
Appendix A

Math Appendices

A.1 Taylor expansion

• Expand function f(x + a) from small a around a = 0.

f(x + a) = f(x) + f ′(x)a +
1

2
f ′′(x)a2 + · · ·

=
∞∑

j=0

aj

j!

dj

dxj
f(x).

• Since

eλx = exp (λx) =
∞∑

j=0

xj λ
j

j!
,

f(x + a) = exp

(
a

d

dx

)
f(x).
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A.2 Series expansions

For |x| < 1,

1

1 + x
= 1− x + x2 − x3 + · · ·

1

1− x
= 1 + x + x2 + · · ·

sin(x) = x− x3

3!
+

x5

5!
+ · · ·

cos(x) = 1− x2

2!
+

x4

4!
+ · · ·

ln(1 + x) = x− 1

2
x2 +

1

3
x3 + · · ·

A.3 Probability theory:

A.3.1 Discrete systems

Suppose have measurable E with n discrete values E1, E2, . . . , En. Let

N = number of measurements

Ni = number of measurements of Ei.

Then

Pi = Probability that Ei is measured = lim
N→∞

Ni

N
≡ P (Ei)

Properties:

1. 0 ≤ Pi ≤ 1

2.
∑n

i=1 Pi = 1

Averages:

E =
n∑

i=1

EiPi

E2 =
n∑

i=1

E2
i Pi

H(E) =
n∑

i=1

H(Ei)Pi



A.3. PROBABILITY THEORY: 91

Variance of E:

σ2
E ≡ E2 −

(
E

)2

=
(
Ei − E

)2

• σ2
E measures the dispersion of the probability distribution: how spread out values are.

• In general, σ2
E 6= 0 unless Pi = δij for some j. This notation means:

Pi =

{
1 if i = j
0 otherwise

which implies E = Ei.

• Tchebycheff Inequality:

Prob

(∣∣∣∣E − E

∣∣∣∣ ≥ λE

)
≤ σ2

E

λ2E
2 .

• Joint probability: Suppose N measurements of two properties E and G.

nij = number of measurements of Ei and Gj

Pij = lim
N→∞

nij

N
≡ P (Ei, Gj) ≡ joint probability.

Properties:

1.
∑

i.j P (Ei, Gj) = 1.

2.
∑

i P (Ei, Gj) = P (Gj).

3.
∑

j P (Ei, Gj) = P (Ei).

4. If Ei and Gj are independent, then P (Ei, Gj) = P (Ei)P (Gj).

A.3.2 Continuous Systems

• Probability of measure an observable X with values between x, x + dx is p(x)dx. p(x)
is called the “probability density”.
Properties:

1. Positive definite: p(x) ≥ 0.

2. Normalized:
∫ ∞
−∞ dxp(x) = 1

• Averages:

x =

∫ ∞

−∞
dx xp(x) f(x) =

∫ ∞

−∞
dx f(x)p(x)

σ2
x = x2 − x2 =

∫ ∞

−∞
dx

(
x2 − x2

)
p(x)
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A.3.3 Gaussian distributions

1. Distribution specified by first + second moments:

P (x) =

(
1

2πσ2

)1/2

e−
(x−〈x〉)2

2σ2 〈x〉 = average of x

〈(x− 〈x〉)2〉 = σ2

2. Important properties (assuming 〈x〉 = 0): 〈x2n+1〉 = 0 and 〈x2n〉 = f(σ2).

3. If P (x1, . . . , xn) =
(

1
2π〈x2

1〉

)1/2

...
(

1
2π〈x2

n〉

)1/2

exp
{
−

(
x2
1

2〈x2
1〉

, ... + x2
n

2〈x2
n〉

)}
Then

〈xi〉 = 0

〈xixj〉 = σ2
i δi,j

• What happens when σ2
x → 0? Infinitely narrow distribution, called a dirac delta

function. Probability density has all the weight on one value.

• There are other representations of the dirac delta function: basically defined in such a
way that one value receives all the weight.

• Delta functions: defined in a limiting sense.

δ(ε)(x) =

{
1
ε
− ε

2
≤ x ≤ ε

2

0 |x| > ε
2

∫ ∞

−∞
dx δ(ε)(x) =

∫ ε/2

−ε/2

dx
1

ε
= 1.

∫ ∞

−∞
dx δ(ε)(x)f(x) ≈ f(0)

∫ ∞

−∞
dx δ(ε)(x) = f(0) if ε � 1.

– Function f(x) essentially constant over infinitesimal interval.

– Definition of delta function: δ(x) = limε→0 δ(ε)(x).

• Representations of delta function in limit ε → 0:

1. 1
2ε

e−|x|/ε

2. 1
π

ε
x2+ε2

3. 1
ε
√

π
e−x2/ε2
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4. 1
π

sin x/ε
x

– For any continuous function f of x, for all forms above we get

lim
ε→0

∫ ∞

−∞
dx δ(ε)(x− x0)f(x) = f(x0).

Some properties of the delta function

1. δ(−x) = δ(x)

2. δ(cx) = 1
|c|δ(x)

3. δ[g(x)] =
∑

j
δ(x−xj)

|g′(xj)| where g(xj) = 0 and g′(xj) 6= 0.

4. g(x)δ(x− x0) = g(x0)δ(x− x0)

5.
∫ ∞
−∞ dx δ(x− y)δ(x− z) = δ(y − z)

6.
∫ ∞
−∞ dx dδ(x−x0)

dx
f(x) = −

∫ ∞
−∞ dx δ(x− x0)f

′(x) = −f ′(x0)

A.4 Fourier and Laplace Transforms

• Fourier Transform:

f̃(k) =

∫ ∞

−∞
eikxf(x) dx

f(x) =
1

2π

∫ ∞

−∞
e−ikxf̃(k) dk

– Properties: ∫ ∞

−∞
e−ix(k−k0)dx = 2πδ(k − k0).∫ ∞

−∞
f(x− y)g(y) dy =

1

2π

∫ ∞

−∞
e−ikxf̃(k)g̃(k) dk.

f(x) =

(
1

2πσ2

)1/2

e−x2/2σ2 −→ f̃(k) =

(
σ2

2π

)1/2

e−σ2k2/2

f(x) =
e−λx

x
−→ f̃(k) =

4π

k2 + λ2

f(x) =
1

x
−→ f̃(k) =

4π

k2
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• Laplace Transform:

f̃(z) =

∫ −∞

0

e−ztf(t) dt

– Useful properties and transforms:∫ t

0

f(t− τ)g(τ) = f̃(z)g̃(z)

f(t) = e−at → f̃(z) =
1

z + a

f(t) =
1

tn
→ f̃(z) =

tn−1

(n− 1)!
.

A.5 Calculus

A.5.1 Integration by parts

∫
udv = uv −

∫
vdu

• Example:

∫ b

a

dx f ′(x)g(x) = f(x)g(x)

∣∣∣∣b
a

−
∫ b

a

dx f(x)g′(x)

A.5.2 Change of Variable and Jacobians

Let I =
∫

Rxy
dxdy f(x, y) be the integral over a connected region Rx,y. Change variables to

u, v via the transform g(u, v) = x and h(u, v) = y. It follows that:

I =

∫
Ruv

dudv f(g(u, v), h(u, v))

∣∣∣∣∂(g, h)

∂(u, v)

∣∣∣∣.
where the Jacobian ∂(g,h)

∂(u,v)
is

∂(g, h)

∂(u, v)
≡

∣∣∣∣∣∣
∂g
∂u

∂g
∂v

∂h
∂u

∂h
∂v

∣∣∣∣∣∣
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• Example: Suppose

I =

∫ ∞

−∞
dxdy f(x)g(x− y).

Let u = x and v = x− y. Under this transformation, range of v is (−∞,∞) at a fixed
value of u (or x). The Jacobian J is

J =

∣∣∣∣ 1 0
0 −1

∣∣∣∣ = −1

Thus,

I =

∫ ∞

−∞
dudv f(u)g(v)| − 1| =

∫ ∞

−∞
duf(u)

∫ ∞

−∞
dvg(v).


	Review
	Classical Mechanics
	Ensembles and Observables
	Liouville Equation for Hamiltonian Systems
	Equilibrium (stationary) solutions of Liouville equation
	Time-dependent Correlation Functions


	Numerical integration and importance sampling
	Quadrature
	Importance Sampling and Monte Carlo
	Markov Chain Monte Carlo
	Ensemble averages
	Markov Chains
	Construction of the transition matrix K( y x)

	Statistical Uncertainties

	Applications of the Monte Carlo method
	Quasi-ergodic sampling
	Umbrella sampling
	Simulated annealing and parallel tempering
	High temperature sampling
	Extended state space approach: ``Simulated Tempering'', Marinari and Parisi, 1992
	Parallel Tempering or Replica Exchange, C.J. Geyer, 1991


	Molecular dynamics
	Basic integration schemes
	General concepts
	Ingredients of a molecular dynamics simulation
	Desirable qualities for a molecular dynamics integrator
	Verlet scheme
	Leap Frog scheme
	Momentum/Velocity Verlet scheme

	Symplectic integrators from Hamiltonian splitting methods
	The shadow or pseudo-Hamiltonian
	More accurate splitting schemes
	Optimized schemes
	Higher order schemes from more elaborate splittings
	Higher order schemes using gradients
	Multiple time-step algorithms


	Advanced topics
	Hybrid Monte Carlo
	The Method
	Application of Hybrid Monte-Carlo

	Event-driven simulations
	Constrained and rigid body systems

	Math Appendices
	Taylor expansion
	Series expansions
	Probability theory:
	Discrete systems
	Continuous Systems
	Gaussian distributions

	Fourier and Laplace Transforms
	Calculus
	Integration by parts
	Change of Variable and Jacobians


	Problem sets
	Problem Set 1
	Problem Set 2
	Problem Set 3
	Problem Set 4


