multithread calculation took a few minutes on a DEC Alpha
The dual avoided crossing model is composed of two21164 workstation. As is evident from Fig. 1, the agreement
diabatic surfaces intersecting twitejith the couplings lead-  of the multithreads calculation with the quantum calculation
ing to quantum interference which produces oscillations inis within 1% over theentire energy range, including the low
transition probability as a function of initial energy. The energy regime where tunneling is prominent. As can be seen
complicated quantum interference pattern makes the modelia Fig. 1, the multithreads calculation is also capable of re-
rigorous test for quantum-classical dynamics, particularly inproducing all the Stueckelberg oscillations that result from
the low energy regime where tunneling is important. Thethe quantum interference due to the nonadiabatic couplings,
diabatic potentials and coupling, expressed in atomic unit§ncjuding the oscillation at low energy. In contrast, the
are MDET method of Tully and co-worketsand the mean-field
V,=0, (34) with surface hopping methodMFSH) of Prezhdo and
B ) Rossky show more significant deviation from the exact re-
Vy=—0.1exg—0.2&R%)+0.05, (39 gults, particularly at low energies. The deviations in their
V1,=0.015 expp— 0.06R?). (36)  results from the exact results are likely due to the surface-
. . . _ . _hopping rule, which relies on classical energy conservation
In the quantum dynamics simulation of this model, an adla—rules which are violated at low energies. Similarly, the

batic ground-state wave packet starting in the asymptotic rer:nultiple—spawning method of Martez and co-workefé

gion Ry=—8 a.u. propagates toward the region of coupling L o i
of the diabatic surfaces whereupon it is partially transmitteds_hOW deviations on the order of 10% in the low energy re-

through the coupling region with populations in the groundg'onj In order to dem.ons.trate the rapid convergence ,Of the
and excited state and partially reflected back, again wittnultithreads method, in Fig. 2 the ground state population as
populations in the ground and excited state. The detaile§ function of the time-evolving expectation value of the spa-
dynamics of the system can be probed by calculating thdal coprdlnate is plotted alpng Wlth the exact EFT solution of
probability of transmission and reflection in the ground andhe mixed quantum-classical Liouville equation for a very
excited states. In Fig. 1 the results of the exact quantum an@@rrow initial distribution initially centered &= —8.0 a.u.
multithreads calculation for the probability of transmission inand k=17 a.u. From Figs. 2 and 3, in which the average
the ground state are plotted as a function of the logarithm ofrajectory is plotted for a number of different maximum
the initial energy. For the parameters specified for thishread values, it is evident the method converges quickly for
model, however, the exact quantum calculation reveals neghis model, giving converged results for as few as 300
ligible reflection. The multithreads results were obtained usthreads.
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FIG. 2. Lower state population as a function of the wave packet center for

dlﬁergnt number IOf threﬁdﬁ. Th,ﬁ solid Ilne is the exact FFT solution of theFIG. 4. Exact probabilities of ground state transmisggmlid), ground state
mixed guantum-classical Liouville equation. reflection(dotted, and reflection of the excited staf@ashedl Unconnected
circles are corresponding results from the multithreads method.

2. Extended coupling with reflection model

The second model system considered here is compriseQP the excited adiabatic surface is reflected while the wave
of two nearly degenerate energy surfaces coupled by a strofgnction on the ground state is transmitted. In Fig. 4, the

interaction with significant spatial exteht.The diabatic po- 'esults of the exact quantum calculation of the ground state
tentials and coupling for the system in atomic units ¥se transmission probability, ground state reflection probability

= —V,=—0.0006 and e_md excitec_i ;t_ate reflection probability are plotted as a fgnc-
_ tion of the initial momentum of the wave packet along with
] 0.1exp0.R) if R<O results from the multithreads calculatiofunconnected
Vi= 0.12—exp —0.9R)] otherwise. (37) circles. For the quantum dynamics calculation, the initial

. . . . ) __wave packet was centered in the asymptotic region ®ih
The model is designed to simulate the case in which an ini_ ~12.0 a.u., while the multithreads calculation was per-

tially localized wave packet splits into two parts upon enter-, ey by averaging over 100 realizations of the multithread
ing the coupling region, where the part of the wave funCt'onevolution, with each realization starting from a classical

phase point Ry,P,) drawn independently from the initial

Trajectories semiclassical distributiop,,. Each realization of the evolu-
” o tion showed convergent results for a maximum thread num-
arrow distribution at (R,P)=(-8,17) . . . .
24 ; : ; : ber of 100. As is evident from Fig. 4, the multithreads results

agree perfectly with the exact results within statistical uncer-

A7 1 tainties associated with drawing from the initial distribution.
RN e - | The uncertainties arise due to the influence of the width of
-~ 300 threads the semiclassical distribution in momentum, which is par-

ticularly significant in the region ned=28 a.u., where the
reflection probabilities drop rapidly to zero. Note that in con-
trast to other mixed quantum-classical molecular dynamics
methods, there is no evidence of artificial oscillations in the
reflection probabilities.

IV. DISCUSSION AND CONCLUSIONS

The multithreads algorithm has performed remarkably
well on model systems at relatively little computational cost.
The numerical simplicity and efficiency of the method can be
-8 -6 -4 -2 0 2 4 6 attributed to the local nature of the procedure, where all

R (g quantities required at each time step are computed locally

FIG. 3. Phase space trajectory for different number of threads. The solidlinépatia"y and temporally. In meth0(_js incorporating similar
is the exact FFT solution of the mixed quantum-classical Liouville equationideas, such as the FMS algorithm of Madz and
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co-workerst? time-consuming calculations of overlap matri- The multithreads algorithm for systems of high dimen-
ces of evolving basis functions must be calculated whichsjonality is much simpler when the force matride’scom-
detract from their efficiency. In the current method, the usemute. For many systems of physical interest, the majority of
of the force representation decouples the density matrix evaziassical degrees of freedom are either uncoupled or weakly
lution from the evolution of the grid points, and the interac- coupled to the quantum subsystem. For these degrees of free-
tion between matrix elements appears in the form of threagom, the force matriceB' either commute or have no quan-
branching and recombination. In this sense, the threads intefyy, character. If all the force matrices commute, a single
act with one another dynamically as the system evolves. IRansformation can diagonalize all the force matrices and the
contrast, Martens and co-work%nsrpposg a method of s0- honagation in the phase space can be done in a single step.
lution of the mixed quantum-classical Liouville equation in 5p, interesting possibility is a system where the quantum
which an ensemble of classical trajectories is evolved in th%ubspace is reducible, and each reduced subspace couples to
adiabatic basis according to classical equations correspondetain classical degrees of freedom. To date, only the most
ing to a Hamiltonian for that matrix element. Each trajectorygimple thread combination rules have been used in our simu-
in the ensemble for a particular matrix element is indepenyations. For a more complicated multidimensional problem, it

dent of all others and depends only on the initial phase spacg |ikely that more sophisticated thread combination rules
point. To describe the evolution of the density matrix, thei| jead to improved performance of the algorithm.
weight of the each of the trajectories in the ensemble is cal-
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