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Solutions of mixed quantum-classical dynamics in multiple dimensions
using classical trajectories
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The multithreads algorithm for solving the mixed quantum-classical Liouville equation is extended
to systems in which multiple classical degrees of freedom couple explicitly to a quantum subsystem.
The method involves evolving a discrete set of matrices representing operators positioned at
classical phase space coordinates according to precise dynamical rules dictated by evolution
equations. The propagation scheme is based on the Trotter expansion of the time evolution operator
and involves trajectorythread branching and pruning operations at each time step. The method is
tested against exact numerical solution of the quantum dynamics for two models in which the
nonadiabatic evolution of two heavy coordinatesicle) induces changes in population in two
electronic states. It is demonstrated that the multithreads algorithm provides a good quantitative as
well as qualitative description of the dynamics for branching ratios and populations as a function of
time. Critical performance issues such as the computational demand of the method, energy
conservation, and how the scheme scales with the number of classical degrees of freedom coupled
to the quantum subsystem are discussed2@?2 American Institute of Physics.
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I. INTRODUCTION sity matrix in terms of matricesor “threads”) residing at
oints in the phase space of the classical subsystem. Similar
deas have appeared in the literature in the context of Liou-
ville dynamics or wave-packet interferoméftyas well in

The idea of using classical trajectories to represent th
time evolution of a large system in which quantum effects,

such ?rsl tucr;nellng, m:lerfelr)ence, and Ie(;/ebl quam'Zatﬁr%;&'rnﬂuéophisticated methods for placing basis sets to solve the full
ence the dynamics has been pursued by many a S Schralinger equatiort® The multithreads algorithm has been

There are two fung]amentally different gpproaches to.u““z'tested and demonstrated to provide an excellent description
ing classical evolution schemes to describe the dynamics of

AN ICS OT & the dynamics for models of proton transfer reactiof
system exhibiting important quantum effects. The first is

: . - and scatterin rocesses where interference effects are
based upon semiclassical methddisuch as the initial value gp

H 4,12
214 . : - iae.  Important”
rgpresentaﬂo‘hl method and its variantS.In the semiclas In this article, the multithreads algorithm is extended and

?ésted on two simple two-dimensional models for which the

footing and trajectories gvolve on the full classical phasf%ull guantum solution is readily attainable. The importance of
space. Unfortunately, while these methods are very promisy

) L ) X esting methods designed to model multidimensional non-
ing, the approximations that must be made in many Sem'dasédiabatic dynamics has been noted previol&here are
sical theories in order to obtain tractable expressions for o

e o significant qualitative differences that can be observed in the
servables are subtle and difficult to control. A quite different g d

h of ting the (i luti f iclassi aguantum dynamics of one-dimensional versus higher-
approach ot representing the time evoiution ot qUasICiassICay;angjong) systems as true intersections between potential
systems is to concoct rules for combining a classical descrip;

i ¢ t of the d f1h i hil taini energy surfaces become possible in higher dimensions. In
lon of most of the degrees of the system while retaining aaddition, in higher dimensions it is possible to circumvent
minimal level of quantum description for the remainder of regions on a given potential energy surface where nonadia-

the_ system. These met_hods are based on eittidrocpre- batic coupling to other surfaces is strong, and the topological
scriptions for the way in which the classical and quantum

. o . structure of the energy surfaces can give rise to rich quantum
systems interact and evol¢8,on approximations applied to

h inteqral ofd ed X assical features such as Berry’s geometrical phas@lIn Sec. II, the
bath integral propagators,or on a mixed quantum-classiCal w,qretica| framework for describing the dynamics of mixed
Liouville equation for a partially Wigner-transformed density

. 11112.16-18 guantum-classical systems is reviewed and the importance of

matrix.” = . . )
| . ficledl 12 laorith ¢ solvina th force operators acting on the classical degrees of freedom is
N previous articles, = an aigorithm of SoVINg € gy aq50q. In Sec. I, the ideas and assumptions underlying

{Tt]z(ed(;quant?r?w—classmal L|0U\(/j|l|(—:T§quat|(t)r|]1,éernr_ed M- f_ utilizing discrete representations for observables and propa-
ithreads methagdwas proposed. The method relies on a I'gating dynamical trajectories for the mixed quantum-

hite representation of the partially Wigner-transformed den'(:Iassical systems is elaborated. In addition, the multithreads

scheme, based upon an approximate effective time propaga-
@Electronic mail: jmschofi@chem.utoronto.ca tor constructed out of the full time evolution operator for the
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mixed quantum-classical system, is outlined and issues peNote that, in general, since the partial Wigner transform is
taining to the scaling properties of the method with systermot performed with respect to all degrees of freedom, the
size and convergence of the algorithm are discussed. In Settansformed quantities are operators in the quantum sub-
IV, the application of the method to model two multidimen- system which depend on the classical coordin&esnd P.
sional systems is presented and it is demonstrated that thghe Liouville (supey operatoriZ: in Eq. (1) can be written in
multithreads approach gives good qualitative and quantitathe abstract form

tive results compared with those obtained from the numerical

solution of the full quantum dynamics. Each of the models  iZ=iL%+iZP+iLR, ©)
probes a different aspect of the multithreads method and to-

gether they form a comprehensive and challenging test of th¥here

multithreads technique. The first model considered in Sec. P

IV, the collinear reactive collision model, was originally de- i LOA(R,P)= g[VW(R),AW(R,P)], 4
vised by Ben-Nun and MarteZ® to create a rigorous test of

nonadiabatic methods for realistic physical systems. Al- P

though this model avoids harmonic and separable potentials, i£RA,(R,P)= M-VRAW(R,P), (5

the simple form of the coupling of the diabatic surfaces pre-

cludes a thorough analysis of the scaling behavior of the 1

multithreads algorithm. To examine the critical issue of how i £PA,(R,P)= E(VPAW(R,P) -F

the method scales with the size of the system, a model of a

cpmcal intersection on a tyvo—d|men3|onal surf4ds con- +E-VpA(R,P)), 6)
sidered in which the functional dependence of the diabatic

coupling matrix element on the spatial coordinates is comwhere F(R)=—VgV,(R) is the “force” operator and

plicated. For the conical intersection model, it is demon~y (Ry is the partial Wigner transform of the full interaction

;trated that t'he m'ultlthreads algorllthm can be 'mplementedotentiaIV(Q,d). In Eqs.(4)—(6), and below, the inner prod-
in a fashion in which the computational load scales Ilnearl)}) N .

. . . uct A-B denotesX;_,A;-B;. Equation(1) can be solved
with the number of force commutation classes, which, atf
worst, also increases linearly with the dimension of the sys-
fcem. Furthermore, the method reproduces th_e time profl_lg_of [)W(R,P,t)ze*i“ﬁw(R,P). )
important observables such as the branching probabilities

very well over a wide range of coupling strengths, and is  In the partial Wigner transform representation, expecta-
even capable of qualitatively reproducing more sensitivetion values or thermal average of an operator can be written
quantum featureS Of the dynamiCS in the V|C|n|ty Of the Coni-in terms of the partia' Wigner transforhv(R’P) of the full

cal intersection. density matrixp as

ormally to obtain

Il. THE EVOLUTION OF MIXED QUANTUM- <A(t)>=Trf dRdPp,(R,P,t) Ay(R,P), (8)
CLASSICAL SYSTEMS
. . o where the Tr operator performs a sum over an arbitrary but
The mixed quantum-classical Liouville e.qL'Jaﬁ& complete set of quantum system states. Although the thermal
provides a convenient framework for examining the evolu-ayerages or expectation value of an operator is invariant to
tion of a system in which ausually large subsetQ  the choice of quantum basis, the actual form of the evolution
=(Q1,-.-,Qan) Of operators of the total degrees of freedom equations for matrix elements pf, depends on the particu-
is described “classically” while the remaining degrees of |ar representation of the quantum operators of the subsystem.
freedomq=(qy,...,0s,) are treated quantum-mechanically. Several different basis sets are commonly used to represent
The equation can be derivettom a perturbation expansion the quantum degrees of freedom, including the diabatic or
of the partial-Wigner transforfi of the quantum Liouville subsystem basis, which diagonalizes the Hamiltonian of the
equation in powers of a small parameter related to the ratiguantum subsystem, and the adiabatic basis, which diagonal-
of the classical and quantum thermal wavelengths. From thizes the partial Wigner transform of the Hamiltonian operator

h16—18

quantum Liouville equation, one obtains H,(R,P) at fixed classical coordinaté®andP. In addition,
~ it is sometimes useful to represent the evolution of the mixed
Ipw(R,P,1) Can . . . . : .
= ilpy(R,P,) (1)  quantum-classical systems in a basis set which diagonalizes
&t ) i) ’

a particular force operatoﬁVRiV\,\,(R,(i).ll'12 Note that in

where the subscript refers to the partial Wigner transform the adiabatic and “force” bases, the basis-set wave functions
operation, which can be represented for an arbitrary operatefepend parametrically on the classical coordin&egue to

A as the coupling between the quantum subsystem and the classi-
cal degrees of freedom.
A,(R,P)= ;f dz eiP-z/h< R— z AR+ E>_ The mixed guantum-classical evolution equation can be
(27h)3N2 2 2 represented in an arbitrary time-independent basis which de-

(2 pends parametrically on the classical coordind&ess
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I (RPY) which the force operatorsF;=—Vg V,(R) and F,

—(LY i HIL L -
at (Lap.arp ap.a’p ap.a’p!) = —Vg,Vu(R) do not commute, the momentum propagator
N can be further decomposed as
xpi ¥ (RP.), © Srmereeompeser
where e*lll Armeflﬁ 1A'r/2efll: 2ATe*IE 1A'r/2, (18)
) where
1 Q — I ( aa, P A auz’ ~ ~ A~ A ~
\Lap.arp =200 7w (RT3 D ILPAWRPI= 3 (Vo AyRPIF+F VR ARP). (19
i "y P ~50p In general, any function of only classical coordinates which
~Oaa’ ng (R)+ M D ' (10 are not explicitly coupled to the quantum subsystem is diag-
onal in the orthonormal representation of the quantum sub-
R system. All forces arising from such classical degrees of free-
I‘Caﬁ,a’,B’: Saar Oppr M'VR* (1D dom therefore commute in the quantum representations and
can be treated without further Trotter decomposition. These
wzﬁ,a,B,:%(I‘:aa'gﬁﬁ&ﬁ,@’,egm,).vp’ (12)  degrees of freedom evolve in an entirely classical fashion

and are affected by the quantum subsystem only through
with F“B(R)=—<a|VRVW(R)|B). In Eqg. (10), D*A(R) their interactions with other classical degrees of freedom
=(a|Vg|B) is the nonadiabatic coupling matrix in the time- coupled directly to quantum subspace operators.

independent basis. Note that the diabatic basis set is indepen- It is also possible to decompose the propagator in other
dent of the classical coordinatBsandP, which implies that ~ways. For example, in a two-dimensional system one may

D is zero in the diabatic representation. apply the Trotter decomposition along each dimension of the
When written in a given basis set, E§) can be conve- System by writingi £°'=i £®1+i %2, and
niently expressed using supermatrix notation in which all CILEAL L o1 £91AY2 —i L824t —i LAY 20
matrix elementspvavﬁ are represented as elements of a single € € € ' (20)
supervectopl,, with u representing the paira(, 8) as wherei£®i=iLRi+iLPi. The propagation along each pair
hre gt ) (R;,P;) of classical coordinates may then be separated into
pu(t)=(€77) 4ypu(0). (13 spatial and momentum propagation steps as in(Eq. Al-

A number of methods of tackling the numerical solution of though there is no clear basis for the preference of one
(13) are potentially feasible. One possibility is to separate th&€hoice of decomposition of the propagator over another, the
Liouville supermatrix operatarZ into a classical coordinate Conventional choice of propagation scheme is to update all
propagation pari £¢'=i£R+i2P and a quantum rotation .the spatial and momentum coordinates in gsequennal fash-
i £ component. Based on symmetries of the superoperatdf"- I all the simulation results presented in Sec. 1V, both
matrices, it can be shown that each component of the Supe:§_(:hemes were utilized and little difference in performance of

matrix operator has purely imaginary eigenvalues, so that thif'€ multithreads algorithm was observed.

Trotter product formul® The evaluation of the action of the momentum propaga-
tor exp—iLit on dynamical variables is complicated by the
e (Lt (@i LN (1 LAUND gl —i£U2Ny) ) Ny fact that thei £Pi may not be diagonal in the reference basis
used to represent the quantum subsystem. The effect of the
+O(N7?), (14 momentum propagator on an arbitrary supermatrix element

may be applied to approximate propagation over the totaPf @ Pi-dependent operatdf(P;) can be examined by intro-

time interval as propagation ové}; short-time segments of ﬁ}JCInglll the un|tar¥ mﬁtr'XU‘(R) which diagonalizes  the
durationAt, with t=N,At iouville operator for the momenta

Pu(D) = LU (AL). . My(Ae I EMAVZ5 (0), Ui {(RILPU (R) =i L (22)
(15 By inspection of Eq(6), it is evident that the unitary super-
matrix which diagonalizesC"i can be written as a Cartesian
product of the unitary matrix which diagonalizes the force
Mg"(At)z(e*wQM)W. (16)  operatorF; represented in the reference basis. Using the
identity U"Y(R)U(R) =1, wherel is the unit supermatrix,
The Trotter formula may be applied once again to furtherone obtains
decompose the operation of classical propagator 2t o —p
=iL£R+iLP into a velocity Verlet form’ (e 1£AT) LE(P) = UMY (R) (e a4 7), TV (P))

with the quantum rotation matrik 4(At) given by

e 1Lt g-icPatzg-icRatg-icPAu2 (17) =U*(R)TY(P,—FYA7), (22)

For multidimensional systems, the Trotter formula must bevhere repeated indices are summed ofgrare the forces
applied once again if the force operators appearirigfhdo  of the diagonalized operator,i£", and fY(P;)
not commute. For example, for a two-dimensional system in= Ui_“”(R)f”(Pi). From Eq.(22) it is evident that the ac-
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tion of the momentum propagator superoperator on a dyeonsider to what extent a trajectory approach based on finite
namical variable can be evaluated by transforming the dyrepresentations of phase space integrals is useful in the con-
namical variable into the representation in which thetext of mixed quantum-classical dynamics. To pursue this
momentum propagator superoperator is diagonal and theime, suppose that the partial Wigner transform of the arbi-
propagatingeachmatrix element of the transformed variable trary operator is represented by the finite phase space matrix
according to the force for this element. Note that the subsedensity

guent transformation of the dynamical variable back to the
original representation mixes the phase space arguments
since the momenta for each element may have evolved to
different values. The mixing of phase space arguments for
the matrix elements of dynamical variables complicates th&vhereW; is a matrix representing the quantum character of
interpretation of the evolution scheme based on the Trottefhe operator. The matriXV is weighted according to the
expansion. In the next section, however, we show that a dig?hase space arguments for each point or “thread.” Note that
crete representation of dynamical operattws the density for a purely classical variable for whichB,(R,P)
matrix) offers a transparent structure for interpreting the evo=|B(R,P), W=1. For an operatog(q) of the quantum sub-
lution scheme in terms of branching trajectories. system alone, on the other hand; is independent of the
thread indeX. The utility of the discretization approach de-
pends on the accuracy of representing any observable of

L
éW(R,P)=21 W; 8(R—R;) 8(P—P)), (24)
“

IIl. DISCRETE REPRESENTATIONS OF OBSERVABLES

AND APPROXIMATE SOLUTIONS OF MIXED physiceil interesfor, equivalently, the transformed density

QUANTUM-CLASSICAL DYNAMICS matrix p,(R,P,t)] by a finite and manageable number of
matrices located at discrete points in classical phase space.

Averages of dynamical variables over densitiggoi- In particular, looking at the partial Wigner transform of

cally probability densitiesas expressed in E@8) are com-  the density matrix, the solution we are seeking is the dis-
monly performed in analytically untractable systems by av-cretized form

eraging a finite number of trajectories starting from initial

coordinates selected to represent the density. The initial co- Lo

ordinates are generally taken as either weighted points on a P (R,P,t)= 21 6;(t) S(R—Ry(1)) 8(P—=Py(1)), (25

grid for low-dimensional systems or as randomly drawn =

points with a probability determined by the density usingyhere thed; (t) are positive definite matrices. Equatié26)
Monte Carlo or other methods. In such cases, a time COr&an be viewed as a summation over points or threads which
lation function(AB(t)) can be approximated as compose the discrete representation of the density matrix.
Note that the normalization condition implies

(AB(t)):j dRdPp(R,P)A(R,P)B(R(t),P(t))
TrJ' dRdPpd(R,P,)=TrY, 8(t)=1, (26)
=f dRdP[e "“(p(R,P)A(R,P))]B(R,P) . :
where Tr is the trace over the quantum subspace and the
phase space integral is restricted to the regions of phase

space where,, is nonzero. The discretization should be use-
ful under the following conditions:

L
wf drR cn:{Z1 [e 'YW, 8(R—R))

X 6(P—Py))1B(R,P), (23)

where i £ is the classical Liouville operatoV, is the
“weight” of the initial phase point R;,P;), andL is the
nl(metir (of )initir?l points Isampled fro;nh the density ligible.
p(R,P)A(R,P). The statistical properties of the average are . . A . _
typically monitored as a function of the initial pointswvhich @ LA‘t E,i" times, all physical operatorsvﬁR,P) (llnclu.dmg
is increased until the desired level of statistical uncertainty is ~ Pw itself) are smooth functions ¢t and P, with eigen-
reached. Provided the density and the dynamical variable are Values bounded from below.

smooth functions of their phase space arguméngndP at

(1) Atall times, the density matrix(R,P,t) is confined to a
finite volume() in the phase space, outside of which the
magnitude of the density matrix elements becomes neg-

These conditions imply that there exists a finite number of

all times,L is generally found to be a relatively modest num- o i
ber (i.e., not prohibitively larggeven for large systems. An :::;add‘ for an arbitrarily small but finite numbes>0 such

implicit assumption in this approach is the existence of
“shadow” orbits?® in which trajectories generated by ap- A A A A
proximate numerical methods track true trajectories. AI-LTrj dRdP[p,(R,P,1)B,(R,P)—p%R,P,t)B,(R,P)]
though this shadowing property has not been proven for an @
complicated dynamical systems, it is generally considered to <, (27
hold for real system&

Based on the success of applying trajectory methods tovhere the time dependence pf(R,P,t) is determined by
problems in classical statistical mechanics, it is interesting tahe mixed quantum-classical Liouville equation.
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Now, suppose that initially at=0, p%(R,P,0) satisfies iRa iRe L
Eq. (27). Then, the following argument indicates that& = “Bw(R,P)=¢e™ jzl W;s(R=R;)6(P—Py), (31)
p%R,P,t), where
L

pU(R,P,1)=e £p9(R,P,0), (28) e*iLPﬂBW(R,P)=e”£P&j§lW,-é(R—Rj)é(P—Pj), (32)

also satisfies27) at timet providede is sufficiently small. |, 1ore the £2 i £R andi 2P are defined in Eq9). First, the

For the convenience of the argument, we consider instead of,eat01i £Q does not involve derivatives with respect to the
the delta functions the other bases to span the phase spaggssical coordinates and therefore operates only on the

su<_:h as the fixed width GaUSSig'O_R_Ri) and g(P_— Pi)’_ quantum subspace of the dynamical variable. In supervector
which propagate under the classical propagator just “like”iation we therefore obtain

the delta function. The delta function can be approached in
the limit that the width goes to zero. Under these circum-
stances, it follows that there exists a seﬁpf/vith finite total
number M, such that inequality(27) is satisfied, and .
;)(R,P,O)—;)d(R,P,O)BO. Furthermore, the fact that the ei-
genvalues of all operators have a lower bound implies that 21 Wi (D) S(R=R) 8(P=Fy), (33
B.,(R,P) can be converted into a positive definite matrix by
adding to it a trivial constant.

From these properties, it follows that

L
(e715%%),, > W'S(R—R;)8(P—P))
=1

i=
where W{*(dt) is easily evaluated by transforming to and
from the basis in which the superoperatdl® is diagonal.
Since the operatdrCR is diagonal in the quantum subspace,

~ ~ ~ . the evaluation of31) is straightforward, yielding
Trf dRdP[p,(R,P,1)By(R,P)— p%(R,P,t)B(R,P)]
Q

L
e—iﬁRﬁgl W;8(R—R;)8(P—P;)

Trf drRdPe £ p,(R,P,00B,(R,P)
QO

L
> W;a(P—Pe " (R-R))
—;)d(R,P,O)BW(R,P)]’. -

L

>, W;a(P—Py)e't RiPIASR-R;)

. . =1

sTrf deP[e—'“]szrf dRdP[(pu(R,P,0) |
Q [9)

L
SURP.0)BRPT le W;8(R—(R;+ 8tP;/m)) 8(P—P;), (34)

R where the spatial derivatives imZR(RJ- ,Pj) are with respect
quQ[TrJ dRdP(py(R,P,0) to the thread coordinatg; andP has been replaced I .
@ The action of the momentum propagatd” on the dy-
2 namical variable is somewhat more complicated due to the

- p%R,P,0))B,(R,P)

qu962, (29 off-diagonal forces. Using the transformation matrices intro-
duced in Eq(22), Eqg.(32) can be written for the momentum

whered, is the dimension of the quantum subspace. To obPropagator of a particular componey as

tain the relation above, we have applied the generalized L

Cauchy—Schwartz inequality. From these considerations, it i§e—i£Pkﬁt) LD WYS(R— R)8(P—P;)

evident that Eq.(27) is satisfied provided thatd,(<1. i

These results suggest that if the initial discrete representation L

of the partial Wigner—tra_nsformed _density matrix is §uffi- _ U’k‘V(R)(e‘Z:kAT) WYS(R—R)8(P—P)

ciently accurate, dynamical evolution of the approximate =1 e ! !

density matrix preserves the quality of the discrete represen-

tation at subsequent times under conditiétisand (2).

We now turn our attention to examining the nature of the
action of the Trotter-factorized propagator on the discrete "
representation of an arbitrary dynamical variable expresseyhere Pp7(ot)=(Py, ... ,P_1,PctFiét, ... Py) and
as in Eq.(24). In particular, we must evaluate how the fol- Wk=U, }(R)-W. Again, note that, in general, each compo-
lowing propagators act on the finite representations of théxentW? of the supervectoW evolves according to a differ-
dynamical variableB,,(R,P): ent force,F”. Suppose that the effective dimension of the

L quantum subspace id,; so that the supervectol is a
efiﬁQb‘tBW(R P):efiﬁQmE W S(R—R)8(P—P;), (30) D-dimensional column vector, wher®=d, *(dq+1)/2,
' =) J I which can be decomposed as follows:

-

=j§1 UEY(RW!7S(R—R;) 8(P— P 7(41)),
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as many pairs of threads are combined as is necessary to
keep the total number of threads at specific levels determined
W= = + 4t by issues such as the continuity of expectation valgesh
: : : : as populations or average trajectoyiaad energy conserva-
Wp 0 0 Wp tion. Under these rules, the trajectorigbread$ which are
generated interact in a simple fashion, in contrast to most
=X+ X+ +Xp. (35)  methods which use classical trajectories to describe quantum
dynamics.
The matrix product) (R)W¥ in Eq. (35) implies that every There are a number of critical issues to examine on a
thread may be written as a linear combinationdfnew  System-by-system basis to determine if the algorithm is prac-
threads with a supervectdﬂk(R)Y(i, where each of the ticable. Perhaps foremost -among these is the num.ber of
threads has differenP, arguments. From these consider- threads necessary to describe the system and how this num-
ations, one may interpret the consequence of the off-diagon€r scales with the number of classical degrees of freedom
nature of the momentum propagator as leading to the branci¢hich are coupled to the quantum subsystem. In practice, it
ing of one thread int® new threads along each of thé\3 IS of'ten helpful to monitor the energy conservation to dy-
momentum degrees of freedom. Hence, the total number dtamically adjust the number of total threads as the system
threads after aingle momentum propagation step along a €volves. Similar kinds of ideas have been proposed by Mar-
particular degree of freedom increases by a factdd dfom  tinez and co-workefs in the context of their “multiple
the current numbell to DXL. Clearly, the number of SPawning” method, in which a moving basis set with a dy-
threads grows exponentially with propagation time step and@mically adjusted size is used to solve the time-dependent
with the number of noncommuting force matrices. Schralinger equation. In classical molecular dynamics, dy-
One can thus summarize the propagation scheme as folamical evolution based on approximate propagators ob-
lows: For each time step, the spatial coordinates are updatd@ined from the Trotter expansion rigorously conset¥&%a
according to Eq(35). After all spatial coordinates have been Pseudo-Hamiltonian which differs from the true Hamiltonian
updated, the transformation supermatritégR) are con- Dy @ term of orderAt®. Thus, providedAt is small, the
structed and the momenBy, are updated in sequential fash- System evolves with no observed long-term drift in the en-
ion. This is carried out by transforming the supervedtor ~€rgy in Verlet-style algorithms. In the multithreads algorithm,
for each of the threads into the appropriate force represent&n the other hand, there is no corresponding pseudo-
tion in which the momentum propagator Bf is diagonal D Liouville operator which ensures energy conservation due to
threads are created from each old thread out of the individudhe thread reduction procedure. However, each thread carries
elements ofW and the momentum argument for the phasedlong an associated matrigr supervectgrwhose elements
point for each of them is propagated with the diagonal forcegneasure the weight or importance of the thread to the overall
for that element. After propagation, all threads are transaverage. Provided these weights are considered in the thread
formed back into the original representation and the procesgombination procedure such that, for instance, only a thread
is repeated. Following the propagation of all momenta, thevith small weight is allowed to combine with another thread,
supervectors undergo a quantum rotation as described in Ethe net energy fluctuation caused by the thread combination
(33). can be limited. For systems in which the nonadiabatic cou-
On the other hand, according to the arguments concerrpling of two quantum states is relatively weak or highly lo-
ing Eq.(27), only L threads should be sufficient to describe calized in regions of classical configurational space, many of
to represent the dynamical variable accuratgtyordere).  the threads which branch out of an original thread during a
Hence, from a practical point of view, since the function thepropagation step carry negligible weight. Combining these
threads represent is localized in finite regions of phase spadbreads with others typically leads to very little energy drift.
and relatively smooth by assumption, many of the thread$lowever, if the system has strong nonadiabatic coupling
generated by the off-diagonal nature of the forces involved irwhich extends over large regions of configurational space,
the momentum propagation steps are redundant. It is thergany of the threads created by branching have significant
fore desirable to selectively prune the large number of newveights so that combining them can lead to more serious
threads created by the propagation procedure to retain onjgroblems with the conservation of energy and the continuity
those threads which are necessary to represent the dynamiadlobservables. Under such circumstances one can anticipate
variable well. In recent publicatiord$;'? we proposed vari- that the total number of threads required by the method
ous methods for maintaining a manageable number of totakould be prohibitively large, particularly since much of the
threads. The central idea in the “multithreads” algorithm is computational time involved in the method is spent in the
to combine threads which approach one another in classicabutines searching for adjacent thread pairs. In spite of these
phase space in a manner consistent with conservation priconcerns, the thread combination rules have been rigorously
ciples. The utility of the combination principle relies on the tested and have performed extremely well on several chal-
notion that if two threads approach one another in a region ifenging one-dimensional systems in which complicated
which the dynamical variable is smooth, one thread is likelyquantum interferences and tunneling are pronount&d.
to be redundant so that the two adjacent threads can be com- One intriguing aspect of the method concerns the nature
bined into a single thread. In the simplest implementation ofn which the initial discrete representation of the dynamical
the method, all nearest-thread pairs are searched for and theariables of interest is propagated. One extreme approach to

5z
. o E
s o
o O
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evaluating expectation values based on the trajectories wouldor models with generic couplings of the forrv,
be to generate an initial number of initial number of threads_ =.f(9)g(Ry), all force matrices commute and all the mo-
L and then to propagateachinitial thread independently menta belong to the same force commutation class. For such
(either sequentially or in parallelstarting from its initial  mpodels only a single branching event occurs at each time
value using the multithreads approach. Expectation valuegiep. However, other important models of chemical processes
could then be calculated by averaging over theuns. The i, condensed phases do not have a system—bath coupling
opposite extreme would be to propagatelalhitial threads  \yhich can be expressed in such a simple form. For instance,
simultaneouslyn one run while calculating expectation val- model studies of proton-transfer reactions in polar solvents
ues on the fly. It is not clear which prescription, or hybrid generally involve a coupling between the proton motiths,
variant of the two, is optimal as there are advantages an@hich are described guantum-mechanically, areblective
disadvantages to both approaches which must be counterbaly|yent coordinate related to the solvent polarizatioif For
anced. For example, if eadh initial thread is propagated these systems, each momentum degree of freedom is poten-
simultaneously, it is likely that a relatively large total numbertja|ly in a different force commutation class, and the manner
of threads is necessary to ensure energy conservation if thg which the thread reduction is carried out is of critical
initial distribution from which the pointS are drawn is broad. importance_ There are several different scenarios that are
On the other hand, only one run is necessary to extract thgossible. If the thread reduction is doafter all momentum
expectation values. In the other extreme, if each initial threagropagation steps have been carried out for all the commu-
is propagated independently, then generally each run is weghtion classes, the number of threads that must be paired and
described by a modest number of maximum total threadszombined will scale exponentially with the number of de-
with the obvious drawback that many of these runs must bgrees of freedom. In this case, the multithreads method be-
performed. In principle, the two approaches should givenaves as a grid method and is impracticable for large sys-
similar results. However, for systems in which the dispersionems. It must therefore be demonstrated that the thread
of the initial wave function is very important, Significant dif- reduction procedure can be Successfu”y conducted immedi-
ferences between the two approaches could be observed. 4fely after the momenta in each commutation class have been
fact, it seems likely that the optimal approach is sensitive tqpdated, leading to one thread reduction step for each class
how “classical” the system is and is therefore highly systemper time step. When this is possible, the multithreads method
dependent. This aspect of the algorithm is currently beingcaledinearly with the number of force commutation classes
investigated. and should be computationally feasible for large systems.
Another concern that must be considered is the suitabil- In the next section, we consider two Simp|e multidimen-
ity of the multithreads method for multidimensional systems.sional models for which the multithreads solution approach
In the multithreads approach, the effect of the multi-can be compared to exact quantum solutions. The models
dimensional character of the system is intimately tied withgiffer in the number of commutation classes so that the scal-

the nature of the coupling of the classical degrees of freedonhg behavior of the multithreads algorithm can be assessed.
with the quantum subsystem. As is clear from the discussion

above of the Trotter factorization, it is the fact that force
matrices do not commute which gives rise to the additionalV: TWO-DIMENSIONAL MODEL SYSTEMS
branching of threads as the system evolves. The force matri- the multithreads method was tested on model two-

ces themselves, which govern the evolution of the phasgimensional systems designed to describe important physical
space coordinates of the threads, are diagonal for any degregg,cesses in which the multidimensional nature of the cou-
of freedom which are not explicitly coupleg to the quantump”ng of quantum subsysterelectronic degrees of freeddm
subsystem through the coupling poten¥q(q,R). The mo-  to motions of heavy particleguclei) induces complicated
mentum propagation of these degrees of freedom does ngtiantum dynamics. The models differ qualitatively in the
lead to the branching of threads. Furthermore, the degrees @hture of the coupling and therefore together pose a signifi-
freedom which are explicitly coupled to the quantum sub-cant test of the multithreads method. In all calculations be-
system may be grouped into classes in which the force mgow, the basic rules of thread combination of Ref. 12 were
trices commute. For each force commutation class, the mdollowed: Namely, the weight matrifor supervectorW for
mentum degrees of freedom may be propagated together new thread formed by the combination of two adjacent
within the same representation so that the thread branchingireads was taken to B&/=W,+W,, whereW; and W,
occurs only when switching between representations corregre the(compley “weight” factors for the two combining
sponding to different classes of degrees of freedom. Thushreads, whereas the phase space coordXatéR,P) for

the number of branching events per propagation time step ijhe new thread was determined by WK =TrW;X;
determined by the number ofassesof noncommuting LP. +TrW,X,, whereX, andX, are the respective phase space
In many models which are used widely in the study of dy-coordinates for the combining threads. The expectation val-
namics in condensed phases, such as the spin-boson Modelies themselves were formed by averaging over roughly ten
the form of the coupling between the quantum subsystemfuns of a relatively modest number of threg@sound 300
and each classicdbpatia) degree of freedom is the same. maximum threads In each run, the initial number of threads
For example, in the spin-boson model, the coupling is of ayas kept constant and the time step was set by requiring
bilinear formV, = ydRi , Wherevy is a parameter measuring energy conservation of roughly 1% over the entire run. All
the strength of the coupling, for all spatial coordinalgs  runs were based upon a diabatic reference basis for the quan-
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tum subsystem. In the diabatic reference basis, the quanturr 08 '
rotation part of the Liouvilliari £° [see Eq(10)] is particu-
larly simple to evaluate since the basis set is independent of ;|
R and the nonadiabatic coupling matiixis zero. In all the
tests below, the results of the multithreads algorithm are
compared to the exa¢humerical quantum dynamics of the
models. The full dynamics was carried out using fast Fourier
transform method&FT) based on a two-dimensional grid of
roughly 500< 500 points. In the cases considered below, the
initial wave packet was taken to be a product of Gaussian &
wave packets on a specific diabatic surface and originally

g
[}
T

ction probability
(=)
2

positioned in an asymptotic region well removed from re- . ’ﬁ:‘a"td
gions of appreciable population transfer. 03 reads
A. Collinear reactive collision model P4
The first two-dimensional test considered is a model of 0.0 01 0.2 03

. . E V
the collinear reaction of three atoms of the fod+BC xooss enerey (¢¥)

—AB+ C utilized by Ben-Nun and Mantez to validate the FIG. 1. The diabatic reaction probability as a function of the excess energy

muItipIe Spawning molecular dynamics methidd.The in eV for the collinear reactive collision model. The full line represents the

. . . . . . numerical solution of the model, and the dashed line the aver@yed ten
Hamiltonian is constructed by coupllng two diabatic states ]'runs) multithreads solution of the mixed quantum-classical Liouville equa-

and 2, each of which describes a collinear nonreactive collition. The multithreads runs all started from an initial number of 300 threads,

sion between an atom and a diatomic molecéle:BC on randomly drawn from the initial distribution, and the number of threads was

the first diabatic surface. antiB+ C on the other. Each of held atall times to the initial number through the pruning/combination rules
. N ' ] . described in the text.

the diabatics is given by a sum of two terms: a Morse oscil-

lator describing thé\ B or B C vibration and an exponentially

repulsive functional form for the interaction of the bound

species with the third atoR? the potential energy surfaces are anharmonic and &melR

coordinates are strongly coupled, the potentials are nonsepa-
Vi4(r,R)=Dg(1—e Al Te)2 rable inr and R and hence are not quasi-one-dimensional.
Furthermore, the two adiabatic surfaces are very dissimilar,

—B(R-0.5—
+De X ', which suggests that mean-field dynamical prescriptions will

6
Vo AT R) =D (1—e AR-05-Te)2 break downg._ _ _ _
24R) el ) As mentioned above, all calculations were carried out in
+Dyege P71, (36)  the diabatic representation. The initial state of the system for

all runs reported below was specified by an initial nuclear
wave function taken to be a product of two one-dimensional
Gaussians centered in the asymptotic region in which the
atom is separated from the center of mass of the diatomic by
16 bohr(i.e., R=16 bohy. The width of the Gaussians for
bothr andR was taken to be 2 boht. Only the first diabatic
state in which theBC atoms are bound was initially popu-

R p2 P2 lated and the diatomic was in the ground vibrational state.

Hu(r.p.RP)=5 -+ 5 +V(rR) +Ve, (37 For the multithreads runs, the initial classical phase space

coordinates were drawn from the corresponding Wigner

whereV(r,R) is the(diagona] diabatic matrix in(36), andp  transform of the density matrix for the conditions described
and P are the classical momenta conjugate to thend R above. Following Ref. 23, a broad range of relative kinetic
coordinates, respectively. In E¢B7), V. is a constant, off- energiesP?/2M, for the atom with respect to the diatomic
diagonal 2<2 matrix with diagonal elements of zero and was studied. The relative kinetic energy was classified in
off-diagonal elementsv,=0.00136 in atomic units. The terms of the excess energy, defined to be the difference be-
massesn=M /2 andM =2M /3 were taken to correspond tween the relative kinetic energy and the reactive barrier
to the reduced masses for tB& and theA—BC motions  height on the ground-state adiabatic energy surface (0.435 36
when atomsgA, B, andC are lithium. eV). The excess energy values ranged from 0.0 eV, where

The resulting ground-state adiabatic potential energy surguantal effects such as above the barrier reflection and tun-
face describes a reactive atom exchange with a barrier heightling are prominent, to a value of 0.3 eV, where population
of 0.43536 eV and is qualitatively of the London—Eyring— may be trapped in the excited-state well and slowly leak out
Polanyi-Sato formi®> The excited-state adiabatic potential via nonadiabatic effects.
energy surface describes a bound linear triatomic molecule In Fig. 1, the diabatic reaction probability as a function
Li% . At the saddle point of the ground-state adiabatic surof the excess energy is plotted for the full quantum solution
face, the two adiabatic surfaces are separated Wy 2 and the multithreads method. Note that the multithreads re-
=0.00272 a.u. (600 ct).? Note that in this model, since sults agree with the full quantum results within the statistical

wherer is the distance between atorBsand C; R is the
distance from atonA to the center of mass of the diatomic
BC. The parameters appearing (i86) were taken to b,
=0.038647,3=0.458 038,r,=5.0494, andD ;= 0.02 in
atomic units. The partially Wigner-transformed Hamiltonian
of the system for this model can be written as
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08 ' ' The thread combinatiofreduction step was carried out after
each momentum propagation as though the propagitofs
andi £ were in different commutation classes. Even though
the thread combination was conducted more frequently, lead-
ing to a factor of 2 increase in the total computational time
of the runs, no significant difference in the results for the
reaction probability or other observables was observed. Fur-
thermore, in order to examine the sensitivity of the runs on
the basis set used to represent the quantum operators, the
runs were repeated with an adiabatic basis reference set. Al-
—— Average . N .
——_ Individual runs though in principle the propagation schemes depend on the
&—= Exact | reference basis set through the representation of the time
propagatori £ and the weights used in the combination of
threads, no statistically significant differences were noted
from the results obtained in the diabatic reference basis.

Reaction Probability
(=]
-
T

0.2

0.0 (S L L
0 100 200 300

t (au) B. Conical intersection model

FIG. 2. The diabatic reaction probability as a function of time at an initial Although the previous model provides a rigorous test of

excess energy'of0.3 QV for the collinear reactive coII|s_|on model. The solidggme features of the multithreads method applied to anhar-

line with and without circles represents numerical solution of the model and onic. multidimensional svstems with nonseparable Hamil-

the averaged multithreads solution, respectively, and the dashed lines inoﬁp o - y . p

cate the time profile of individual runs. tonians and avoided crossings, the simple form of the cou-
pling matrix leads to a single force commutation class. We
now turn our attention to a two-dimensional model of conical

. . -24 .
uncertainties associated with averaging over ten propagatidtersections proposed several years ago by Feetedi™" in

runs starting from an initial multithread basis of 300 threadsWhich the qualitative nature of the quantum dynamacsi

In each of the runs, the maximum number of threads Wa§he spatial c_lependence of the nonfadiabatic cqupling are Sub-
kept fixed at 300 threads and the time step of propagatiorﬁta”t'a”y different from the collinear reactive collision

. . . 7 .
determined by requiring energy conservation of all runs at alln°del- The conical intersection moffef’ was designed to
times to within 1%, was 0.1 atomic units. Each run tookStudy the dynamics of a wave packet crossing a conical in-

roughly 5 min. on a modern workstatidiPEC alpha, 500 tersection modeled by two-dimensional diabatic potentials.

MHz, 21164 processbrin all runs, the expectation values of Thg dynam_ics cpnsists of a Wave_packet, initially in the first
r andR as well as the branching ratios were monitored to€Xcited adiabatic state, propagating along a low-frequency

determine when the system reached the asymptotic regiofP0rdinateX while oscillating around the other coordinafe
The reaction probability was then interpreted as the popula! the two-dimensional system. As in Ref. 24, we limit our
tudy to a single passage of the wave packet through the

tion of the second diabatic state after the system stabilized®

In Fig. 2 the spread in the diabatic reaction probability as aStror_1g interaction region in the vicinity of the conical inter-
function of time is shown from the ten runs at an excessSection. The dynamics may therefore be appropriate for pho-

energy of 0.3 eV. The spread in the diabatic reaction probgodlssouatwe processes or strongly dissipative processes in

ability for runs at other values of the excess energy waé"’h":hhno reCl_JIrrer)cesf arehobser\_/ec:.. , I
comparable to that shown in Fig. 2. Note that the spread in '€ Hamiltonian for the conical intersection model can

the data increases markedly at times of roughly 100 atomiE’e written in a diabatic representation in terms of symmetric
iveind antisymmetric stretch coordinatésand Y of a linear

. 4
region of the adiabatic potential energy surface. friatomic moleculeABA as

For the particular form of the interaction between diaba- K K
tic surfaces Hll(X,Y)=7X(X—X1)2+ 7yy2,

INe Vg 39

—=_==0, K K

a IR H22(X,Y)=?X(X—X2)2+ 7VY2+A, (39
which implies that the force matrices are diagonal in the
diabatic basis and therefore commute. Bgthand P are le(X’Y):HZ:L(X'Y):,yYe—a(X—X3)Ze—,8Y2_

therefore in the same force commutation class and hiefite
andi £P can be simultaneously diagonalized. For the collin-The parameters appearing in E§9) are, in atomic units,
ear reactive collision model with a constant coupling matrix
V., only one thread-branching event occurs per time step. <x=0-02, K,=0.10, A=0.01,
As a simple test of the multidimensional version of the — _,  _2 y _3

. . . " 1 1l 2 ' 3 '
thread propagation combination rules, additional runs were
carried out in which the threads were sequentially propa- v, =20000.0, M, =6667.0,
gated along each classical phase space “directiorg) and
(R,P) according to the Trotter decomposition in EGO). a=3.0, B=1.5.

(40)
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The parametety measuring the coupling between the diaba- 1%
tic surfaces was varied from values characterizing the weak-
coupling regime ¢=0.005 a.u. to the strong-coupling re-
gime (y=0.08 au. For small coupling strengths, the ground
adiabatic surface has a single minimunmXat4, Y=0 while

for larger y two minima appear at smallet with opposite
values ofY (see Ref. 36 for a more detailed description of the
potential energy surfaces in the modéue to theX depen-
dence of the coupling between the diabadig andH,, sur-
faces, the nonadiabatic region in which most of the popula-
tion transfer occurs is in the region ¥f~3.

For this model, we focus on the probability of the 0.80 |
ground adiabatic state after a single passage through the
strong coupling region as a function of the coupling strength
v. Following Ref. 24, the initial state for the full quantum 000 oo oo o8 08
simulations was taken to be a Gaussian wave packet on the Coupling strength ¥ (aw
first diabatic stateys, of the form

[te]
[3,]
T
\
/
4
/

o

©

o
T

o

[v:

o
T

Exact
o ——+¢ Threads

Probability of State 1 after passage

FIG. 3. The population of the ground adiabatic state as a function of cou-

~ pling strengthy after the first passage through the nonadiabatic coupling

¢1(X1Y) Xz(X’Y) region for the conical intersection model. The solid lines are the exact nu-
_ 12— (X = Xg) 212AX2 o — (Y= Yg) 2124 Y2 merical solution of the model, and the diamonds connected by the dashed
=(mAXAY) € 0 € 0 ’ line are the result obtained from the multithreads approach.

(41)

wherey, is the wave function for the excited adiabatic statesignaling a failure in the thread reduction procedure. Enlarg-
and the widths ard X=0.150 andAY=0.197 bohr. These ing the initial number of threads to 512 threads was still not
initial conditions were chosen to mimic a Franck—Condonsufficient to smooth out the discontinuities for the runs with
excitation to the first excited state from a ground statdarger nonadiabatic coupling. In principle, one could improve
coupled to the adiabatic states through an infinitely shorthe continuity of the data by allowing for an even larger
radiation pulsé* The center of the wave packet is ¥ maximum number of threads, but expanding the set of
=2.0, Yo=0.0, which corresponds to a region where thethreads drastically increases the time required for each run.
nonadiabatic coupling is small and the first excited adiabatids an alternative, the way in which the initial nhumber of
state y, is approximately given by the first diabatic wave threads was sampled from the distribution was modified
function 4. The initial thread positions in the classical phasebased on the observation that, although the adiabatic popu-
space K,Y,P,,P,), whereP, andP, are the momenta con- lations as a function of time vary for different initial values
jugate toX, andY, were drawn from thdpartia) Wigner  of P,, the asymptotic value of the populations after passage
transform of Eq.(41). through the region of strong coupling is relatively insensitive
In the diabatic basis, the Liouville superoperator has off-to the initial value ofP,. The asymptotic value of the adia-
diagonal elements in both the quantum rotation pdft and  batic populations calculated over the runs therefore con-
in the momentum propagation part of bd#h andP, . Due  verges relatively quickly if the initial threads are a chosen to
to the nonsymmetric functional dependenceXmndY of  have the same initial value d®, (randomly selected from
the nonadiabatic coupling terid5(X,Y), the force opera- the distribution while the other degrees of freedom are
torsF, andF, do notcommute. Hence, the conical intersec- sampled without restriction. However, since the spread in the
tion model provides a nontrivial test of the multithreadspopulations at intermediate times for runs with different ini-
method for systems in which more than one force commutatial P, is much greater than that in the asymptotic regions, a
tion class exists and multiple thread branching and reductiofarger number of runs would be required to reproduce the
events occur per time step. profile of the adiabatic populations at a given level of statis-
The results of the exact quantum calculation and theical uncertainty whery is large. This behavior is evident in
multithreads calculation of the populations of the groundFig. 4, in which the population of the ground adiabatic state
adiabatic state as a function of the nonadiabatic couplings plotted as a function of time fo=0.01 andy=0.08,
strength after a single passage through the strong couplingprresponding to the weak and strong coupling regimes. One
region are shown in Fig. 3. The adiabatic populations showmay speculate that the failure of the multithreads in the
were obtained by allowing the system to propagate througistrong coupling regime when the initial thread points are
the strong coupling region and waiting for the adiabaticsampled uniformly from the initial distribution arises from
populations to stabilize. For all coupling strengths, the stabithe fact that the dispersion in the distribution along Ehe
lization time was roughly 50 a.u. The multithreads popula-dimension implies that some threads move with quite differ-
tions for the weak coupling limit¢=<0.04) were calculated ent velocities along th& direction of the potential energy
based on ten runs in which 328 initial threads were propasurface. As a consequence, individual threads move through
gated with a time step of about 0.02 a.u. However, when théhe nonadiabatic region nexr= 3.0 at different times so that
nonadiabatic coupling strength was larger than 0.04, the the strong branching events do not interact with one another,
populations of the adiabatic states developed discontinuitieleading to discontinuous changes in population when threads
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FIG. 4. The adiabatic population as a function of time for the conical inter-
section model. In the two panels, the exact numerical solusofid line)

and the multithreads solutioflotted ling are plotted as a function of time . . | .
for the case of weak couplin@ipper panely=0.01, and strong coupling 1N Fig. 5 the reducgd densn.l@é‘” andp( as a function of
(lower panel,y=0.08). Y are shown at different times foy=0.01. The reduced

classical densitieg(°"(Y,t) were obtained from a single run
of 1000 initial threads drawn without restriction from the

initial distribution. They were estimated via weighted histo-

are combined. These discontinuities are not reflected in thsrams formed by summing the targeted matrix elenent
norm, which is conserved by the thread combination proceg . 1,1 or 2,2) of all matrices within a given rangeYband

dure. In all the runs used to calculate the populations Showﬂ1en normalized according to fidY p)(Y,t)=1. As de-

in Fig. 3, the total number of threads at all time steps Wa}cribed by Ferrettet al,2* the wave packet does not spread

kept equal to the number of initial threads by the threa . . . ) -
rec?uctign rocedure and the energy was conse);ved to Withiappremably or decrease in magnitude on the first excited
P gy diabatic state in th¥ direction until it reaches the nonadia-

4%. The runs with 328 initial threads took roughly 3 min on batic region at times near=20 a.u. at which point there is a

a 933 MHz Pentium IIl processor, while the runs for stronger, _, . P
) ; . : rapid transfer of population into the ground state. The popu-
coupling took around 8 min. As is clear from Fig. 3, the P pop g pop

. . . . lation transfer corresponds to a splitting of the wave packet
ground-state adiabatic population calculated using the ml.Jlt'l'nto a small component that remains on the excited state and
threadsh approach agrees exftremc;ly well for r%” couplmga larger component that subsequently propagates forward on
strengths n contrast o a (s)ur aceo- opping app '€ the ground state. After passing through the strong-coupling
the pc_)pulauons differ by 19/’_20/0 from the exact result forregion, the component of the wave packet that remains in the
coupling strength&;0.0Z. . . - excited state develops a nodeYat O which persists through
Although branching ratios and reaction probabilities arey, the asymptotic region. As noted by Ferregtial,2* the
important observables, they are often somewhat insensitiv pearance of the node is a manifestation of Be;ry’s phase
to qu tle features of the guantum system and tend o Wasgimjijar features have been observed in the study of wave
out fine structural detail which is evident in the density ma'packet dynamics oNag. 3
trix. It is therefore interesting to examine directly the fine It is interesting to zote that although there is a hint of a
structure of reduced densities of the full density mafrix node appearing ipE)(Y.1) at some times, the node disap-
22 ’ 1

pears and reappears as the system evolves beyond the region
p$D(Y,t)= f dX p1y(X,Y, 1), of strong coupling. The underlying reason for this behavior is
not clear and may arise from the approximate nature of the
mixed quantum-classical Liouville equation or from the
(@ _ choice of poor thread reduction rules. It should be empha-
p2z(Y.1) f dXp2(X, Y1), (42 sized that the dynamical evolution scheme outlined here is
only approximate and may no longer be valid when the
quantum behavior of the coordinates which are treated “clas-
sically” becomes important. Further work examining when
P(lcll)(Y:t):f dX dR,dP, p2i(X,Y,Py,Py ), the mixed quantum-classical description breaks down is
clearly necessary.
One may also examine reduced densities alongXhe
coordinate. These plots, however, do not show the rich be-
havior observed ip(?(Y,t) and are fairly well reproduced

20 30
Time (au)

with their mixed quantum-classical analogs

pg‘;”(v,t):f dX dP,dPy p2A(X,Y,P,,Py1). (43
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by the multithreads method as well as by other semiclassicgroach works for multidimensional systems with diabatic
methods* One can also examine the reduced densities atoupling terms which depend explicitly on the classical co-
higher coupling strengths. At higher coupling, the number ofordinates, a two-dimensional model of a conical intersection
nodes that appear ip(z%)(Y,t) after passing through the was considered. In the conical intersection model, the par-
strong-coupling region increases and much finer structure agiicular form and functional dependence of the diabatic cou-
pears in the reduced density. These features are also qualifaling term implies that the two force operators which appear
tively reproduced inp(®(Y,t), although the detailed struc- in the momentum propagator do not commute. For this
ture tends to be only approximately correct. It is interestingmodel, the multithreads algorithm was applied by carrying
that as the coupling strength increases, the structural featuresit the thread reduction step after each momentum degree of
in the reduced density(¥P(Y,t) become increasingly sharp. freedom was propagated, and excellent agreement between
As the multithreads algorithm relies on the smoothness of théhe resulting adiabatic populations and the exact populations
quantities such as the partial Wigner transform of the densitgfter first passage through the strong-coupling region was
matrix p,,(R,P,t), it is not surprising that more and more obtained in the weak-coupling regime using roughly 300
threads are required as the strong-coupling limit is apthreads. In the strong-coupling limit, however, when uniform
proached if quantitatively accurate results are desired. sampling of the classical phase space coordinates of the ini-
tial threads was utilized, discontinuous changes in popula-
tions and expectation values of coordinates were observed.
V. SUMMARY This problem was remedied by changing the sampling
scheme used to select the initial coordinates of the threads

In this article, the multithreads algoritii®> was ex- d on the ob tion that the di orPinin th
tended to multidimensional systems and tested on simpIBa.l‘?‘e on te observation that the: dispersiorFjnin the
initial  distribution had relatively little effect on the

two-dimensional models for which the exact quantum solu-

tion is readily attainable. The scheme is based on a TrottefSymptotic value of the adiabatic populations. When the

decomposition of the mixed quantum-classical Liouville same initial values oP, randomly chosen from the initial
distribution were used for all 512 threads, relatively few runs

equation in which noncommuting force operators repre- ded to obtain th i ol lati
sented as off-diagonal matrices or supervectors in the quat’f‘Zere needed 1o obtain the correct asymptotic popuiations

tum representation lead to trajectory branching at each tim}g/ithin statistical uncertainties of roughly 5%. Reduced den-

step. It is demonstrated that the number of branching even@t'es for the coordinat¥ were also considered for the coni-

per time step is determined by the number of force commut@l intersection model and it was demonstrated that although
tation classes for the system many of the qualitative features observed in the quantum

In order to determine how the method scales with thereduced densitieﬁ(q)(Y,t) were reproduced in the classical

g (CI) . .
dimensionality and number of commutation classes in théGduced densitiep™”(Y,t), important differences appeared

system, the multithreads algorithm was tested on two model the nodal structure of the reduced densities for the system

designed to probe different aspects of the method. The firdf! the excited adiabatic state after passage through the

model considered was the two-dimensional collinear reactiv(gtron%-;oupl,mg reglo?._ TTe r?ogdéal sgructurr]e are a matnlfesta-
collision model of Marmez and co-workers Unlike many lon of berry's geometrical pnase and perhaps are not cor-

other benchmark tests designed to compare approximaﬁ?cuy reproduced due to the approximate nature of the mixed

methods of nonadiabatic molecular dynamics with exact nuguantum—classical description in which the evolution ofXhe

merical results, the dynamics of the two coordinates is govfJlndY coordinates s treated n classical fa§h|on.
A number of important issues concerning the method

erned by a nonseparable Hamiltonian at all times. Further- L . .
outlined in this paper remain to be examined. Perhaps fore-

more, the form of the diabatic potentials and the coupling ) - :
lead to ground and excited adiabatic potential energy sypnost among these is the range of validity of the multithreads

faces which differ qualitatively; the ground-state surface de-algorlthm SO that one may gain some understanding as to
hat specific conditions must be met for such an approach to

scribes a reactive collision while the excited-state surfac i ) .
describes a bound triatomic complex. In spite of these a be fruitful. In particular, understanding how the thread rules
' influence energy conservation and how tlebaotig nature

pects of the model, which make it a stringent test of semi- f the classical traiectori lates to th h f th
classical approaches, the multithread algorithm yields result € classical frajectories refales o the smoothness ot the
ensity matrix is fundamental to obtaining a clearer picture

which show excellent agreement for the diabatic reactio - - )
of the utility of the algorithm. Unfortunately, the “uncon-

probability with the exact numerical solution of the modelt led” nat f the thread reducti q ke direct
when as few as 300 threads initially sampled from a Gaussy0''€d” hature of the Inread reduction proceaure make direc

ian distribution are propagated. In addition, the time profiletheoretlcal investigation of such concerns difficult, and it is

of the diabatic reaction probability is reproduced quite WeII_clearly desirable to develop a sound theoretical framework to

The quality of the results obtained is insensitive to the way incxamine the method for simple systems. Efforts along these

which the propagation is carried out, namely whether thedIreCtlons are underway.
thread reduction procedure is done after the propagation o
each momentum coordinate or not, as well as to the choice
reference basis for the quantum subsystem. The authors would like to thank T. Manez for useful
Unfortunately, the simple form of the coupling term in discussions about the collinear reactive collision model. This
the collinear reactive collision model leads to a single forcework was supported by a grant from the Natural Sciences
commutation class. To examine how the multithreads apand Engineering Research Council of Canada.
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