
CHM1465: Foundations of Molecular Simulation

PROBLEM SET 2
Notes:

• This set contains 3 problems.

• This second is due in two weeks, October 22, 2008.

1. Consider a three state process in which the probability vector p(t) satisfies the master
equation

p(t + 1) = K · p(t),

with a transition matrix given by

K =


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 . (1)

(a) What are the eigenvalues of the transition matrix K? Give the stationary vector
p̄ (i.e. that which satisfies K · p̄ = p̄). Make sure it is normalized such that the
sum of its components is one.

(b) Show that detailed balance is not obeyed by this process.

Recall from linear algebra that any symmetric matrix S one can brought to diagonal
form D by a similarity transformation P, in that

D = P−1 · S · P =

λ1 /0
λ2

/0 λ3

 , (2)

where λk are the eigenvalues and the columns of the matrix P are the (right) eigenvec-
tors êk of S. Yet K is not symmetric and has degenerate eigenvalues. For such cases,
linear algebra tells us that the matrix can be brought to Jordan normal block form:

J = P−1 · K · P =



λ1 1 /0

λ1
. . .
. . . 1

/0 λ1

/0

λ2 1 /0

λ2
. . .
. . . 1

/0 λ2

. . .

/0



, (3)
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where the size gk of each block is equal to the degeneracy of the corresponding eigen-
value λk, and P contains the generalized eigenvectors, which follow from the generalized
eigenvalue equation (K− λk1)gk · ê(i)

k = 0 (i = 1 . . . gk).

(c) What is the Jordan normal form of the matrix K in equation (1)?

(d) Determine the similarity matrix P that brings it to that form.

The Jordan normal form is possibly a complicating factor because the iterated matrix
Kt is harder to find.

(e) Show that here

Jt =

1 0 0
0 λt

2 tλt−1
2

0 0 λt
2

 .

(f) Determine the matrix
K∞ = lim

t→∞
Kt,

and show that it transforms any initial probability vector into the stationary
probability vector.

2. Consider now a slightly different process with transition matrix

K =


3
4

1
16

1
16

1
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16
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8

1
8

1
8
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16

 . (4)

(a) Determine the normalized stationary probability vector p̄ = (p̄1, p̄2, p̄3).

(b) Show that detailed balance is satisfied.

(c) Show that the matrix
K̃ = Q−1 · K · Q

is symmetric, where the similarity transformation Q is defined as

Q =

√
p̄1 0
0

√
p̄2 0

0 0
√

p̄3

 .

(d) What does this imply for the Jordan normal form of K?

(e) Show that for any n-state process which satisfies detailed balance with stationary
probability vector p̄, the transformed matrix Q−1 · K · Q is symmetric when Q =
diag(

√
p̄1,

√
p̄2, . . .).
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3. Suppose one defines a random walk procedure to generate a Markov chains of states
Γ = {x1, . . . , xN}, where each configuration of the system xi appears with canoni-
cal ensemble probability Π(xi) = e−βU(xi)/Z. Consider the case in which it is very
computationally demanding to compute the potential energy U(xi), and much easier
to compute an approximate potential energy Uf (xi). For example, the true poten-
tial energy U(xi) could be computed by ab-initio electronic structure methods, and
Uf (xi) could be the potential energy computed by a molecular-mechanical or low-level
ab-initio method.
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(a) Suppose one develops a transition matrix Kf (ui → uj) that satisfies detailed
balance in the canonical ensemble for the system with potential energy Uf ,

pf (ui)Kf (ui → uj) = pf (uj)Kf (uj → ui),

where pf (ui) = e−βUf (ui)/Zf . At a given time step i of the Markov chain Γ, sup-
pose the configuration is xi. If one defines u1 = xi and then generates an auxiliary
sequence of states {u1, . . . , um} according to a random walk with probabilities de-
termined by Kf , and then selects the trial state for the i + 1 step of the Markov
chain to be yi = um, what is the probability T (xi → yi) of generating the con-
figuration yi starting from xi via the sequence {u1, . . . , um}? What is the reverse
probability T (yi → xi) via the path {um, . . . , u1}?

(b) How should the acceptance probability A(xi → yi) of the trial configuration be
defined to ensure that the chain of states Γ has limiting distribution Π? How
does this probability depend on the number of steps m used in the auxiliary chain
{u1, . . . , um}?

(c) What might the advantage be of such a procedure over a simple, symmetric
trial proposal procedure where T (xi → yi) = T (yi → xi)? What conditions are
important if the auxiliary chain method is to be efficient?
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