
Contents

1 Review 7
1.1 Classical Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.2 Ensembles and Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.3 Liouville Equation for Hamiltonian Systems . . . . . . . . . . . . . . . . . . 15

1.3.1 Equilibrium (stationary) solutions of Liouville equation . . . . . . . . 18
1.3.2 Time-dependent Correlation Functions . . . . . . . . . . . . . . . . . 18

2 Numerical integration and importance sampling 21
2.1 Quadrature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2 Importance Sampling and Monte Carlo . . . . . . . . . . . . . . . . . . . . . 22
2.3 Markov Chain Monte Carlo . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.1 Ensemble averages . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3.2 Markov Chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3.3 Construction of the transition matrix K(y → x) . . . . . . . . . . . . 31

2.4 Statistical Uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Applications of the Monte Carlo method 39
3.1 Quasi-ergodic sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2 Umbrella sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3 Simulated annealing and parallel tempering . . . . . . . . . . . . . . . . . . 41

3.3.1 High temperature sampling . . . . . . . . . . . . . . . . . . . . . . . 41
3.3.2 Extended state space approach: “Simulated Tempering”, Marinari and

Parisi, 1992 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3.3 Parallel Tempering or Replica Exchange, C.J. Geyer, 1991 . . . . . . 43

4 Molecular dynamics 45
4.1 Basic integration schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.1.1 General concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.1.2 Ingredients of a molecular dynamics simulation . . . . . . . . . . . . 50
4.1.3 Desirable qualities for a molecular dynamics integrator . . . . . . . . 54
4.1.4 Verlet scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5



6 CONTENTS

4.1.5 Leap Frog scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.1.6 Momentum/Velocity Verlet scheme . . . . . . . . . . . . . . . . . . . 60

4.2 Symplectic integrators from Hamiltonian splitting methods . . . . . . . . . . 63
4.3 The shadow or pseudo-Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . 71
4.4 More accurate splitting schemes . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.4.1 Optimized schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.4.2 Higher order schemes from more elaborate splittings . . . . . . . . . . 76
4.4.3 Higher order schemes using gradients . . . . . . . . . . . . . . . . . . 78
4.4.4 Multiple time-step algorithms . . . . . . . . . . . . . . . . . . . . . . 79

5 Advanced topics 81
5.1 Hybrid Monte Carlo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.1.1 The Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.1.2 Application of Hybrid Monte-Carlo . . . . . . . . . . . . . . . . . . . 84

5.2 Event-driven simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.3 Constrained and rigid body systems . . . . . . . . . . . . . . . . . . . . . . . 87

A Math Appendices 89
A.1 Taylor expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
A.2 Series expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
A.3 Probability theory: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

A.3.1 Discrete systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
A.3.2 Continuous Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
A.3.3 Gaussian distributions . . . . . . . . . . . . . . . . . . . . . . . . . . 92

A.4 Fourier and Laplace Transforms . . . . . . . . . . . . . . . . . . . . . . . . . 93
A.5 Calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

A.5.1 Integration by parts . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
A.5.2 Change of Variable and Jacobians . . . . . . . . . . . . . . . . . . . . 94

B Problem sets 97
B.1 Problem Set 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
B.2 Problem Set 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
B.3 Problem Set 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
B.4 Problem Set 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105


	Review
	Classical Mechanics
	Ensembles and Observables
	Liouville Equation for Hamiltonian Systems
	Equilibrium (stationary) solutions of Liouville equation
	Time-dependent Correlation Functions


	Numerical integration and importance sampling
	Quadrature
	Importance Sampling and Monte Carlo
	Markov Chain Monte Carlo
	Ensemble averages
	Markov Chains
	Construction of the transition matrix K( y x)

	Statistical Uncertainties

	Applications of the Monte Carlo method
	Quasi-ergodic sampling
	Umbrella sampling
	Simulated annealing and parallel tempering
	High temperature sampling
	Extended state space approach: ``Simulated Tempering'', Marinari and Parisi, 1992
	Parallel Tempering or Replica Exchange, C.J. Geyer, 1991


	Molecular dynamics
	Basic integration schemes
	General concepts
	Ingredients of a molecular dynamics simulation
	Desirable qualities for a molecular dynamics integrator
	Verlet scheme
	Leap Frog scheme
	Momentum/Velocity Verlet scheme

	Symplectic integrators from Hamiltonian splitting methods
	The shadow or pseudo-Hamiltonian
	More accurate splitting schemes
	Optimized schemes
	Higher order schemes from more elaborate splittings
	Higher order schemes using gradients
	Multiple time-step algorithms


	Advanced topics
	Hybrid Monte Carlo
	The Method
	Application of Hybrid Monte-Carlo

	Event-driven simulations
	Constrained and rigid body systems

	Math Appendices
	Taylor expansion
	Series expansions
	Probability theory:
	Discrete systems
	Continuous Systems
	Gaussian distributions

	Fourier and Laplace Transforms
	Calculus
	Integration by parts
	Change of Variable and Jacobians


	Problem sets
	Problem Set 1
	Problem Set 2
	Problem Set 3
	Problem Set 4


